
Gyroscopic	  Stabilization	  of	  a	  Recumbent	  Bicycle	  
	  

AME	  4980:	  Undergraduate	  Research	  Studies	  
	  

Summer	  2013	  
	  

Ethan	  T.	  Van	  Meter	  
	  

Advisor:	  Dr.	  Mrinal	  C.	  Saha	  
	  

Department	  of	  Mechanical	  Engineering,	  University	  of	  Oklahoma,	  Norman,	  OK	  
	  

Aug	  7,	  2013	  
	  

Objectives	  and	  Proceedings:	  
	  
The	  objectives	  of	  this	  research	  are	  two-‐fold,	  and	  each	  part	  is	  valuable	  within	  the	  innovation	  aspect	  of	  
design	  in	  relation	  to	  a	  recumbent	  bicycle.	  	  Research	  has	  shown	  no	  such	  innovative	  mechanical	  parts	  for	  
current	  recumbent	  bicycles;	  therefore,	  this	  research	  is	  valuable	  not	  only	  to	  the	  University	  of	  Oklahoma	  
and	  the	  Sooner	  Powered	  Vehicle	  team,	  but	  contributes	  to	  the	  creative	  progress	  of	  current	  recumbent	  
bike	  design	  nationally	  and	  worldwide.	  
	  
Gyroscopic	  Stabilization	  of	  a	  two-‐wheeled	  vehicle	  is	  considered	  for	  various	  gyroscopic	  system	  designs,	  
including	  both	  vertical	  and	  horizontal	  spin-‐axis	  orientations	  and	  a	  system	  containing	  one	  or	  two	  
gyroscopes	  in	  the	  vertical	  orientation.	  The	  research	  included	  initial	  literature	  review	  to	  identify	  
characteristic	  equations	  of	  motion	  and	  energy	  in	  relation	  to	  gyroscopic	  systems.	  Subsequent	  
calculations	  followed	  these	  findings	  using	  estimated	  likely	  physical	  characteristics	  of	  the	  recumbent	  
bicycle.	  The	  calculations	  were	  completed	  and	  simulated	  using	  Matlab	  software,	  and	  the	  results	  were	  
produced	  graphically	  for	  analysis.	  

 
Abstract: 
 
Gyroscopic Stability is considered for a simple single-gyroscopic system on a two-wheeled vehicle. The 

history of gyroscopic application is briefly explored to familiarize the reader with gyroscopic operation. 

The purpose of this report was to discuss the possible stability designs for a bicycle to balance with 

gyroscopic aid and then simulate the dynamic equations that evolved thereof. The theory of the particular 

single-gyroscope system is discussed and explained, and the solutions were simulated. Various simulation 

results are discussed to relate theoretical calculations with physical phenomena that occur. It was concluded 

that a very specific set of parameters must be met to provide the most efficient stability, otherwise 

explained graphically and mathematically as having the fastest convergence rate to equilibrium, or zero. 

These parameters are based on bicycle size and weight, and the gyroscope size, weight, and spin speed. 

Different parameters required specific control input constants to ensure the best results. A larger, heavier 

bike required a heavier, faster spinning gyroscope to provide sufficient stability. It should be noted that 

sufficient stability was merely based on the fastest convergence rate, or the least amount of time to achieve 

equilibrium. Also, a lower center of gravity for the bicycle and a gyroscope closer to that center maintained 

stability more efficiently than a high center or a high gyroscope. Finally, the effects of turn rate on the 

gyroscopic system were considered, as many of the stability conditions as well as the dynamic system were 

dependent on turn rate. A higher turn rate greatly increased convergence rate. The end results established 

gyroscopic stability as an exceptionally appropriate way to stabilize a bicycle. 
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1. Introduction 

 
The gyroscope is defined broadly as a solid body capable of rotating at high angular 

velocity about an instantaneous axis which passes through a fixed point [1]. The rotation 

of this body, usually a disk of various sizes and weights, produces enough angular 

momentum, known as gyroscopic inertia, to resist any change in motion, which is usually 

a change in spin axis orientation. This resistive force of momentum is what allows the 

stabilization of various objects on which a gyroscope has been constructed, because the 

gyroscopic momentum can counter moments applied to the object, cancelling them and 

allowing the object to remain at its original orientation. In short, this is the basic behavior 

of the conservation of angular momentum. Therefore, gyroscopes have proven to be 

useful in many engineering applications, from mechanical to electrical, pneumatic, and 

hydraulic. 

 

The gyroscope is, as known today, usually comprised of a wheel or disk spinning about 

its axis and supported in bearings, being essentially a mechanical device. This type of 

gyroscope is free to spin about its axis at right angles to its to its plane of spin in one or 

more planes [3]. Gyroscopes can be categorized as single-frame, 2-framed, or 3-framed, 

where the single frame category acts as a rotor that is supported in a single frame and 

freely spins about its axis, and is limited in its application but can be useful to display 

basic behavior of a gyroscope. The 2-framed and 3-framed categories are supported in 

one or two gimbal rings, respectively, which allow the outer frame to rotate in either two 

or three dimensions. These types allow the body to have certain degrees of freedom, and 

depending on the type provide or restrict the body from motion in specified planes 

depending on orientation. The gyroscopes dealt with in the simulation of this report can 

be considered 2-framed. 

 

2. Brief History and Applications 

 

The gyroscope has a wide variety of applications, not limited to marine, aeronautical, 

military, sensor, control, and transportation applications. One of the earliest and most 
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widely used applications of the gyroscope is the gyrocompass, with the earliest practical 

functioning instrument patented in 1908 by a German engineer. The United States came 

out with one shortly after in 1911. Gyroscopes have also been used as ship stabilizers in 

an attempt to lessen the oscillatory stress applied to the frame and body of a ship and to 

dampen the rolling angles caused by waves. Early applications of a gyroscopic stabilizer 

on vessels dated before World War II and were of astronomical size, weighing over 600 

tons. However, the combined correctional torque of the gyroscopes was barely over one 

percent of the torque placed on the ship by rolling moments [3]. 

 

In the same way that ship stabilizers were used, aircraft gyroscopes were also developed 

to stabilize and detect angular displacement, as well as to provide a natural horizon to 

help a pilot maintain his sense of balance when flying blind. The military purposes of 

gyroscopes also relate to aircrafts, in that gyroscopes can be used for weapon sighting, or 

missile and projectile control; thus, gyroscopes have proven to become a crucial 

component of military weapon technology.  

 

For these military applications, inertial sensors can be used, which measure linear 

acceleration and angular velocity, and use inertial measurement unit systems to improve 

performance and reduce costs for naval, defense, and aerospace industries. Important to 

be noted in this sensor field are micro-electro-mechanical systems, otherwise known as 

MEMS, which because of their size, weight, and reduced cost production, cover a wide 

spectrum of applications in various fields. MEMS technology has helped to develop RF 

switches and phase shifters, lab-on-a-chip micro sensors, compact thermal control 

systems, and, as mentioned above, inertial sensors. MEMS gyros, which are angular rate 

sensors, are used in many applications, such as gaming consoles, digital cameras, and 

wireless 3D pointing devices, and can be used for short-range navigation and guidance of 

autonomous vehicles [12]. 

 

Gyroscopes cover a wide range of vehicles, providing gyrostabilizer technology. 

Technologies to be mentioned are first the Brennan monorail car, developed in 1903, and 

the Schilovsky two-wheel car developed in 1914 [3]. More recent applications apply to 
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spacecraft vehicles, with the gyroscopes not only providing attitude control, spin rates, 

and also integrated power storage [9]. It can be seen that gyroscopes have provided, and 

with continued research, will provide many important advances in technology of multiple 

fields. The gyroscopic phenomenon is a powerful concept with nearly limitless bounds in 

providing state-of-the-art technology with momentous development and potential. 

 

3. Research Background and Purpose 
 

The University of Oklahoma Sooner Powered Vehicle Team was created with the 

purpose of competing in the American Society of Mechanical Engineers Human Powered 

Vehicle Competition (ASME HPVC). For this competition, the engineering students must 

design and build a fully human-powered recumbent bicycle that meets the design 

requirements specified by ASME for the competition. These bicycle designs vary from 

university to university, some having three wheels, while others have only two. The 

purposes behind different designs correlate with making the bike easier to ride for 

endurance or for speed, in which the two wheel bikes are much faster, or three wheels are 

easier for endurance. The Sooner Powered Vehicle Team recently changed from a three-

wheel to a two-wheel design for the 2013 Competition. Because of this change, it was 

important to observe the efficiency of all bikes at the competition, which lead to the 

inspiration for this research.  

 

With careful observation of current recumbent bicycle design, and the use of the bicycle 

in competition, it was realized that many of these recumbent bicycles become unstable 

either at very little or no speed, which suggests the need for landing gear, and also at very 

high speed when the rider is pedaling, with difficulty, to increase speed, and therefore 

wavering the bicycle from side to side. One way to remedy these problems was to 

incorporate a form of gyroscopic stability in the recumbent bicycle design. The HPV 

Competition specifies a design portion that places emphasis on innovation; therefore, the 

ability to incorporate gyroscopic stability into our bicycle design would be very 

beneficial for innovation. This was the premise of my research. 
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First to be mentioned, the simplest gyroscopically stable design for a bicycle incorporated 

the gyroscope as a part of one or more wheels of the bicycle. With this design, the 

gyroscope and its cage are mounted within the wheel of the bicycle on the same wheel 

spin axis, but spins separately from the bicycle wheel frame. Gyrobike, an international 

company producing gyro-stabilizing technology for bicycles, developed the gyro-wheel, 

which is a functioning product for children’s bikes that essentially works the way that has 

been described above. The purpose of this product was to replace training wheels for 

kid’s bikes, leading to a more improved learning process for bike riding. As expected, the 

wheel contains a gyroscope, which is fundamentally a heavy disk contained in the center 

of the wheel that spins independently of the wheel. The gyroscope has different spin 

speed settings, which allow for more or less restriction on movement, or more or less 

stability for the child. The higher the angular velocity of the disk, the better the stability 

of the wheel.  

 
Figure 1: Gyrowheel 

 
Figure 2: Gyrowheel on Children’s Bicycle 
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The initial intention was to attempt to create a similar wheel that applied to more 

advanced bicycles and athletes, such as racing bikes, or the recumbent bicycle described 

above. However, the nature of gyroscopic design, complication of the gyroscopic 

dynamic systems, and time constraint permitted the focus of this research to be directed 

toward design of a gyroscopic stability system within the body of the bicycle, rather than 

the wheel. The dynamic equations of the gyro-wheel design will be briefly discussed, but 

the majority of this report revolves around the gyroscope vertical spin axis orientation 

within the body of a bicycle. 

 

 
 

Figure 3: C-1 by LIT Motors Production Model 

 

The C-1 vehicle by LIT Motors is one of the most advanced and functioning examples of 

a vehicle that incorporates a double gyroscope stability system. The vehicle uses multiple 

sensors to indicate various orientations of the vehicle frame, wheels, and flywheels 

included in the gyroscopes, and uses the data to adjust the flywheel speeds and 

orientations to correlate with changes in vehicle speed and direction [11]. The C-1 is 

essentially the first two-wheel vehicle to incorporate a functioning and marketable 

gyroscopic stability design that also provides the safety of a car. The findings of this 
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vehicle development among the research grew to become an inspiration for the design for 

and indication of the capability of gyroscopes in providing vehicle stabilization.  

 

 
Figure 4: C-1 X-Ray View 

 
Figure 5: C-1 Double Gyroscope Assebmbly 

 

4. Dynamic Equations 
 

The dynamic equations of a gyroscopic system can be modeled using two approaches: the 

momentum approach, known as Newton-Euler methods, and the energy approach, 

developed by LaGrange. The momentum method uses translational and rotational 
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dynamics of rigid bodies in vectorial form, while the energy method uses the dynamics of 

mechanical systems in terms of energy [9]. For more complicated systems, the Lagrange 

energy approach is usually more simplified and manageable. For simplicity, only the 

energy approach will be reviewed, for it was the method used to simulate the particular 

system.   

 

From [2], the elementary definition of gyroscopic angular momentum will be presented. 

Starting with a rotating symmetric disk keyed on a shaft through its centroid rotating at n 

radians per second, and with the principle axes fixed to the disk and A being the principle 

moment of inertia, the angular momentum An about the X axis of rotation turns towards 

the +Z at rate n. Therefore, the moment to maintain rotation of the angular momentum 

vector is simply An2, which is the gyroscopic moment of a disk fixed in space. Now, the 

process for which the particular simulation will be defined is based on energy principles, 

but includes the fundamentals described above. The entire derivation process for single 

and double gyroscopic vehicle stability can be viewed in [8], which also formed the basis 

for the equation and simulation reference of this research. Because the equations for this 

particular system have already been derived, for brevity only the important parts will be 

communicated in order to develop the system that was simulated. 

 

First, the following figures present visual representation of the simple gyroscopic system 

that is being tested. 

 
Figure 6: Side View of Gyro Vehicle [8] 
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Figure 7: Back View of Gyro Vehicle [8] 

 

From the above figures, ϕ is the roll, or lean angle, of the vehicle, α is the precession 

angle of the gyroscope, s is the point on the ground at the midpoint of the contact points 

of the front and rear wheels, with s’ being the speed of that point. The variables b and c 

with subscripts 1,2, or 3 denote the coordinate reference frame axis correlating to the 

body of the vehicle and the gyro cage, respectively. The variable h is the distance from 

the midpoint of the wheelbase to the rolling track of the vehicle, and σ is the speed of the 

wheelbase line, which in the case of this report are both 0 and need no further definition. 

The variables d1 and d2 represent the distances from the wheelbase line to the mass center 

of the body and to the gyro wheel, respectively.  

 

Also to be noted, B, L, C, and G refer to the body, load, gyro cage, and gyro wheel, 

respectively, of the vehicle at their mass center points, and b, l, c, and g with subscripts 

represent the reference axes of the correlating capital letters. A, being earth-fixed and 

having a3 pointing opposite the gravity vector, is the earth frame of reference. 

 

Equations of motion were developed using Lagrangian mechanics. We start by observing 

motion along a horizontal track. The velocities are defined as: 
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€ 

Aω B =Aω L =ω1b1 +ω 2b2 +ω 3b3  (1) 

€ 

AωC =ω 4c1 +ω 5c2 +ω 6c3  (2) 

€ 

AωG =AωC +Ωc3 (3) 

€ 

Avb = v1b1 − v2b2 (4) 

€ 

Avg = v3b1 − v4b2 (5) 

€ 

Av l = v5b1 + v6b2 + v7b3  (6) 

 

where ω is the angular velocity, and v is the linear velocity. The subscript velocities were 

defined as: 

€ 

ω1 = ˙ φ 

ω 2 = ˙ ψ sin(φ)
ω 3 = ˙ ψ cos(φ)
ω 4 = ˙ φ cos(α) − ˙ ψ cos(φ)sin(α)
ω 5 = ˙ ψ sin(φ) + ˙ α 

ω 6 = ˙ φ sin(α) − ˙ ψ cos(φ)cos(α)

 

 
 

 
 

where 

€ 

˙ ψ  is the turn rate of the bicycle. The subscript l references the load, but is 0 in the 

case of this report. Ω represents the gyro spin speed. Taking these expressions, the kinetic 

energy equations were derived as: 

 

€ 

TB =
1
2
mB (v1

2 + v2
2) +

1
2
(ω1

2IB11 +ω 2
2IB 22 +ω 3

2IB 33) 
(7) 

€ 

TL =
1
2
mL (v5

2 + v6
2 + v7

2) +
1
2
(ω1

2IL11 +ω 2
2IL 22 +ω 3

2IL33) 
(8) 

€ 

v1 = σ+ω2d1
v2 =ω1d1
v3 = σ+ω2d2
v4 =ω1d2
v5 = σ+ω2zl −ω3yl
v6 =ω3xl −ω1zl
v7 =ω1yl −ω2xl
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€ 

TC =
1
2
mC (v3

2 + v4
2) +

1
2
(ω 4

2IC11 +ω 5
2IC 22 +ω 6

2IC 33) 
(9) 

€ 

TG =
1
2
mG (v3

2 + v4
2) +

1
2
(ω 4

2IG11 +ω 5
2IG22 + (ω 6 +Ω)2 IG33) 

(10) 

 

and the total kinetic energy of the system is: 

 

€ 

T = TB +TL +TC +TG  (11) 

 

Taking these energy equations, Lagrange’s equation was applied to find the exact 

dynamic differential equations to represent the system. The Lagrange equation has the 

form 

€ 

d
dt

∂T
∂ ˙ q i

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ −

∂T
∂qi

= Qi  (12) 

 

where qi and Qi are coordinates and forces for the system that have been generalized. The 

purpose is to transform the equations to produce an end result as functions of ϕ and α. 

The results are: 

 

€ 

˙ ̇ φ (k9 + cos2(α)k4 + sin2(α)k6) − 2 ˙ φ ˙ α sin(α)cos(α)k10 + ˙ ψ ˙ α cos(φ)((sin2(α) − cos2(α))k10 − k5)
−σ ˙ ψ ((cos(φ)zl + sin(φ)yl )mL + cos(φ)k7) − ˙ ψ 2 cos(φ)sin(φ)(ks + k2 − k3 + k5 − sin2(α)k4 − cos2(α)k6)
− ˙ ψ 2mL (cos(φ)sin(φ)(zl

2 − yl
2) + (sin2(φ) − cos2(φ))zl yl ) + ˙ α cos(α)ΩIG33 + ˙ ψ cos(α)sin(φ)ΩIG33

= k7gsin(φ) +mLdlgsin(φ + φl ) + Fdd1 cos(φ)

(13) 

 

€ 

˙ ̇ α k5 + ˙ ψ ̇  φ cos(φ)k5 + ( ˙ φ 2 cos(α)sin(α) − ˙ ψ 2 cos2(φ)cos(α)sin(α) − ˙ ψ ̇  φ cos(φ)(sin2(α) − cos2(α)))k10

+Ω( ˙ ψ cos(φ)sin(α) − ˙ φ cos(α))IG33 = Mu

 

(14) 

where 
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€ 

k1 = IB11 + IL11
k2 = IB 22 + IL22
k3 = IB 33 + IL33
k4 = IC11 + IG11
k5 = IC 22 + IG22
k6 = IC 33 + IG33
k7 = d1mB + d2(mC +mG )
k8 = d1

2mB + d2
2(mC +mG )

k9 = k1 + k8 + (yl
2 + zl

2)mL

k10 = k4 − k6

 

and Mu is defined as the control input of the equation. 

 

5. State Space Equations 

 

Next, linear approximation analysis was used to understand the characteristics of the 

system and its behavior at equilibrium. After the equations were linearized, they were put 

into state space form in order to be solved. A control input was defined in order to 

analyze the convergence rate of particular input criteria. The equations can be seen as 

follows. 

 

Assuming that 

€ 

˙ ψ  is very small and linearizing about x=0, the simplified dynamic 

equations for ϕ and α are: 

 

€ 

˙ ̇ φ k9 + k4( ) −σ ˙ ψ φΩIG33 = k7gφ   

€ 

˙ ̇ α k5 +Ω ˙ ψ α − ˙ φ ( )IG33 = Mu  (15) 

 

€ 

Mu = −Kαα −Cα ˙ α +Kφφ + M2   (16) 

 

Next, the equations were solved for 

€ 

˙ ̇ φ  and 

€ 

˙ ̇ α , auxiliary variables were implemented to 

create a system which has the inputs of the state vector,

€ 

x = (φ,α, ˙ φ , ˙ α ) , and the system 

was developed into state space form. 
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The state space continuous time model is represented by 

 

€ 

˙ x = Ax + Bu
y = Cx + Du 

(17) 

 

where x is the state vector defined above, y is the output vector, u is the control vector, A 

is the state matrix, B is the input matrix, C is the output matrix, and D is the feedthrough 

matrix. For our system, D=0, because there is no direct feedthrough. Rewriting system 17 

with the auxiliary system derived from system 15 and equation 16, the following state-

space representation was developed. 

€ 

˙ x =

0 0 1 0
0 0 0 1
a 0 0 b
f c d e

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 
⎥ 

x +

0
0

˙ ψ σk7

k9 + k4
M2

k5

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 
⎥ 
⎥ 
⎥ 

u

y =
1 0 0 0
0 1 0 0
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ x

 

(18) 

where  

€ 

a =
1

k9 + k4( )
k7g − ˙ ψ ΩIG33( )

b =
−ΩIG33

k9 + k4

c =
1
k5

−Kα − ˙ ψ ΩIG33( )

d =
ΩIG33

k5

e =
−Cα

k5

f =
Kφ

k5
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The output matrix, C, in this representation was formed to output both the lean angle, ϕ, 

and the precession angle, α, in order to check the convergence to stable equilibrium of 

both angles for the vehicle. Next, to consider the stability conditions of the vehicle, the 

characteristic equations for the input matrix A were found, and the necessary stability 

conditions were found to be: 

 

€ 

Cα > 0  (19) 

€ 

Kα >
k5k7g − ΩIG33( )2

− k9 + k4 + k5( )ΩIG33 ˙ ψ 

k9 + k4( )  
(20) 

€ 

˙ ψ ΩIG33 < min −Kα ,k7g( )  (21) 

€ 

Kφ >
Cα k7g − ˙ ψ ΩIG33( )

ΩIG33  
(22) 

 

6. Simulations 

 

The simulations conducted in this report were produced with Matlab software. It should 

be noted that no physical experiments were conducted. The code was produced for 

simulation to test variances in physical properties or phenomena of the vehicle. First, the 

simulated model was designed based on the parameters from [8] used for the physical 

model. Due to specificity of few properties and variables of the simulations in [8], 

deductive reasoning was used to predict certain parameters and values for the experiment.  

 

The parameters of the vehicle were defined, first with the gravitational constant, g, being 

9.81 m2/s, the mass of the bicycle and the mass of the gyro equal to 4.2 and 0.75 kg, 

respectively, the wheelbase equal to 0.3 m, and d1 and d2 equal to 0.02 m and 0.065 m, 

respectively. The gyro spin speed, Ω, was equal to 1000 rpm, and the initial lean angle 

and precession angle, ϕ and α, were 2 and 25 degrees, respectively. The force on the 

vehicle was input as zero, and the following simulations were run with a turn rate, 

€ 

˙ ψ , 

equal to zero for simplicity. In the following figures, observe the convergence toward 

stability of the lean angle and precession angle, with zero being the equilibrium point. 
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Figure 8: Gyroscopic Stability With Zero Turn Rate 

 

As can be seen, the lean angle starts at 2 degrees, decreases to -40 degrees, and then 

oscillates until reaching near stability at around 10 seconds. Likewise, the precession 

angle begins at 25 degrees and becomes stable closer to 7.5 seconds. These results were 

produced with control input constant values of Kϕ=7.695, Kα=-8.397, and Cα=-Kα. These 

values were determined using stability conditions from equations 19-22, and were 

manually updated until the best convergence rate was reached. 

 

6.1 Effect of Gyroscope Rotational Speed 

 

The difficulty with control theory and determining values that allow the highest 

convergence rates is the dependence on specific parameters, always leaving a unique set 

of constants per set of parameters. For example, one would assume that the convergence 
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rate would decrease if the gyro spin speed were increased, say to 2,000 rpm, providing a 

greater correctional gyroscopic moment and therefore stabilizing the lean angle of the 

vehicle more quickly. The following figure represents the same system, with only the 

gyroscope spin speed increased to 2,000 rpm. 

 

 
Figure 9: Gyroscopic Stability With Rotor Speed Equal to 2000 Rpm 

 

As can be observed, the oscillations are less, which makes sense because the correctional 

moment is greater and therefore will better resist oscillation from side to side, but the 

convergence rate for the lean angle is now nearly 12 seconds. Therefore, it is obvious that 

very specific parameters must be found in relationship to the vehicle parameters to 

produce the most efficient stability results. For comparison, the results were produced 

with new parameter values reflecting more closely the parameters of an estimated 

recumbent bicycle design.  
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6.2 Recumbent Bicycle Parameters 

 

The purpose of this was to determine possible design parameters that could benefit future 

Sooner Powered Vehicle Research. The bicycle now has mass equal to 36 kg, a 

gyroscope with mass 1.5 kg, a wheelbase of 1.2 m, and d1 and d2 equal to 0.3 m and 0.37 

m, respectively. The rotor speed was increased to 2600 rpm, and the lean angle and 

precession angle were left with the same initial conditions. The following figure displays 

the results. 

 
Figure 10: Gyroscopic Stability for Recumbent Bicycle Parameters 

 

The results in the above figure look similar to those from Figure 3, but the convergence 

rate was nearly 30 seconds rather than 10. This makes sense because the recumbent 

bicycle is nearly 4 times the size and 8 times the mass of the first vehicle, which by 

simple logic tells the engineer that this larger bike should take longer to stabilize.  

 

 



	  17 

6.3 Effect of Gyroscope Location 

 

It is interesting to note that the location of the gyroscope within the vehicle, and the 

vehicle height from the ground also have influence on the convergence rate. The 

following two figures display the results when the height of the gyroscope was changed 

from a d2 of 0.37 m to 0.57 m and when both the bike and gyroscope were lowered to d1 

and d2 of 0.2 m and 0.27 m, respectively.  

 
 

Figure 11: Gyroscopic Stability With Gyroscope at Higher Distance 
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Figure 12: Gyroscopic Stability For Lowered Gyroscope and Bicycle Frame 

 

From observation, it is concluded that the lower the center of gravity of the bicycle and 

the gyroscope, the faster the convergence rate for stability. The moments are smaller at 

lower heights, creating less torque for the gyroscope to correct.  

 

6.4 Effect of Turn Rate 

 

The final parameter change to be noted in this report is the turn rate, 

€ 

˙ ψ .  From the 

stability conditions presented above in equations 19-22, and also from the system 

represented in 18, it is noticed that several of the parameters, especially from the control 

input, are dependent on the turn rate. The turn rate is essentially the vertical component 

of vehicle rotation in relationship to the lean angle. The following two figures display the 

results using the same initial conditions for the recumbent bicycle, but this time with a 

turn rate of 3 and then 10. 
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Figure 13: Gyroscopic Stabilization with a Smaller Turn Rate 

 

 
Figure 14: Gyroscopic Stabilization at a Larger Turn Rate 
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The two graphs conclude the fact that a larger turn rate has a higher convergence rate. It 

can be noticed, however, that a larger turn rate produces more oscillations. This makes 

sense because a higher turn rate will help the bicycle lean angle stabilize in less time, but 

while moving faster from side to side. Also interesting to note, the lean angle with a turn 

rate applied increases from 2 to a higher positive angle before coming back and crossing 

the equilibrium line, but before, when the turn rate was zero, the angle had instantly 

crossed equilibrium and gone to a larger negative degree angle.  

 

7. Conclusions 

 

From the simulation results, it can be concluded that gyroscopic stability is a feasible 

method for allowing a vehicle to maintain balance. This research has shown that a 

gyroscope indeed can force a recumbent bicycle to stable equilibrium in an efficient 

amount of time when applying sufficient parameters. The graphs give an accurate 

representation of the physical phenomena that occur, providing sufficient understanding 

of the correlation between the dynamic equations and what would happen to the bicycle 

in a physical experiment. Much basic information was learned from the textbooks that 

were studied and I now know the complications of a dynamical system and the 

difficulties it involves. These simulations are merely a introduction to the possibilities 

that gyroscopic research could expand and benefit current engineering applications, as 

well as current recumbent bicycle design. 

 

8. Further Work and Goals 

 
The work of this report was conclusive during the simulations shown above due to time 

restraint. Not presented in this report is a set of dynamic equations derived separately for 

a double gyroscopic system rather than a single system like the one from the results 

above. Also, different methods were attempted to solve the set of differential equations 

rather than using a state-space representation. Although the original goals were not 
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achieved, a substantial amount of progress and learning resulted from this research of 

gyroscopic stability.  

 

The program that was created is subject to much improvement. One thing that would be 

useful is further education of control theory engineering, and its applications so that I 

could better understand and therefore determine the control theory elements of this 

dynamic system. The program should incorporate a subprogram that determines the most 

efficient control input constants to allow the fastest convergence rate based on the bicycle 

parameters. I would have also liked to develop the program far enough that the user could 

input specific parameters of any bicycle and gyroscope, and then allow the program 

determine the most efficient values for stability, for both a single or double gyroscopic 

system. The next step would have been to build and simulate an actual model in a 

physical experiment. Next the results would be compared to the Matlab simulation to 

determine accuracy.  

 

I would have liked to repeat the process for the horizontal spin axis orientation of the 

gyroscope contained inside the wheel of the vehicle, determining the dynamic equations, 

creating a computer program for theoretical simulation, and finally creating a physical 

experimentation for simulation to compare results. Once the second type of gyroscopic 

orientation was examined, all the results from each gyroscopic orientation could be 

compared to determine the most efficient parameters and design for gyroscopic stability. 

This could lead to 3D design and simulation, and eventually prototyping. 
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10. Matlab Simulation Code 
 
 
clear all,   close all,   nfig = 0; 
      %global A B U 
  
  
%these are the coordinate frames: 
%B represents the body of the vehicle 
%L represents the load placed on the vehicle 
%C represents the gyro cage 
%G represents the gyro wheel 
  
b=0; %point at the mass center of B 
  
l=0; %point at the mass center of L 
  
c=0; %point at the mass center of C 
  
g=9.81; %point at the mass center of G 
  
mB=36; %kg 
  
mL=0; 
  
mC=0; 
  
mG=1.5;%kg 
  
omega=2600; %gyro spin speed (capital omega) 
  
phi=2;%roll angle 
  
phiprime=0; 
  
alpha=25;%precession angle of gyroscope 
  
alphaprime=0; 
  
s=.6; %midpoint of track segment between wheels, meters 
  
sprime=0; %speed of s 
  
psiprime=3; %verticle component of vehicle rotation (turn rate) 
  
r=0; %track radius of curvature 
  
dw=1.2; %wheel base distance, meters 
  
h=0; %distance from midpoint of wheel base to the track 
  
%h= r-(1/2)*sqrt(4*r^2-dw^2); %h=0 for straight track 
  
sigma=0; %speed of the midpoint of the wheelbase 
  
%sigma= sprime*(r-h)/r; % or psiprime*(r-h) h=0 for straight 
  
d1=.3; %distance from wheelbase to mass center of body, meters 
  
d2=.37; %distance from wheelbase to mass center of gyro wheel, meters 
  
dL=0; %distance from wheelbase to mass center of load 
  
xl=0; %x coordinate of point l relative to midpoint of wheelbase 
  
yl=0; %y coordinate of point l relative to midpoint of wheelbase 
  
zl=0; %z coordinate of point l relative to midpoint of wheelbase 
  
phil=0; %the angle between b3 and point l 
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Fd=0; % is a horizontal disturbance force acting on the vehicle at b 
  
IB11=mB*d1^2;%mr^2 
IB22=0; 
IB33=0; 
  
IC11=.5*mC*d2^2;%mr^2 
IC22=.5*mC*d2^2; 
IC33=.5*mC*.075^2; 
  
IL11=0; 
IL22=0; 
IL33=0; 
  
IG11=.5*mG*d2^2;%.5*mr^2 
IG22=.5*mG*d2^2; 
IG33=.5*mG*d2^2; 
  
%A is earth-fixed, with a3 pointin up, opposite gravity 
  
%S moves along track with vehicle 
%s1 is tangent to the track 
%s2 is normal  
%s3 is binormal 
%S rotates about s3 at rate psiprime 
  
%B is fixed in the body of the vehicle 
%b1 points forward 
%b2 points left 
%b3 points upward 
%b1 is aligned with s1, and B is aligned with S when phi=0 
  
%C is attatched to the gyrocage 
%c2 is aligned with b2 
%C is aligned with B when alpha=0 
  
%G is attatched to the gyro wheel such that g3 is aligned with c3 
%G is aligned with C once per rotation of gyro wheel 
%{ 
%velocity expressions are: 
w1=phiprime; 
w2=psiprime*sin(phi); 
w3=psiprime*cos(phi); 
w4=phiprime*cos(alpha)-psiprime*cos(phi)*sin(alpha); 
w5=psiprime*sin(phi)+alphaprime; 
w6=phiprime*sin(alpha)+psiprime*cos(phi)*cos(alpha); 
  
v1=sigma+w2*d1; 
v2=w1*d1; 
v3=sigma+w2*d2; 
v4=w1*d2; 
v5=sigma+w2*z1-w3*y1; 
v6=w3*x1-w1*z1; 
v7=w1*y1-w2*x1; 
  
wB=w1*b1+w2*b2+w3*b3; %angular velocity in the B frame 
  
wC=w4*c1+w5*c2+w6*c3; %angular velocity in the C frame 
  
wG=wC+omega*c3; %angular velocity in the G frame 
  
vb=v1*b1-v2*b2;%velocity of mass center of the body, b 
  
vg=v3*b1-v4*b2;%velocity of the mass center of the gyro wheel, g 
  
vl=v5*b1+v6*b2+v7*b3; %velocity of the mass center of the load, l 
  
%kinetic energy expressions are: 
  
TB=.5*mB(v1^2+v2^2)+.5*(w1^2*IB11+w2^2*IB22+w3^2*IB33); 
  
TL=.5*mL(v5^2+v6^2+v7^2)+.5*(w1^2*IL11+w2^2*IL22+w3^2*IL33); 
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TC=.5*mC(v3^2+v4^2)+.5*(w4^2*IC11+w5^2*IC22+w6^2*IC33); 
  
TG=.5*mG(v3^2+v4^2)+.5*(w4^2*IG11+w5^2*IG22+(w6+omega)^2*IG33); 
  
%total kinetic energy: 
T=TB+TL+TC+TG; 
%} 
%Lagrange equations:  
  
k1=IB11+IL11; 
k2=IB22+IL22; 
k3=IB33+IL33; 
k4=IC11+IG11; 
k5=IC22+IG22; 
k6=IC33+IG33; 
k7=d1*mB+d2*(mC+mG); 
k8=d1^2*mB+d2^2*(mC+mG); 
k9=k1+k8+(yl^2+zl^2)*mL; 
k10=k4-k6; 
  
Kphi=220;%7.695; 
Kalpha=-Kphi*(8.397/7.695);%-8.397; 
Calpha=Kphi*(8.366/7.695); 
  
M2=0; 
  
kalpha_stab = ((k5*k7*g)-(omega*IG33)^2)/(k9+k4) 
  
Calpha_stab = 0; 
  
kphi_stab = (Calpha*k7*g)/(omega*IG33) 
  
psiprime_stab=min(Kalpha,k7*g) 
  
a= (1/(k9+k4))*(k7*g-psiprime*omega*IG33); 
b= -(omega*IG33)/(k9+k4); 
c= (1/k5)*(-Kalpha-psiprime*omega*IG33); 
d= (omega*IG33)/k5; 
e= -Calpha/k5; 
f= Kphi/k5; 
  
  
A = [0 0 1 0;0 0 0 1;a 0 0 b;f c d e]; 
B = [0;0;((psiprime*sigma*k7)/(k9+k4));M2/k5];      
C = [1 0 0 0]; 
C2= [0 1 0 0]; 
C3= [1 0 0 0;0 1 0 0]; 
D = [0; 0]; 
  
%A2 = [0 0 1 0;0 0 0 1;a 0 0 b;f c d e]; 
%B2 = [0;0;((psiprime*sigma*k7)/(k9+k4));M2/k5];      
%C2 = [0 1 0 0];      
%D2 = 0; 
  
states = {'phi' 'alpha' 'phiprime' 'alphaprime'}; 
inputs = {'X0'}; 
output1 = {'phi'}; 
output2 = {'alpha'}; 
output3 = {'phi','alpha'}; 
   
%sys = ss(A,B,C,D,'statename',states,'inputname',inputs,'outputname',output1); 
  
%sys2 = ss(A,B,C2,D,'statename',states,'inputname',inputs,'outputname',output2); 
  
sys3 = ss(A,B,C3,D,'statename',states,'inputname',inputs,'outputname',output3); 
   
%set integration time, time vector, and initial conditions 
to = 0; 
dt=.001; 
tf = 10;    
nt = 5;    
T = to:dt:tf;%linspace(to,tf,nt);    
X0 = [phi alpha phiprime alphaprime] 
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%sys = ss(A,B,C,D); 
  
%sys2 = ss(A2,B2,C2,D2); 
  
%[Y,T,X] = step(sys; 
  
%initial(sys,'g',sys2,'b',X0) 
  
initial(sys3,'g',X0),grid 
  
  
%h = initialplot(sys3,[1,1,1,1]) 
%p = getoptions(h) % Get options for plot. 
  
co = ctrb(sys3); 
controllability = rank(co) 
  
poles=eig(A) 
  
%k7 
%Calpha 
%g 
%omega 
%IG33 
  
%{ 
Q = C3'*C3; 
R = 1; 
K = lqr(A,B,Q,R) 
  
Ac = [(A-B*K)]; 
Bc = [B]; 
Cc = [C3]; 
Dc = [D]; 
  
%states = {'x' 'x_dot' 'phi' 'phi_dot'}; 
%inputs = {'r'}; 
%outputs = {'x'; 'phi'}; 
  
sys_cl = ss(Ac,Bc,Cc,Dc,'statename',states,'inputname',inputs,'outputname',output3); 
  
  
t = 0:0.01:5; 
r =0.2*ones(size(t)); 
[y,t,AX]=lsim(sys_cl,r,t); 
[AX,H1,H2] = plotyy(t,y(:,1),t,y(:,2),'plot'); 
set(get(AX(1),'Ylabel'),'String','cart position (m)') 
set(get(AX(2),'Ylabel'),'String','pendulum angle (radians)') 
title('Step Response with LQR Control') 
%} 
  
%initial(sys_cl,'r',X0,T),grid 
 

 
 

 
 
 
 
 

 


