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Preface

This book describes a powerful and general approach to solve the time-
dependent Schrödinger equation. Generally referred to by its acronym,
MCTDH, the multi-configuration time-dependent Hartree method has been
used to solve a range of problems from interpreting gas-phase spectroscopy
to studying surface-molecule interactions at the molecular level.

The problems of molecular quantum dynamics are very challenging tasks
numerically. Hence the demand for efficient methods is high. In 1989 Meyer,
Manthe, and Cederbaum started to discuss a new approach, later named
MCTDH, and the first paper appeared in 1990. Since then a number of people
have been involved in the work that has taken MCTDH from an idea to a prac-
tical method: understanding the properties and characteristics of the method,
developing numerical tools to efficiently solve the equations of motion, writ-
ing software to implement the algorithm, and using and testing that software.
The editors would like to take this opportunity to thank all involved. In addi-
tion to the thanks due to all contributors in this volume, special mention must
be made of the following people.

Firstly Uwe Manthe who has been involved in all aspects of the develop-
ment of MCTDH in general, including the initial development. Andreas Jäckle
and Michael Beck who played a major role in the initial development of the
Heidelberg MCTDH package, which is the most widely used software imple-
mentation of the method. Masahiro Ehara, Marie-Catherine Heitz, and Suren
Sukiasyan who were the first people to take up and test the embryonic Hei-
delberg package and made important contributions to the development of the
code. Andreas Raab who pushed the development of the density-matrix for-
mulation of MCTDH and made the 24-mode pyrazine absorption spectrum
calculation that amply demonstrated the abilities of the method. This study,
published in 1999, can be considered as the first real breakthrough of the
MCTDH method. Christoph Cattarius, Stephan Wefing, Frank Otto, Mathias
Nest, and Oriol Vendrell who used the now more mature Heidelberg package
to study new exciting problems and/or made contributions to the develop-



XVI Preface

ment of the code. Finally, Michael R. Brill who started the parallelization of
the Heidelberg MCTDH code, a very important issue.

Turning to MCTDH in general we would like to thank Haobin Wang who,
together with Michael Thoss, has developed and implemented (in his own
code) the multi-layer formulation of the MCTDH algorithm. This very im-
portant and exciting development has the potential to extend the range of
MCTDH to considerably larger systems. It is planned to implement this com-
plicated extension into the Heidelberg MCTDH package in near future.

We are also grateful to the external users of the Heidelberg MCTDH pack-
age. They made MCTDH more widely known, noted several bugs, and ini-
tiated new developments. Let us mention only a few of them, Oliver Kühn,
C. William McCurdy and coworkers, and Jan-Geert Kroes, as they are among
the first and most active external users.

Last, but not least, we would like to thank Lenz Cederbaum for his contin-
ued interest in and support of the MCTDH project.

April 2009 The Editors
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1
Introduction
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

Quantum dynamics simulations are now established as an essential tool for
understanding experiments probing the nature of matter at the molecular
level and on fundamental time-scales. This is a relatively recent development
and for many years the methods of choice were based on time-independent
calculations, describing a system in terms of its eigenfunctions and eigen-
values. This book is about the multiconfiguration time-dependent Hartree
method, commonly known by its acronym MCTDH, a method that has played
a significant role in the upsurge of interest in time-dependent treatments by
extending the range of applicability of what are often called wavepacket dy-
namics simulations.

The book will cover the theory of the method (Part 1), highlighting the fea-
tures that enable it to treat systems not accessible to other methods. Details
in particular will be given on the implementation strategy required. In Part 2,
chapters will then detail extensions of the basic method to show how the the-
ory provides a framework to treat systems outside the original aims and to
combine different methods. In the final part (Part 3), examples of calculations
are given. As the method is completely general, and has been applied to a
range of problems, the result is a snapshot of the state of the art in the study
of molecular dynamics.

To describe a (non-relativistic) molecular system one needs to solve the
Schrödinger equation, which in its time-dependent form reads

ih̄
∂Ψ
∂t

= ĤΨ (1.1)

Unfortunately, this equation is impossible to solve for more than two particles,
that is, the hydrogen atom and the field of theoretical chemistry is dominated
by developments of methods, numerical and approximate, that provide solu-
tions that can be used to treat atoms and molecules.

A key development in making this problem tractable is the separation of
nuclear and electronic motion through the Born–Oppenheimer approxima-
tion [1–3]. This allows us to imagine our molecular system as a set of nu-
clei represented as point masses moving over a potential energy surface (PES)
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provided by the electrons: the electrons follow the much heavier nuclei, ad-
justing instantaneously as the nuclei change conformation. This approxima-
tion works extremely well. It does, however, break down in certain situations
when two electronic configurations strongly mix with dependence on the nu-
clear conformation [4]. The nuclei then must be imagined as moving in a
manifold of coupled electronic states, each associated with a potential energy
surface.

The PESs are obtained by solving the time-independent form of the Schrö-
dinger equation applied only to the electrons and treating the nuclei as static
point charges. This is the field of electronic structure theory, or quantum
chemistry as it is often called. Quantum chemistry is a mature field of re-
search with a number of general-purpose computer programs available, such
as GAUSSIAN [5] and MOLPRO [6]. These programs are able to solve the elec-
tronic structure problem for a nuclear configuration using a range of methods.
They can also provide an analysis of molecular properties at that molecular
geometry.

Much of chemistry can be described by an analysis of the critical points
on the PES: minima represent stable nuclear configurations and saddle points
represent transition states connecting them. In the field of photochemistry,
features such as conical intersections and avoided crossings where neighbour-
ing states interact are also important. The nuclear geometries and relative en-
ergies of these points can then be used to build up a picture of a reaction in
molecular terms. Local analysis of these critical points can further provide
information. For example, frequencies related to vibrational spectra can be
calculated from the Hessian matrix. These can all be provided by the quan-
tum chemistry programs.

The field of molecular dynamics studies the motion between these critical
points. This is chemistry at its fundamental level. How do nuclei move dur-
ing molecular collisions and reactions, or in response to the absorption of a
photon?

Molecular quantum dynamics, aiming to solve the time-dependent Schrö-
dinger equation, is difficult and numerically demanding. Comparing it to
quantum chemistry, one may wonder why quantum dynamics cannot solve
problems of similar size. Accurate computations of the electronic structure
of molecules with more than 100 electrons are feasible, whereas accurate dy-
namic calculations including 100 atoms are not (except for special simple
cases).

One difference is that quantum chemistry is characterized by low quan-
tum numbers. One is usually interested in the electronic ground state, or in
the two or three lowest excited states. The molecular orbitals have a simple
smooth form and can be well represented by Gaussian basis sets. In quan-
tum dynamics, however, the wavefunction is much more structured and may
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contain highly oscillatory terms. Moreover, the density of states is rather high.
There may be hundreds of eigenstates lying below a fundamental C–H or O–H
stretch of a small polyatomic molecule (four or five atoms, say). This high den-
sity of states, which is a consequence of the fact that nuclear masses are much
larger than the electron mass, is one of the main sources of difficulties.

A second difference is that quantum chemistry is governed by the Coulomb
potential, a rather structureless two-body interaction. Quantum dynamics, on
the other hand, has to cope with complicated many-body potentials, which
are not general but specific for the problem under investigation. The strong
repulsion suffered by atoms that come close to each other may lead to a very
strongly correlated motion. These differences explain why the techniques
used in quantum chemistry and quantum dynamics are often similar in spirit
but very different in detail.

The development of quantum dynamics simulations has been driven by re-
search probing the fundamental properties of molecules. Historically, the first
field of importance was scattering experiments using molecular beams. To
study elementary reactions, it is necessary to enable molecules to collide with
known initial states under controlled conditions and to measure the products
of the collision [7]. One way to achieve this experimentally is in scattering
experiments using beams of molecules. In particular, crossed molecular beam
experiments, pioneered by Lee, Herschbach, Toennies and others, have pro-
vided a wealth of data in this field.

More recently, time-resolved spectroscopy driven by the development of
pulsed lasers has also become important. The work of Zewail was key in
the development of techniques to produce and apply pulses of the order of
femtosecond duration [8]. This allows molecules to be followed on the time-
scale in which bonds vibrate and break. Early work studied bond breaking
in molecules such as ICN and NaI, and bond vibration in I2. The motion was
evaluated in terms of a nuclear wavepacket moving over the potential sur-
faces. These ‘femtochemistry’ experiments have now been applied to a wide
variety of systems. A recent example of the detail produced by these tech-
niques include a study of the retinal chromophore in the rhodopsin protein
showing cis–trans isomerization taking place over a picosecond [9].

Initial theoretical research focused on time-independent methods. Early re-
search focused on understanding line spectra, for which the states must be
known. The time-independent equation is easy to adapt to numerical solution
using matrix diagonalization methods, and, unless the Hamiltonian is explic-
itly time-dependent, even ostensibly dynamical problems can be described
using the eigenfunctions and eigenvalues of the system.

Despite the early seminal work of McCullough and Wyatt [10, 11], which
describes the H + H2 exchange reaction in a time-dependent picture, time-
dependent methods have really only become common in the last two decades,
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and only recently has a textbook on quantum mechanics been published that
focuses on a time-dependent perspective [12]. These methods do, however,
have advantages over time-independent ones. They are more intuitive, con-
necting directly with the motion of the system. They are able to treat contin-
uum states in a more natural way, important in unbound systems. They are
able to treat time-dependent Hamiltonians, important for including the effect
of a laser pulse. Finally, they also provide a better starting point to approxi-
mate solutions.

The MCTDH method is one such approximate method. Its power lies in
the fact that it uses a variational principle to derive equations of motion for a
flexible wavefunction Ansatz. The resulting evolution of the time-dependent
basis functions means that the basis set remains optimally small, that is, the
wavefunction representation is very compact. Cheap, qualitative calculations
are possible with a small number of functions, while increasing the basis set
until convergence is reached with respect to the property of interest results in
the numerically exact answer.

The present importance of quantum chemistry calculations in supporting
general chemistry is in no small part due to the availability of computer pro-
grams usable by non-experts. Only a small handful of codes have been written
implementing the MCTDH method. The main ones are the code developed by
Manthe and co-workers in Bielefeld, the Las Cruces code developed by Wang,
and the Heidelberg code developed by Meyer, Worth and co-workers [13]. The
Heidelberg code in particular has the aim of being general and user friendly.
It is by no means yet possible for a non-expert to run quantum dynamics cal-
culations, but it is now possible without the extensive coding for each new
problem traditionally required.

MCTDH is, of course, only one method, if a very successful one, in the
field, and this book aims to be of interest to a wider audience than just the
MCTDH community. The method does have limitations, and for some calcu-
lations other approaches are to be preferred.1 Many of the ideas developed
here and the systems looked at are of general interest, and we hope that some
of them will be picked up by other communities.

In Part 1 of the book, the MCTDH theory will be reviewed. The background
theory is dealt with briefly in Chapter 2, before the MCTDH method is looked
at in detail in Chapter 3, focusing on the special features of the method. The
various issues associated with quantum dynamics are then looked at. For ex-
ample, these include how to set up the initial wavepacket (Chapter 5) and how
to analyse the results of a propagation in relation to experiments (Chapter 6).
The choice of coordinates for a study plays a large role in how easy a calcula-
tion is and what information can be obtained. The subject of coordinates and

1) For example, see the recent review [14] on the calculation of the
vibrational energies of polyatomic molecules.
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obtaining the kinetic energy operator is addressed in Chapter 12. The efficient
integration of the equations of motion (Chapter 4) and evaluation of potential
matrix elements (Chapters 10 and 11) are also treated.

The MCTDH method is able to do more than just represent and propagate
a nuclear wavefunction. It is also able to include thermal effects and environ-
ments using density operators. This is described in Chapters 7 and 22. One
can also obtain eigenvalues and eigenvectors of an operator taking advantage
of the compact form of the MCTDH wavefunction. This can be done either
by propagation in imaginary time (termed relaxation) or by iterative diagonal-
ization of the matrix representation of the operator. These methods are dealt
with in Chapters 8 and 9. If only the eigenvalues are required, the filter diago-
nalization method presented in Section 6.2.2 is also possible. This uses the full
power of the time-dependent formalism. If the operator is the Hamiltonian,
the result is a solution of the time-independent Schrödinger equation. Another
operator relevant for molecular dynamics studies is the thermal flux operator
required in the calculation of rate constants. This topic is treated further in
Chapter 19.

In Part 2, extensions to the basic method are looked at. These are all ex-
citing developments that are moving quantum dynamics into new directions.
Despite its power compared to standard grid-based quantum dynamics meth-
ods, MCTDH calculations are still unable to treat more than a few atoms ex-
plicitly: calculations with more than 20 degrees of freedom quickly become
intractable. The multilayer approach of Chapter 14 promises to be able to
treat hundreds of particles in the MCTDH framework. Parallelization of the
MCTDH algorithm to take advantage of modern computer architectures is
also a must (Chapter 15).

A separate bottleneck to treating large systems is the need for a potential en-
ergy surface. Obtaining this function also becomes prohibitive for many-atom
systems. One approach is to use a model, as done in the vibronic coupling
approach of Chapter 18, or the n-mode representation used in Chapter 23.
Another is to use direct dynamics in which the PES is calculated ‘on the fly’ by
quantum chemistry calculations. This approach means that the PES is only
generated where the system goes rather than globally, thus saving a huge
effort. Its implementation is described in Chapter 13. Direct dynamics pro-
vides restrictions on the evolving basis functions, as the PES is only known
locally where it is calculated. A formulation of the MCTDH method, termed
G-MCTDH, uses a Gaussian wavepacket basis that has the desired properties
(Section 3.5). G-MCTDH also provides a framework to describe mixed meth-
ods such as quantum–semiclassical dynamics in which part of the system (the
bath) is treated at a lower level of theory to again allow larger calculations.

The original MCTDH method, like the vast majority of nuclear dynamics
calculations, does not take into account the symmetry of particle exchange: it
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is assumed implicitly that all nuclei are distinguishable. The imposition of the
correct symmetry for fermions leads to MCTDHF in Chapter 16. The method
can now be used to describe electrons, and examples are given in Section 16.5
of the dynamics of these particles after the application of ultrashort, intense
laser pulses. The bosonic version, MCTDHB, is discussed in Chapter 17, as is
the formalism for the mixed case, MCTDH-BF. The resulting theory here thus
makes the MCTDH method complete.

In the final part of the book (Part 3), a number of applications are pre-
sented. These demonstrate the generality of the method and highlight sys-
tems of interest to quantum dynamics studies. Chapter 18 looks at calculat-
ing absorption spectra for polyatomic molecules, treating the non-adiabatic
coupling between electronic states. The importance of being able to include
enough modes is exemplified by calculations on the allene photoelectron spec-
trum. By including all 15 modes, the assignment of the vibrational peaks was
changed from previous work that had used only four modes.

Chapter 19 looks at calculating reaction rates. A convenient and efficient
way to calculate the rate constant directly is offered by the flux correlation
approach of Miller and co-workers [15]. Combined with MCTDH, Manthe
has been able to calculate accurate rate constants for a range of systems such
as H + CH4 in full dimensionality. Discrepancies with experimental data are
due to errors in the potential surfaces, and these calculations provide a tough
test of these functions.

The topic of surface scattering is covered in Chapter 20, where it is shown
that MCTDH is able to treat systems such as CH4 and CH3I absorbed onto
a solid. The inclusion of all relevant modes is shown to be important for ac-
curate results, as reduced-dimensionality studies can introduce artefacts by
preventing certain motions. One approach that is used to include the huge
number of modes of the substrate in these calculations is the density-matrix
formalism. How to treat general open systems using density matrices within
the MCTDH framework is then further detailed in Chapter 22.

The topic of intramolecular vibrational energy redistribution is looked at
in Chapter 21. Understanding the flow of energy through a molecular sys-
tem is a fundamental problem that naturally involves the coupling between
many modes. The MCTDH method has been used to obtain detailed results
in polyatomic systems such as HFCO, H2CS and HONO.

Proton transfer, another ubiquitous mechanism in chemistry and biochem-
istry, is treated in Chapter 23. The results presented include the transfer of a
proton along a ‘wire’, and a full 15-dimensional simulation in which the infra-
red spectrum of the protonated water dimer – the Zundel cation – is assigned
and explained.

The effects of a laser field are studied in Chapter 24, where the topic of
quantum control is treated. Here, this is combined with the development of a
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general Cartesian reaction path Hamiltonian to treat a range of systems, such
as laser-driven proton transfer and ladder climbing in CO bound to a haem
molecule, and controlling predissociation of a diatomic molecule in a rare-gas
matrix.

The process of dissociative electron attachment in the water molecule is
looked at in Chapter 25. This introduces the problems of complex poten-
tial energy surfaces and multiple product channels, and, despite being only
a triatomic system, is a hard numerical problem to solve. The last chapter,
Chapter 26, reports calculations on ultracold systems where quantum effects
become very important for nuclei. Here, the MCTDH method is being applied
to a new area in quantum dynamics, away from the traditional molecular dy-
namics for which it was conceived.





Part 1 Theory
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2
The Road to MCTDH
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

The development of methods to study molecular dynamics followed a num-
ber of different paths. Early calculations mainly used methods based on clas-
sical mechanics, representing the evolving wavepacket by a swarm of trajec-
tories. To recover some of the error this approximation makes while retaining
the simplicity and ease of interpretation of trajectory based approaches, semi-
classical methods were also developed. Of these, probably the most influential
were the Gaussian wavepacket methods pioneered by Heller in the 1970s [16].
Not only did this develop the idea of an evolving wavepacket, but some of
the machinery used in modern quantum dynamics calculations, such as the
calculation of a spectrum, was developed as a result.

The first full quantum dynamics simulation reported was probably the
study of McCullough and Wyatt in 1969 on the H + H2 exchange reaction
[10, 11]. The introduction of grid-based methods, particularly the fast Fourier
transform (FFT) method of Kosloff [17] and the discrete variable representa-
tion (DVR) method of Light [18–20] in the 1980s, provided exact simulations
with an efficient, accurate machinery for general calculations. This we refer to
as the standard method. It is now fair to say that, given an accurate potential
function, grid-based quantum dynamics simulations can match, if not exceed,
the accuracy of experiments on small systems.

The standard method, however, suffers from a natural exponential scaling
with the number of degrees of freedom (DOFs) of the system. Even with state-
of-the-art computing facilities, it is very hard to go beyond systems with six
DOFs. This provides an effective limit of four-atom systems, ignoring the vast
majority of systems of interest.

A separate strand of research examined how to obtain approximate solu-
tions to the time-dependent Schrödinger equation by applying a variational
principle to a guess form of the wavefunction. McLachlan [21] used a wave-
function Ansatz with a simple product form, a Hartree product, with one basis
function for each DOF of the system. He then derived equations of motion
for the one-dimensional basis functions so that their evolution optimally rep-
resented the true time evolution of the wavepacket.
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This, the time-dependent Hartree (TDH) method, has been extensively used
by Gerber and co-workers [22–25]. Unfortunately, while TDH is a concep-
tually simple theory, the performance of TDH is often very poor. This con-
trasts strongly with quantum chemistry calculations, as the self-consistent
field (SCF) method has been extremely successful in describing molecules.
The difference is that the potentials in nuclear dynamics provide strong cou-
pling between the modes. The error, as will be shown below, is due to the lack
of correlation between degrees of freedom.

It is a rather obvious idea to try to recover the missing correlation by turn-
ing to a multiconfigurational form of TDH. The non-trivial task is to make
this idea work. First investigations on the propagation of multiconfigura-
tional wavefunctions were undertaken in 1987 by Makri and Miller [26] and
by Kosloff, Hammerich and Ratner [27, 28]. In both cases the wavefunction
was written as a sum of Hartree products without coefficients. The resulting
equations of motion are very complicated and difficult to solve, and the re-
sulting methods are not competitive. It is also worth mentioning the work of
Jackson [29], which, however, is strongly focused on phonon excitation in a
gas–surface scattering event. All these approaches, though different, run un-
der the name multiconfiguration time-dependent self-consistent field (MC-TDSCF).

In 1990, Meyer, Manthe and Cederbaum [30] introduced a new Ansatz for
the wavefunction that contains coefficients, the so-called A-vector (see Equa-
tion (3.1)). This representation of the wavefunction is redundant: a linear
transformation of the Hartree functions can be compensated by a reverse lin-
ear transformation of the coefficients. To remove the redundancy, constraints
must be introduced that make the equations of motion unique but do not nar-
row the variational space. The constraints are chosen such that the equations
of motion assume a most simple form. The resulting method is called multi-
configuration time-dependent Hartree (MCTDH).

In the following two sections, the standard method and TDH are reviewed
to provide the background to MCTDH. Both are found to be limits to MCTDH,
and thus the different starting points of the two theories help to illuminate
MCTDH.

2.1
The Standard Method

The most direct way to solve the time-dependent Schrödinger equation is to
expand the wavefunction into a direct-product basis and to solve the resulting
equations of motion. An f -dimensional wavefunction is hence expanded as

Ψ(q1, . . . , q f , t) =
N1

∑
j1=1

· · ·
Nf

∑
jp=1

Cj1,...,j f
(t) χ

(1)
j1

(q1) · · · χ
( f )
j f

(q f ) (2.1)
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Here Nκ denotes the number of basis functions employed for the κth DOF.
For technical reasons one mostly uses a DVR [18–20, 31] and represents the
wavefunction on a product grid rather than on a basis, but we may ignore this
technical point here.

Plugging this Ansatz into the time-dependent Schrödinger equation, or
(mathematically more sound) applying the Dirac–Frenkel variational princi-
ple [32, 33], yields the equations of motion

i Ċj1,...,j f
= ∑

�1,...,� f

〈χ(1)
j1

· · · χ
( f )
j f

|H|χ(1)
�1

· · · χ
( f )
� f

〉C�1,...,� f
(2.2)

The Ansatz, Equation (2.1), and the resulting method, Equation (2.2), which
may be called the standard method, is easy to implement and works well. How-
ever, the standard method suffers from a strong exponential increase with the
number of DOFs of both the computation time and the memory requirements.
If there are f = 6 DOFs and N = 20 functions per DOF, then the basis sets con-
sist of 64 × 106 functions. The coefficient vector C, which defines the wave-
function, takes 1 GB of memory, and one usually needs to keep three coeffi-
cient vectors in memory during the propagation. Such a calculation is feasible
on today’s computers, but investigations using the standard method are rare
for f > 6. For larger systems, more approximate methods are unavoidable.

2.2
Time-Dependent Hartree

One of the simplest propagation methods is the time-dependent Hartree
(TDH) approach. Here the wavefunction is written as a simple product of
one-dimensional functions, which, however, are time dependent:

Ψ(q1, . . . , q f , t) = a(t) ϕ(1)(q1, t) · · · ϕ( f )(q f , t) (2.3)

This representation is not unique. One may multiply one function by a factor
and divide another function by the same factor without changing the total
wavefunction. We have added the redundant factor a(t) to the Ansatz to give
the same amount of arbitrariness to all functions. To ensure unique equations
of motion, one has to introduce constraints that fix the time evolution of these
free factors. Note that the constraints do not narrow the functional space of
the TDH Ansatz. As constraints we choose

i〈ϕ(κ)|ϕ̇(κ)〉 = g(κ)(t) (2.4)

for κ = 1, . . . , f and – for the time being – arbitrary constraints g(κ). By a
convenient choice of the constraints, one may finally bring the equations of
motion to the most suitable form. Differentiating ‖ϕ(κ)‖2 with respect to time
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yields 2 Re〈ϕ(κ)|ϕ̇(κ)〉, which, according to Equation (2.4), equals −2 Im g(κ).
Hence, the norm of the functions ϕ(κ) is conserved if the constraints g(κ) are
real. In the following we will assume that the constraints are real and the
functions normalized.

Using the Dirac–Frenkel variational principle, 〈δΨ|H − i∂/∂t|Ψ〉 = 0, to
derive the equations of motion yields [34]

iȧ = a
(

E −
f

∑
κ=1

g(κ)
)

(2.5)

iϕ̇(κ) = H(κ)ϕ(κ) + (g(κ) − E)ϕ(κ) (2.6)

where

H(κ) = 〈ϕ(1) · · · ϕ(κ−1)ϕ(κ+1) · · · ϕ( f )|H|ϕ(1) · · · ϕ(κ−1)ϕ(κ+1) · · · ϕ( f )〉 (2.7)

denotes a mean field that operates on the κth DOF only. Here E is the expec-
tation value of the Hamiltonian

E =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉 = 〈ϕ(1) · · · ϕ( f )|H|ϕ(1) · · · ϕ( f )〉 (2.8)

Note that E is real and time independent for Hermitian Hamiltonians but may
become time dependent and complex for non-Hermitian ones.

There are several convenient choices for the constraints. The two most ob-
vious ones are g(κ) = E and g(κ) = 0. The former choice is possible only for
Hermitian Hamiltonians and the latter yields

a(t) = a(0) exp
(
− i

∫ t

0
E(t′) dt′

)
(2.9)

iϕ̇(κ) = [H(κ) − E(t)]ϕ(κ)

= (1 − |ϕ(κ)〉〈ϕ(κ)|)H(κ)ϕ(κ) (2.10)

The second form of the last equation holds because 〈ϕ(κ)|H(κ)|ϕ(κ)〉 = E. The
TDH approximation turns the solution of an f -dimensional differential equa-
tion into the solution of f one-dimensional differential equations. This is, of
course, an enormous simplification.

The TDH solution can be interpreted as the exact solution of an effective
Hamiltonian Heff, that is, iΨ̇ = HeffΨ. A short calculation yields

Heff =
f

∑
κ=1

H(κ) − ( f − 1)E (2.11)
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Let us split the Hamiltonian into separable and non-separable parts,

H =
f

∑
κ=1

h(κ) + V (2.12)

where h(κ) operates on the κth DOF only. The effective Hamiltonian may now
be written as

Heff =
f

∑
κ=1

(h(κ) + V (κ)) − ( f − 1)Ecorr (2.13)

where V (κ) denotes the mean field of V and Ecorr = 〈Ψ|V|Ψ〉/〈Ψ|Ψ〉. Now it
is clear that TDH is exact if the Hamiltonian is separable, that is, Heff = H if
V = 0.

Next we assume that the non-separable potential V is of product form, that
is,

V(q1, . . . , q f ) = v1(q1) · · · v f (q f ) (2.14)

This form is convenient, as it readily yields the mean field

V (κ) = 〈v1〉 · · · 〈vκ−1〉 vκ(qκ) 〈vκ+1〉 · · · 〈v f 〉 (2.15)

where 〈vκ〉 = 〈ϕ(κ)|vκ |ϕ(κ)〉. The product form is, on the other hand, no re-
striction, because every potential can be written as a sum of products (see
Chapter 11). To simplify the calculation further, we assume that f = 2 and
obtain for the difference between the exact and effective Hamiltonians [34]

H − Heff = (v1 − 〈v1〉) (v2 − 〈v2〉) (2.16)

This is a simple but quite illuminating result. TDH will be accurate if the
potential terms vκ do not vary appreciably over the width of the wavepacket.
TDH becomes exact in the classical limit when the wavepacket degenerates to
a delta function. As a time-dependent wavefunction, a wavepacket, is usu-
ally more localized than an eigenfunction, TDH provides in general better re-
sults than time-independent Hartree, which is also known as vibrational SCF
(VSCF) [35, 36]. Moreover, TDH (and similarly VSCF) works reasonably well
if the non-separable part of the potential varies slowly and smoothly. TDH
and VSCF may fail if there are abrupt changes in the non-separable potential,
for example, hard repulsions.





17

3
Basic MCTDH Theory
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

The MCTDH algorithm was introduced in 1990 by Meyer, Manthe and Ceder-
baum [30]. A first comprehensive description of the method – together with
the first non-trivial application (the photodissociation of NOCl) – appeared
two years later [37]. The basic theory of MCTDH has been discussed in great
detail in two review articles [34, 38]. Hence, in the following, only a brief
overview of MCTDH theory is given. The important features that give the
method its power are highlighted, as are the various formulations that pro-
vide the flexibility required to treat different situations. Further details and
derivations are to be found in the review articles [34, 38].

3.1
Wavefunction Ansatz and Equations of Motion

The basis of the MCTDH method is the use of the following wavefunction
Ansatz to solve the time-dependent Schrödinger equation for a physical sys-
tem with f degrees of freedom (DOFs) described by coordinates q1, . . . , q f :

Ψ(q1, . . . , q f , t) = Ψ(Q1, . . . , Qp, t)

=
n1

∑
j1=1

· · ·
np

∑
jp=1

Aj1...jp(t)ϕ
(1)
j1

(Q1, t) · · · ϕ
(p)
jp

(Qp, t) (3.1)

= ∑
J

AJΦJ (3.2)

Equation (3.1) is a direct-product expansion of p sets of orthonormal time-
dependent basis functions {ϕ(κ)}, known as single-particle functions (SPFs).
The coordinate for each set of nκ functions is a composite coordinate of one
or more system coordinates

Qκ = (qa, qb, . . . ) (3.3)

Thus the basis functions are d-dimensional, where d is the number of system
coordinates that have been combined together and treated as one ‘particle’.
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(Typically d = 1, 2, or 3). The second line, Equation (3.2), defines the com-
posite index J = j1 . . . jp and the Hartree product ΦJ . The Ansatz looks similar
to the standard wavepacket expansion, Equation (2.1) [39–41], except that the
SPFs provide a time-dependent basis set.

Using this Ansatz, a variational solution to the time-dependent Schrödinger
equation is provided by a coupled set of equations, one for the expansion
coefficients

iȦ = KA (3.4)

and one for each set of SPFs

iϕ̇(κ) = (1 − P(κ))(ρ(κ))−1H(κ)ϕ(κ) (3.5)

A matrix notation has been used with the A coefficients and SPFs written as
vectors, that is, ϕ(κ) = (ϕ

(κ)
1 , · · · , ϕ

(κ)
nκ )T.

The matrix K is the Hamiltonian operator represented in the basis of
Hartree products

KJL = 〈ΦJ |H|ΦL〉 (3.6)

Thus Equation (3.4) has the same form as the equations of motion for standard
wavepacket propagation, Equation (2.2). The difference is that the Hamilton-
ian matrix is time dependent due to the time dependence of the SPFs.

The equations of motion for the SPFs contain three new entities. The first is
the projector onto the space spanned by the SPFs:

P(κ) = ∑
j
|ϕ(κ)

j 〉 〈ϕ
(κ)
j | (3.7)

The operator (1 − P(κ)) ensures that the time derivative of the SPFs is orthog-
onal to the space spanned by the functions. Thus any changes cover new
regions. When the basis set is complete, the SPFs become time independent
and the equations of motion are identical to the standard method. If the SPFs
do not provide a complete basis set, then they move so as to provide the best
possible basis for the description of the evolving wavepacket. This optimal
description is ensured by the variational method used for the derivation.

For the other two new entities, it is useful to introduce the single-hole func-

tion, Ψ(κ)
a , which is the wavefunction associated with the jth SPF of the κth

particle. As the total wavefunction lies in the space spanned by the SPFs, one
can make use of the completeness relation and write

Ψ = ∑
a
|ϕ(κ)

a 〉 〈ϕ
(κ)
a |Ψ〉 = ∑

a
ϕ

(κ)
a Ψ(κ)

a (3.8)
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To make this clear, the single-hole function for the first particle is

Ψ(1)
a =

n1

∑
j2=1

· · ·
np

∑
jp=1

Aaj2...jp ϕ
(2)
j2

. . . ϕ
(p)
jp

(3.9)

The single-hole index, Jκ
a , is also useful to keep the notation compact. The

index can take any values except for the κth position, which has a value a.
In the same way, Jκ is a composite index similar to J but with the κth entry
removed. Thus there is the single-hole coefficient AJκ

a
and single-hole Hartree

product ΦJκ , which denotes a configuration with the κth SPF removed. These
definitions allow the single-hole function to be written as

Ψ(κ)
a = ∑

Jκ

AJκ
a

ΦJκ (3.10)

Using this new notation, the mean-field operator matrix, H(κ), can be easily
written as

H(κ)
ab = 〈Ψ(κ)

a |H|Ψ(κ)
b 〉 (3.11)

The integration in the brackets is over all particles except κ. This operator on
the κth particle correlates the motion between the different sets of SPFs.

Finally, the density matrix ρ(κ) is given by

ρ
(κ)
ab = 〈Ψ(κ)

a |Ψ(κ)
b 〉 (3.12)

= ∑
Jκ

A∗
Jκ
a

AJκ
b

(3.13)

The density matrices, which enter the equations of motion for the SPFs, Equa-
tion (3.5), as its inverse, can be used to provide a useful measure of the quality
of the calculation. In an analogous way to the use of density matrices in elec-
tronic structure theory, the eigenfunctions of this matrix are termed natural or-
bitals and the eigenvalues provide populations for these functions. The lower
the population, the less important is the function. As the space spanned by the
natural orbitals is equivalent to that of the original SPFs, if the population of
the highest natural orbital is such that the function is effectively not required
for an accurate description of the evolving wavepacket, the MCTDH wave-
function is of a good quality. As a rule of thumb, averaged quantities such
as expectation values and spectra are converged when the highest natural or-
bitals have a population less than 10−3. Other quantities such as cross-sections
are more sensitive to errors in the wavefunction and the populations have to
drop below 10−6 for converged results.

Although small natural populations are desired because they signal conver-
gence, vanishing natural populations are problematic as they lead to a singu-
lar density matrix, which cannot be inverted. Zero natural populations fre-
quently occur at the beginning of a propagation, because one often takes a
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Hartree product as initial wavefunction. In this case all eigenvalues of ρ(κ)

vanish except the first one. To arrive at equations of motion that can be tackled
numerically, one must regularize the density matrix. To this end we replace
ρ(κ) by

ρ(κ)
reg = ρ(κ) + ε exp(−ρ(κ)/ε) (3.14)

when building the inverse. Here ε is a small number (ε ≈ 10−8).
Note that the regularization changes only the time evolution of those nat-

ural orbitals that are very weakly populated. The time evolution of the nat-
ural orbitals important for the description of the wavefunction remains un-
changed.

The MCTDH equations conserve the norm and, for time-independent
Hamiltonians, the total energy. MCTDH simplifies to time-dependent Hartree
when setting all nκ = 1. Increasing the nκ recovers more and more correla-
tion, until finally, when nκ equals the number of primitive functions Nκ, the
standard method (that is, propagating the wavepacket on the primitive basis)
is used. Hence with MCTDH one can almost continuously switch from a
cheap but less accurate calculation to a highly accurate but expensive one. We
emphasize again that MCTDH uses variationally optimal SPFs, because this
ensures early convergence.

3.2
The Constraint Operator

In MCTDH both the expansion coefficients (A-vector) and the SPFs are time
dependent, which creates an ambiguity in the time propagation of the wave-
function. The same change of the wavefunction may be accomplished by
changing the coefficients or the SPFs. To lift this ambiguity, a constraint is
added when deriving the equations of motion. It reads

i〈ϕ
(κ)
i |ϕ̇(κ)

j 〉 = 〈ϕ
(κ)
i |ĝ(κ)|ϕ(κ)

j 〉 (3.15)

where ĝ(κ) is an arbitrary operator acting on the κth particle. The constraint
operators are related to the time derivative of the overlap matrix,

S(κ)
ij = 〈ϕ

(κ)
i |ϕ(κ)

j 〉 (3.16)

Ṡ(κ) = i[(g(κ))† − g(κ)] (3.17)

where the dagger denotes the adjoint matrix and where g(κ) is the matrix rep-

resentation of ĝ(κ), that is, g(κ)
ij = 〈ϕ

(κ)
i |ĝ(κ)|ϕ(κ)

j 〉. Thus, if the constraint op-
erators are Hermitian, initially orthonormal SPFs will remain orthonormal, a
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desirable feature. We hence restrict ourselves to the use of Hermitian con-
straint operators.

The MCTDH equations of motion in their full generality now read

iȦ = KRA (3.18)

iϕ̇(κ) = [g(κ)1nκ + (1 − P(κ))(ρ(κ))−1HR
(κ)]ϕ(κ) (3.19)

where 1nκ denotes the nκ × nκ unit matrix. The Hamiltonian and mean-field

matrices, KR and H(κ)
R , are formed using the operator

HR = H − ∑
κ

ĝ(κ) (3.20)

Whatever is chosen for the constraint operators, this will not affect the propa-
gation of the total wavepacket, but will affect the propagation of the two parts
of the equations of motion. Different choices lead to different sets of SPFs,
connected by unitary transformations (the equations of motion for the SPFs
differ by a Hermitian operator). The SPFs thus span the same space, irrespec-
tive of the constraint used. The previous equations of motion, Equations (3.4)
and (3.5), are recovered when setting ĝ(κ) = 0.

Finally, one may write the equations of motion in a form where only the
matrix representations of the constraint operators appear:

iȦ =
(

K − ∑
κ

g(κ)
)

A (3.21)

iϕ̇(κ) = [(g(κ))T + (1 − P(κ))(ρ(κ))−1H(κ)]ϕ(κ) (3.22)

with gT denoting the transpose of the matrix. This form makes it particularly
transparent that the constraint determines the partitioning of the time deriva-
tive of the wavefunction into Ȧ and ϕ̇.

Various choices of the constraints have been tried. The most obvious is

ĝ(κ) = 0 (3.23)

which, as already noted, results in the equations of motion (3.4) and (3.5) dis-
cussed above. A second obvious choice is to partition the Hamiltonian into
‘uncorrelated’ parts, that act only on one particle, and the remaining ‘corre-
lated’ part, that is,

H =
p

∑
κ=1

h(κ) + HR (3.24)

and choose

ĝ(κ) = h(κ) (3.25)
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This significantly changes the motion. The first choice minimizes the motion
of the SPFs – only motion into space outside that spanned by the basis oc-
curs. The latter choice treats the uncorrelated motion within the SPF space by
rotation of these functions.

A further choice that has been tried is

g(κ)
ij =

〈Ψ|H|Ψ(κ)
i ϕ

(κ)
j 〉 − 〈Ψ(κ)

i ϕ
(κ)
j |H|Ψ〉

ρ
(κ)
ii − ρ

(κ)
jj

for i �= j (3.26)

The resulting SPFs have the property that the density matrices defined in
Equation (3.13) remain diagonal, that is, they are the ‘natural orbitals’.

Experience has shown that the best choice depends on the integration
scheme used for the propagation. Equation (3.23) is the best choice when us-
ing the efficient constant mean-field (CMF) integrator, while Equation (3.25)
is the one to use otherwise. The use of natural orbitals was found to be nu-
merically less efficient. However, the direct connection between the natural
orbitals and populations of SPFs means that they can be used in a scheme
to select and propagate only the most important configurations from the
MCTDH wavefunction [42]. This attractive proposition, which aims to break
the exponential scaling, has unfortunately failed to be efficient enough due
to the book-keeping required when the full direct-product structure of the
wavefunction is lost.

3.3
Efficiency and Memory Requirements

Standard wavepacket dynamics uses a wavefunction Ansatz like that of Equa-
tion (3.1), except with a set of time-independent basis functions for each DOF
rather than a set of time-dependent functions for each particle. While the
number of basis functions may vary for each DOF, if N is representative of
this number, then the wavefunction is represented by N f expansion coeffi-
cients. This is the basis of the exponential increase of computer resources
with system size that plagues wavepacket dynamics. As N ∼ 50 is reason-
able, a four-dimensional system using double-precision complex arithmetic
requires nearly 100 MB of memory just to store one wavefunction, while a
five-dimensional system requires of the order of 4.8 GB. Clearly this scaling
severely limits the size of systems treatable by these methods. We shall now
analyse the requirements of the MCTDH method to show where its power, as
well as its limitations, come from.

To solve the equations of motion for the A coefficients and SPFs, Equa-
tions (3.4) and (3.5), the elements of the Hamiltonian matrix, K, need to be
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evaluated:

〈ϕ
(1)
j1

· · · ϕ
(p)
jp

|H|ϕ(1)
k1

· · · ϕ
(p)
kp

〉 = 〈ϕ
(1)
j1

· · · ϕ
(p)
jp

|T + V|ϕ(1)
k1

· · · ϕ
(p)
kp

〉 (3.27)

Elements of the mean-field matrices are also required, H(κ), and the tech-
niques described below can be used for these too.

If the basis functions are a discrete variable representation (DVR), this multi-
dimensional integral would be straightforward. A set of DVR functions along
a coordinate qν, {χ(ν)(qν)}, has the property that their matrix representation
of the position operator, q̂ν, is diagonal, that is,

〈χ(ν)
i |qν|χ(ν)

j 〉 = q(ν)
j δij (3.28)

and the values qν provide a grid of points related to the DVR functions. As a
result, if there are enough functions for the set to be effectively complete, the
potential energy operator can be taken as diagonal in this basis,

〈χ(1)
i1

· · · χ
( f )
i f

|V|χ(1)
j1

· · · χ
( f )
j f

〉 = V(q(1)
j1

, . . . , q( f )
j f

) δi1 j1 · · · δi f j f
(3.29)

and the integral is obtained by evaluating the potential energy only at the grid

point q(1)
j1

, . . . , q( f )
j f

.

The kinetic energy operator usually only acts on a single coordinate, and
matrix elements can be evaluated analytically in the related finite basis repre-
sentation (FBR). The FBR–DVR transformation is then used to give {φ(ν)},

〈χ(ν)
i |Tν|χ(ν)

j 〉 = ∑
kl

U(ν)
ik 〈φ(ν)

k |Tν|φ(ν)
l 〉(U(ν)

l j )† (3.30)

Thus the potential energy is obtained by evaluating the potential function at
N f points, and the kinetic energy by transforming N2 matrices. At no time
is it necessary to evaluate multidimensional integrals, and the full N f × N f

Hamiltonian matrix does not need to be built.
DVRs are the time-independent bases used in standard wavepacket propa-

gation calculations. A number of different DVRs have been developed, suit-
able for use for different types of coordinates. Examples are the harmonic os-
cillator DVR used for vibrational motion, Legendre DVR for rotations, and
exponential and sine DVRs used for free motion with or without periodic
boundary conditions. A related method is to use a collocation grid and fast
Fourier transform (FFT) methods to evaluate the kinetic energy operator. An
overview of the properties of different DVRs and FFT methods is given in
Appendix B of Ref. [34].

Unfortunately, the evaluation of integrals in the SPF basis is not so straight-
forward. One way is to expand the SPFs using sets of DVR functions, which
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are then termed primitive basis functions,

ϕ
(κ)
j (Qκ) =

Nκ

∑
k=1

a(κ)
kj χ

(κ)
k (Qκ) (3.31)

In most cases DVRs are one-dimensional, and a multidimensional SPF is rep-
resented by a direct product of primitive basis functions, and the coefficients
a and functions χ in Equation (3.31) must be interpreted in this way. For ex-
ample, if the first particle, κ = 1, is a combination of DOFs q1 and q2, then an
SPF is a two-dimensional function represented by the product

ϕ
(1)
j (Q1) =

N1

∑
k1=1

N2

∑
k2=1

a(1)
k1k2 j χ

(1)
k1

(q1) χ
(2)
k2

(q2) (3.32)

The potential energy matrix elements can now be obtained by transforming
from the SPF basis to the DVR. Using Equation (3.31) and the DVR potential
energy (3.29), this is

〈ϕ
(1)
i1

· · · ϕ
(p)
ip

|V|ϕ(1)
j1

· · · ϕ
(p)
jp

〉 =

∑
k1...k f

a(1)∗
k1...kd1

,i1
· · · a(p)∗

k f−dp+1...k f ,ip
a(1)

k1...kd1
,j1
· · · a(p)

k f−dp+1...k f ,jp
V(q(1)

k1
, . . . , q( f )

k f
)

(3.33)

where q(ν)
kν

denotes the kth grid point of the νth primitive grid. The DVR is
now being used to evaluate the multidimensional integral, which is equivalent
to using a quadrature procedure. The kinetic energy can also be evaluated by
an analogous transformation of the FBR representation on Equation (3.30).

While Equation (3.33) is completely general, it is unsuitable for our require-
ments, as it requires a transformation from the SPF basis to the full direct-
product primitive grid. This is precisely what the MCTDH method sets out to
avoid, as the full primitive grid for multidimensional systems has the dimen-
sions of the standard wavepacket wavefunction discussed above. The advan-
tages of the DVR can be used without the crippling scaling if the Hamiltonian
is made up of products of functions with the same coordinates as the particles
of the MCTDH wavefunction:

H(q1, . . . , q f ) =
ns

∑
r=1

crh(1)
r (Q1) · · · h(p)

r (Qp) (3.34)
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The multidimensional integrals of Equation (3.33) are then reduced to prod-
ucts of low-dimensional integrals,

〈ϕ
(1)
j1

· · · ϕ
(p)
jp

|H|ϕ(1)
k1

· · · ϕ
(p)
kp

〉

=
ns

∑
r=1

cr〈ϕ
(1)
j1

|h(1)|ϕ(1)
k1

〉 · · · 〈ϕ
(p)
jp

|h(p)|ϕ(p)
kp

〉 (3.35)

and these low-dimensional integrals can be easily evaluated using the particle
primitive grids, which have the dimension Nd, where d is the dimensionality
of the particle.

While the kinetic energy operator usually has the product form of Equa-
tion (3.34), often referred to as the MCTDH form, this is not true for potential
energy functions. A notable exception is the vibronic coupling model Hamil-
tonian discussed in Chapter 18. For other functions, the potfit method has
been developed to obtain the desired form. This is dealt with in Chapter 11.
An alternative approach to using general potential functions is to use the SPFs
to define a time-dependent DVR that follows the evolving wavepacket. This,
the CDVR method, is detailed in Chapter 10.

We are now in a position to discuss the resources required for the MCTDH
method. In comparison with the N f numbers required to describe the stan-
dard wavepacket, the MCTDH wavefunction requires

memory ∼ np + pnNd (3.36)

where n is characteristic of the number of SPFs for the particles. The first term
is due to the A coefficients and the second term is due to the representation of
the SPFs through the primitive basis functions.

There are two limits to be examined. The first is when p = f and d = 1,
that is, all particles are one-dimensional. Here the first term dominates. Us-
ing reasonable values of N = 50 and n = 10, then for f = 4 the MCTDH
wavefunction requires a tiny 0.18 MB and for f = 5 still only 1.56 MB. This is
obviously much less than the memory required to store the full primitive grid.
The method still hits the exponential wall , however, and 153 GB is needed for
each wavefunction if f = 10. The other limit to be studied is when all DOFs
are combined together so that only one particle is present. Thus p = 1 and
d = f . In this limit, n = 1 and the first term is always 1. The second term
then dominates and, of course, is simply the size of the full primitive grid, N f ,
as in this limit the MCTDH method is identical to the standard wavepacket
method. A single wavefunction now takes 1.5× 109 GB. In between these two
limits there is a trade-off between the memory required by the A coefficients
and that required by the SPFs. Thus if two-dimensional particles are used in a
10-dimensional calculation, f = 10, p = 5, d = 2 and the memory required is
3.4 MB per wavefunction evenly distributed between the two parts.



26 3 Basic MCTDH Theory

The figures used above assume that n = 10 is a suitable figure regardless of
how many DOFs are combined together into each particle. This is, of course,
not the case. Imagine that n SPFs are required for each particle in a problem
where p = f , that is, all particles are one-dimensional. If a second calcula-
tion is then made using two-dimensional particles, that is, p = f /2, then ñ,
the number of SPFs required in the new calculation will be different from n,
but ñ < n2 (ñ = dn is a reasonable rule of thumb). The upper limit is be-
cause correlations between these modes are now included at the SPF level.
For large combinations, ñ < n is possible, as in the limit that all DOFs are
combined together ñ = 1: only a single SPF – the exact wavefunction – is re-
quired. When choosing which DOFs should be combined together, it is thus
useful to put strongly correlated modes in one particle, as this significantly
reduces the number of SPFs, and thus configurations, required. If the amount
of correlation among the DOFs is not known, one should combine DOFs that
are characterized by similar vibrational frequencies. One must be mindful,
however, that the particle grid lengths do not get too long. For a balanced
calculation, particles should be chosen with similar grid lengths.

The effort for the algorithm can be estimated by a sum of two terms:

effort ∼ c1sp2np+1 + c2spnN2d (3.37)

where c1 and c2 are constants of proportionality. The first term is due to build-
ing the mean-field matrices and calculating the time derivative of the A coef-
ficients. To build the mean fields, there are s terms in the Hamiltonian, and for
each particle the A coefficient vector must be multiplied by the Hamiltonian
matrices for all the other particles. The time derivative of the A coefficients is
obtained at the end of these operations for virtually no cost. The second term
is due to the operation of the Hamiltonian on the SPFs, that is, the operation
of the s particle operators, represented in the particle primitive grids, on each
SPF for each particle (for potential terms this becomes spnNd, as the operator
is diagonal in the primitive basis). The density matrices also need to be in-
verted, but this effort, which scales as n3, is insignificant compared to these
two terms.

Thus if p is large, the effort for the algorithm is dominated by the build-
ing of the mean-field matrices. If p is small and d is large, the second term,
that for the propagation of the SPFs, dominates due to the high dimensional-
ity of the functions. Again, we see the trade-off between the effort required
for the coefficients and the SPFs, which can be altered by suitably combining
DOFs together into particles, balancing the reduced effort due to low p with
increased effort due to increasing Nd.

A final aspect of the MCTDH algorithm that affects its ability to efficiently
solve the time-dependent Schrödinger equation is the ease of integration of
the equations of motion. Wavepacket dynamics are an initial-value problem.
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Starting from the wavepacket at t = 0 it is propagated forward in time by
integrating the equations of motion, which are written above as derivatives of
time. If the derivatives are smooth functions of time, then large time steps can
be taken. Unfortunately, the MCTDH equations of motion are strongly cou-
pled. All the sets of SPFs depend on each other, on the A coefficients through
the mean fields, and the A coefficients depend on the SPFs through the Hamil-
tonian matrix, K. The problem of integration will be addressed in Chapter 4,
where the constant mean-field integrator that is tailored to the properties of
the method will be described.

3.4
Multistate Calculations

Two different approaches have been used to treat systems in which more than
one electronic state is involved. The first of these simply uses the equations
of motion as written above, but with an extra DOF added to represent the
electronic degree of freedom:

Ψ(q1, . . . , q f , α, t)

=
n1

∑
j1=1

· · ·
np

∑
jp=1

Aj1...jp(t) ϕ
(1)
j1

(Q1, t) · · · ϕ
(p−1)
jp−1

(Qp−1, t)ϕ
(p)
jp

(α, t) (3.38)

where α labels the electronic state. As a complete set of electronic SPFs is used
in general, that is, np = σ, where σ denotes the number of electronic states,

the SPFs are time independent and chosen as ϕ
(p)
jp

(α, t) = δα,jp . Introducing

electronic state functions |α〉, one may rewrite the above equation as

Ψ =
n1

∑
j1=1

· · ·
np−1

∑
jp−1=1

σ

∑
α=1

Aj1...jp−1,α ϕ
(1)
j1

· · · ϕ
(p−1)
jp−1

|α〉 (3.39)

This is called the single-set formulation, as one set of SPFs is used to treat the
dynamics in all the electronic states.

In contrast, the multi-set formulation uses a different set of SPFs for each
state. One writes the wavefunction as

Ψ =
σ

∑
α=1

Ψ(α)|α〉 (3.40)

where each component function Ψ(α) is expanded in MCTDH form as

Ψ(α)(q1, . . . , q f , t) =
nα

1

∑
jα1 =1

· · ·
nα

p

∑
jαp=1

A(α)
jα1 ...jαp

(t) ϕ
(1,α)
jα1

(Q1, t) · · · ϕ
(p,α)
jαp

(Qp, t) (3.41)
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Note that different numbers of SPFs can be used for the different states, signi-
fied by the superscript α.

The equations of motion also now require state labels. The basic formulation
selecting g(κ) = 0 for the constraint matrices is now

iȦ(α) =
σ

∑
β=1

K(αβ)A(β) (3.42)

iϕ̇(κ,α) = (1 − P(κ,α))(ρ(κ,α))−1
σ

∑
β=1

H(κ,αβ)ϕ(κ,β) (3.43)

where the superscripts on the matrices denote that the matrix elements are
with superscripted A coefficients and SPFs. Thus the particle Hamiltonian
matrices used to build up the Hamiltonian matrix and mean-field operators
are

K(αβ)
JL = 〈Φ(α)

J |H(α,β)|Φ(β)
L 〉 (3.44)

and

H(κ,αβ)
ab = 〈Ψ(κ,α)

a |H(α,β)|Ψ(κ,β)
b 〉 . (3.45)

where H(α,β) = 〈α|H|β〉 denotes the (α, β) electronic component of the Hamil-
tonian. If α �= β the matrices K and H are in general not square and non-
Hermitian. The single-set formulation requires fewer SPFs in total, and does
not have to deal with the problem that the SPFs of different electronic states
are not orthogonal to each other. In practice, however, the multi-set formula-
tion has proved to be the more efficient one in most cases, as the SPFs adapt
better to the different states and the total number of configurations required is
less.

3.5
Parametrized Basis Functions: G-MCTDH

A final formulation of the MCTDH equations that will be outlined here is the
G-MCTDH method introduced by Burghardt, Meyer and Cederbaum [43]. In
this, the configurations for the wavefunction Ansatz (3.2) are written as

ΦJ(Q1, . . . , Qp, t) =
m

∏
κ=1

ϕ
(κ)
jκ

(Qκ , t)
p

∏
κ=m+1

G(κ)
jκ

(Qκ , t) (3.46)

where the first m particles are described by the flexible SPFs described above
that are expressed using the primitive basis functions, and the remaining par-
ticles are described by SPFs that are defined using a small number of param-
eters. The idea is that, by propagating a limited set of parameters rather than
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the functions themselves, a huge saving of memory can be made. Part of the
system can be treated using the usual grid-based wavepacket methods de-
scribed above, and part using the parametrized functions. As the latter may
introduce approximations into the dynamics, in this way a system can be de-
scribed using a hierarchy of modes with a ‘full quantum mechanical’ part cou-
pled to an ‘approximate quantum mechanical’ part.

One simple and suitable form for the parametrized functions is the Gauss-
ian:

G(κ)
j (Qκ , t) = exp[Qκ · a(κ)

j (t) · Qκ + ξ
(κ)
j (t) · Qκ + η

(κ)
j (t)] (3.47)

The parametrized functions are thus referred to as Gaussian wavepackets
(GWPs). The method is, however, completely general, and any function form
could be used. In the limit that only GWPs are used to describe the wave-
function, the method is termed the variational multiconfiguration Gaussian wave-
packet (vMCG) method.

Equations of motion can be set up using the variational principle as before.
The main changes to those for the flexible SPFs and A coefficients are due to
the non-orthonormality of the GWPs. Defining the particle GWP overlap and
time-derivative overlap matrices:

S(κ)
ij = 〈G(κ)

i |G(κ)
j 〉 (3.48)

g(κ)
ij = i〈G(κ)

i |Ġ(κ)
j 〉 (3.49)

and using a configuration overlap matrix,

SI J = 〈ΦI |ΦJ〉 (3.50)

the equation of motion for the A coefficients can be written as

iȦ = S−1
(

K − ∑
κ

g(κ)
)

A (3.51)

The equations for the SPFs are unchanged, but it should be noted that
the density-matrix elements (3.12) contain the overlap matrices, and Equa-
tion (3.13) must accordingly be rewritten. Finally, the equations of motion for
the GWP parameters can be written as

iΛ̇(κ) = [C(κ)]−1 Y(κ) (3.52)

where the parameters have been arranged in a vector, Λ. The elements of C are
complicated functions of the overlap and density matrices, and the elements
of Y functions of the mean fields and Hamiltonian matrix elements. The reader
is referred to Ref. [43] for the full definition.
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A link can be made to the field of semiclassical methods, which, following
the work of Heller [16], are based on GWPs that propagate along classical tra-
jectories to model the true evolving wavefunction. In the G-MCTDH method,
the GWPs do not follow classical trajectories, but are coupled. As a result,
the method is able to treat phenomena such as tunnelling and non-adiabatic
transitions in a straightforward manner. The convergence properties are also
much better than classical trajectory-based methods.
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4
Integration Schemes
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

The efficiency of the MCTDH method strongly depends on the algorithm used
for solving the equations of motion, Equations (3.18) and (3.19). This chap-
ter therefore discusses different integration schemes of the MCTDH working
equations.

4.1
The Variable Mean-Field (VMF) Integration Scheme

The MCTDH equations of motion (3.18) and (3.19) are a system of coupled
nonlinear ordinary differential equations of first order. A straightforward way
to solve the equations is to employ an all-purpose integration method [44,45].
Of all the integrators that have been tested, an Adams–Bashforth–Moulton
predictor–corrector turned out to perform most efficiently in integrating the
complete set of differential equations, but other methods, for example, Runge–
Kutta, also perform well. To distinguish this approach from that described
below, it is called the variable mean-field (VMF) scheme.

The VMF scheme is not the optimal method for solving the MCTDH equa-
tions, because the A-vector and the single-particle functions (SPFs) contain
components that are highly oscillatory in time. This enforces small integration
steps, at each of which the density and mean-field matrices have to be com-
puted. The frequent calculation of the mean fields contributes dominantly to
the computational effort. One therefore expects a significant speed-up of the
MCTDH algorithm by employing an integration scheme that is specifically
tailored to the solution of the MCTDH equations of motion. Such a method is
discussed next.
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4.2
A Simple Constant Mean-Field (CMF) Integration Scheme

The constant mean-field (CMF) integration scheme takes advantage of the fact
that the Hamiltonian matrix elements, KJL = 〈ΦJ |H|ΦL〉, and the product of
inverse density and mean-field matrices, ρ(κ)−1 H(κ), generally change much
more slowly in time than the MCTDH coefficients and the SPFs. For that rea-
son, it is possible to use a wider meshed time discretization for the evaluation
of the former quantities than for the propagation of the latter ones. In other
words, during the integration of the equations of motion, one may hold the
Hamiltonian matrix elements and the products of inverse density and mean-
field matrices constant for some time τ.

This concept will now be discussed in more detail. For the sake of simplicity,
we first consider a simplified variant that already demonstrates most of the
properties and advantages of the integrator. The actual integration scheme is
somewhat more subtle. An integration step in this simplified variant begins
with the initial values A(t0) and ϕ(κ)(t0) being employed to determine the
Hamiltonian matrix K(t0), the density matrices ρ(κ)(t0), and the mean-field
matrices H(κ)(t0). With these matrices kept constant, the wavefunction is then
propagated from t0 to t1 = t0 + τ. The propagated values A(t1) and ϕ(κ)(t1)
are used to compute K(t1), ρ(κ)(t1) and H(κ)(t1). This procedure is reiterated
until the desired final point of time is reached.

Using constraint operators g(κ) = 0 the CMF equations of motion read:

iȦ = K̄A (4.1)

iϕ̇(1) = (1 − P(1))(ρ̄(1))−1H̄(1)
ϕ(1)

...
... (4.2)

iϕ̇(p) = (1 − P(p))(ρ̄(p))−1H̄(p)
ϕ(p)

Here the bar indicates that the corresponding term is evaluated at time tm =
t0 + mτ, with m being the number of steps made so far, and is then held con-
stant over the CMF integration step tm � t � tm+1.

Supposing that a comparatively large update step τ can be chosen, the CMF
integration scheme has several advantages. First of all and most importantly,
the mean-field matrices have to be set up much less frequently.

Another important characteristic of the CMF scheme lies in the simplified
structure of the system of differential equations. While the MCTDH equa-
tions of motion (3.4) and (3.5) are coupled, the CMF equations (4.1) and (4.2)
separate into p + 1 disjoined subsystems. One of these subsystems is for
the MCTDH coefficients; the others are for each of the p single-particle vec-
tors ϕ(κ). Splitting a large system of differential equations into smaller ones
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generally lessens the computational effort because the step size can then be
adapted independently for each subsystem; if one subsystem requires small
integration steps, the others remain unaffected.

Finally, we point out that the working equation (4.1) for the A-vector is lin-
ear with constant coefficients, which permits its solution by integrators ex-
plicitly designed for equations of that kind [46], such as the Chebyshev [47]
or Lanczos [48] method. This further increases the efficiency of the CMF ap-
proach. The set of equations (4.2) for the SPFs is, however, still nonlinear due
to the projection operator P(κ).

4.3
Why CMF Works

To understand why the CMF approach is successful, let us consider a very
simple case, namely a separable Hamiltonian:

H =
p

∑
κ=1

h(κ) (4.3)

For this Hamiltonian, the mean-field and Hamiltonian matrices take the sim-
ple forms

(ρ(κ))−1H(κ) = h(κ) 1nκ (4.4)

KJL =
p

∑
κ=1

〈ϕ
(κ)
jκ

|h(κ)|ϕ(κ)
lκ

〉 δJκ ,Lκ (4.5)

The mean field, Equation (4.4), is obviously constant. Next we will show that
the Hamiltonian matrix, Equation (4.5), is also constant when the Hamilton-
ian is Hermitian and the projected Hamiltonian terms commute with the pro-
jected constraint operators, [Ph(κ)P, Pg(κ)P] = 0.

The equations of motion for the SPFs read

iϕ̇j = gϕj + (1 − P)(h − g)ϕj (4.6)

where, for ease of notation, we have dropped the particle index κ. Taking
the time derivative of the matrix elements of h, one easily finds, using Equa-
tion (4.6), that

d
dt

〈ϕj|h|ϕl〉 = i〈ϕj|(h† − h)(1 − P)h|ϕl〉+ i〈ϕj|gPh − hPg|ϕl〉 (4.7)

The right-hand side vanishes when h† = h and [PhP, PgP] = 0. Note that the
commutator vanishes for the two standard choices of the constraints, g = 0
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and g = h (see Equations (3.23) and (3.25)). Hence, for a separable Hermitian
Hamiltonian, the CMF scheme is exact, and an arbitrarily large update step τ

can be taken.
For a general, non-separable Hamiltonian, only its non-separable terms –

which are in general smaller than the separable ones – make K and ρ−1H
time dependent. Non-Hermitian terms do so as well. In particular, when a
wavepacket enters a complex absorbing potential (CAP) [49], the CMF scheme
must take smaller update times τ, which makes the method less efficient.

4.4
Second-Order CMF Scheme

The simple variant of the CMF integration scheme depicted above has to be
improved further in order to be competitive. One reason is that in its current
form the method defines – analogous to Euler’s rule – a first-order integrator,
which is known to perform quite poorly. Another reason is that the above
scheme lacks a means of estimating the discretization error and adjusting the
update step τ. The following modifications of the method eliminate these
shortcomings.

The actual CMF integration scheme eliminates the first-order time changes
of K and ρ−1H by essentially employing the trapezoidal rule when propagat-
ing the coefficients and using the midpoint rule when propagating the SPFs.
To this end K(0) and K(τ) are used when propagating A from t = 0 to t = τ,
while H(τ/2) is used when propagating ϕ. For a comprehensive description
of the method, see Refs. [34, 50].

To obtain an error estimate, the propagated wavefunction is compared to a
predicted wavefunction, where the latter is computed with the Euler method,
that is, essentially the simple CMF scheme of Equations (4.1) and (4.2). This
error measure scales with τ2. However, the error introduced in the wavefunc-
tion while propagating it over one update step τ scales with τ3. This incon-
sistency is expected to be of little relevance for the automatic step size control
as long as τ does not change by more than an order of magnitude during the
propagation (which is usually the case). In a recent publication [51], Manthe
devised a new CMF scheme, called CMF2, where this problem is eliminated
by propagating the predicted function also with a second-order scheme but
using a doubled update time. He reports speed-up factors between 1.3 and
1.8 when replacing CMF by CMF2. The CMF2 scheme requires on average
fewer mean-field evaluations but more propagations than CMF. This speed-
up may thus be related to the fact that the correlated discrete variable rep-
resentation (CDVR) method (see Chapter 10) was used: the build-up of the
mean fields dominates the total effort of an MCTDH propagation much more
strongly when using CDVR than when using a product-form Hamiltonian,
Equation (3.34).
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A CMF integration is usually run with the constraint g(κ) = 0. The other
standard constraint, g(κ) = h(κ), has also been tried, but was found to be
less efficient in almost all cases. The CMF scheme conserves the norm of the
wavefunction (when the Hamiltonian is Hermitian), but it does not (for time-
independent Hamiltonians) strictly conserve the energy: only for τ → 0 is
energy strictly conserved. As the CMF equations of motion for the coefficients
are linear, a short iterative Lanczos (SIL) [46, 48] or – when the Hamiltonian
is non-Hermitian – an Arnoldi–Lanczos [34,52] integrator is used. The propa-
gation of the SPFs is usually performed with a Bulirsch–Stoer (BS) or Runge–
Kutta (RK) integrator [45].

In the majority of cases to date, CMF is faster than VMF, often by one order
of magnitude. There are rare cases, however, where VMF is to be preferred
over CMF.
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5
Preparation of the Initial Wavepacket
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

Solving the time-dependent Schrödinger equation requires the generation of
an initial wavepacket. The definition of the initial state depends on the phys-
ical process under consideration. Two main strategies can be applied: (i) the
initial wavefunction is written as a simple product of SPFs, or (ii) an eigenstate
of an operator is taken as initial state. Finally, a wavepacket defined by either
of the methods may be modified by applying an operator to it.

5.1
Initial Wavepacket as Hartree Product

Often the initial wavefunction, Ψ(0), is a simple Hartree product, that is, a
product of SPFs. Hence the A-vector is zero everywhere except for one entry
where it is 1. What needs to be defined are the initial single-particle func-
tions (SPFs). If the SPFs are not one-dimensional, their initial form is usually
again a simple product of one-dimensional functions. These one-dimensional
functions can be Gaussian functions:

ϕ(q) = (2πΔ)−1/4 e−1/4[(q−q0)/Δ]2 eip0(q−q0) (5.1)

Here q0 and p0 are the centre and initial momentum of the wavepacket and Δ
is the width. (It is actually the width of |ϕ(q)|2.) An orthonormal set of func-
tions is constructed by multiplying the preceding functions with q, followed
by Schmidt orthogonalization onto lower functions.

For angular coordinates, associated Legendre functions are an appropriate
choice,

P̃m
l (cos θ) =

√
2l + 1

2
(l − m)!
(l + m)!

Pm
l (cos θ) (5.2)

with 0 � m � l. The parameter m denotes the magnetic quantum number and
is treated as a fixed parameter. Pm

l is the (standard) associated Legendre func-
tion and P̃m

l is the L2 normalized form of it. For a combined mode involving
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two angles, θ and φ, a normalized spherical harmonic, Ylm(θ, φ), may be an
appropriate initial function for that mode.

Diagonalizing one-dimensional operators offers a general way of defining
initial functions. The eigenfunctions of a suitably chosen operator serve as
initial SPFs. When mode combination is used, one may even diagonalize a
multidimensional operator of the same dimension as the combined mode.

To give an example, when atom–diatom scattering is studied in Jacobi co-
ordinates, the initial wavepacket could be a Gaussian (with momentum) in
the reaction coordinate, an associated Legendre function in the angle, and an
eigenfunction of the diatom potential in the vibrational coordinate.

Finally, we note that it is sometimes necessary to take, as initial wavepacket,
not a single Hartree product but a (small) sum of Hartree products. Such a
necessity may occur when symmetry constraints have to be satisfied.

5.2
Eigenstates and Operated Wavefunctions

Instead of explicitly building an initial wavepacket, one may read a wavefunc-
tion that has been created in a previous calculation. Indeed, in many processes
the initial state is the eigenfunction of another Hamiltonian. For example,
in applications that involve an initial transition from the electronic ground
state to an electronically excited state, the initial function is an eigenfunction
(usually the vibrational ground state) of the electronic ground-state potential.
This wavepacket is then placed on an excited electronic state energy surface
(Condon approximation). The initial wavefunction is hence first generated by,
for example, improved relaxation (see Chapter 8) using the electronic ground-
state Hamiltonian and is then propagated on an electronically excited state (or
on a manifold of states). Note that it is important that the initial wavefunction
is generated within MCTDH, otherwise it would not have the required form,
Equation (3.1).

If an infrared spectrum is to be calculated, either by simply Fourier trans-
forming the autocorrelation function or by filter diagonalization [53–56], the
initial state is the dipole surface operated ground state. The ground state is
again easily computed by relaxation or improved relaxation. The application
of a multidimensional correlated operator, however, is not simple, because it
will change both the A-vector and the SPFs. This change should be such that
the new wavefunction is optimally represented in the new SPFs. To this end,
an iterative scheme was devised [38] that computes Ψ = ÔΨ̃ for any opera-
tor Ô that is given in MCTDH product form, Equation (3.34). Here Ψ̃ denotes
a wavefunction of MCTDH form.
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To arrive at an optimal MCTDH-representation we employ again a varia-
tional principle and require

〈δΨ |Ψ − ÔΨ̃〉 = δ ∑
κ

∑
jl

ε
(κ)
jl

(
〈ϕ

(κ)
j | ϕ

(κ)
l 〉 − δjl

)
. (5.3)

The right hand side of Eq. (5.3) is included to ensure the ortho-normality of

the SPFs of Ψ. The ε
(κ)
jl are Lagrange parameters.

Variation with respect to the coefficients yields

AJ = ∑
L
〈ΦJ |Ô | Φ̃L〉 ÃL , (5.4)

where it is assumed that both sets of SPFs are orthonormal. Variation with
respect to the SPFs yields

∑
l

(
ρ
(κ)
jl − ε

(κ)
jl

)
ϕ

(κ)
l = ∑

l
〈Ψ(κ)

j |Ô | Ψ̃(κ)
l 〉 ϕ̃

(κ)
l . (5.5)

Rather than to determine the values of the Lagrange parameters ε
(κ)
jl , we drop

the matrix (ρ
(κ)
jl − ε

(κ)
jl ), i. e. replace it by a unit matrix, and Gram-Schmidt

orthogonalize the thus obtained functions. This is legitimate as only the space
spanned by the SPFs matters. Orthogonal transformations among the SPFs
are accounted for by the coefficients.

Eq. (5.5) is not an explicit equation, because the SPFs to be determined are

already needed when evaluating the mean–fields 〈Ψ(κ)
j | Ô | Ψ̃(κ)

l 〉. The equa-
tions are thus to be solved iteratively. The iteration is started by setting

ϕ
(κ)(0)
j = ϕ̃

(κ)
j (5.6)

A(0)
J = ∑

L
〈Φ(0)

J |Ô | Φ̃L〉 ÃL , (5.7)

and then for i = 0, 1, 2, · · ·

a) ϕ
(κ)(i+1)
j = ∑

l
〈Ψ(κ)(i)

j |Ô | Ψ̃(κ)
l 〉 ϕ̃

(κ)
l , (5.8)

b) Gram–Schmidt orthogonalize the SPFs,

c) A(i+1)
J = ∑

L
〈Φ(i+1)

J |Ô | Φ̃L〉 ÃL . (5.9)

We still need a convergence criterion to stop the iteration. The coefficients
and the SPFs do not necessarily converge, because, as already emphasized,
only the space spanned by the SPFs is of relevance. Although the wavefunc-
tion Ψ converges, the coefficients and the SPFs may differ from the ones of
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a previous iteration by a unitary transformation. A convenient convergence
criterion is given by the MCTDH projector

δ = 1 − Tr{P(κ)(i)P(κ)(i+1)ρ̂(κ)(i+1)}/Tr{ρ̂(κ)(i+1)} . (5.10)

This expression provides a measure of the similarity of the i-th and (i + 1)-th
orbital space. The MCTDH density operator ρ̂(κ) is included to give the
weakly occupied orbitals a small weight. δ vanishes when P(κ)(i) becomes
equal to P(κ)(i+1), and the iteration is stopped for sufficiently small δ.
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6
Analysis of the Propagated Wavepacket
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

Wavepacket dynamics can be used to calculate a number of different prop-
erties. Scattering calculations can be used to calculate reaction cross-sections
(Section 6.5) and spectra of various types can be calculated (Section 6.2). In
addition, time-dependent expectation values can be calculated to extract in-
formation from the evolving wavefunction to help provide a mechanistic ex-
planation of phenomena. Owing to the approximate nature of the method, it
is also important that a runtime analysis is made to check the accuracy of a
calculation (Section 6.1).

While all the techniques developed for grid-based methods can be used,
evaluating the results from an MCTDH calculation needs to take account of
the special structure of the wavefunction. Thus if the operator, Ω̂, has the
MCTDH product form introduced for the Hamiltonian in Equation (3.34), then
the calculation of an expectation value is a straightforward product of low-
dimensional integrals in the space of the different modes:

〈Ψ(t)|Ω̂|Ψ(t)〉 =
ns

∑
r=1

cr ∑
J

∑
L

A∗
J AL

p

∏
κ=1

〈ϕ
(κ)
jκ

|ω̂(κ)
r |ϕ(κ)

lκ
〉 (6.1)

Note that the two wavefunctions may be different as long as the primitive
basis sets are the same.

If the operator does not have the product form, then a transformation must
be made from the single-particle function (SPF) basis to the primitive basis to
effect its evaluation. This will, however, be impossible if the primitive grid
does not fit into memory, as will often be the case. In such cases, the accuracy
afforded by Monte Carlo integration may be sufficient for analysis.

6.1
Runtime Analysis of Accuracy

The MCTDH method contains three areas that need to be checked for con-
vergence with respect to the property of interest: the primitive basis set, the
SPF basis set and the integrator. As explained in Chapter 3, when converged,
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the results are a numerically exact solution of the time-dependent Schrödinger
equation.

The primitive grid must be large enough to describe the evolving wave-
packet correctly, and prevent effects due to reflection from the edges. This
can be monitored by checking the expectation values of the centre and width
of the wavepacket to check that the grid is wide enough. A more detailed
analysis checks that the population of the first and last grid points remains
negligible. If fast Fourier transformation (FFT) is used to evaluate the kinetic
energy, then the momentum spread and edges of the conjugate momentum
grid must also be monitored, and the grid points must be close enough to-
gether to support the maximum momentum reached. For a discrete variable
representation (DVR) basis, the grid points must be dense enough such that
the underlying basis set consists of enough basis functions. The population
of these basis functions – the so-called second population – must be monitored
accordingly.

The SPF basis convergence is crucial for good results. While the only fail-
safe method is to increase the basis set size until the property of interest con-
verges, the MCTDH method contains a useful internal guide to the quality
of a calculation through the one-particle density matrices. These are defined in
Equation (3.13). The eigenfunctions of these matrices are the natural orbitals.
They span the same space as the SPFs and an importance can be associated
with each function through the eigenvalues of the density matrices, the natural
weights. Thus if the weight of the least important natural orbital is small, the
SPF basis is good. As a rule of thumb, when calculating averaged quantities
such as spectra or expectation values, a calculation is converged if the smallest
natural weight for each mode remains below 0.001. For more sensitive quan-
tities, such as state-to-state cross-sections, the smallest natural weight must be
much smaller than this for convergence. The natural weights should also be
used to ensure that all modes are treated in a balanced way, that is, the space
spanned is of a similar quality.

The convergence properties of the primitive and SPF bases are very differ-
ent. If the primitive grids are sufficiently large and convergence sets in, this
convergence is very fast – in fact, it is exponential. But a too small primitive
basis will lead to grossly false results. The SPF convergence, on the other hand,
is very steady. Even with a rather small set of SPFs, one often can reproduce
the main features of, for example, a spectrum reasonably well. Increasing the
numbers of SPFs will add fine details to the spectrum and improve the accu-
racy of transition frequencies and intensities.

A rigorous check of convergence is to compare the wavefunction from two
calculations with different numbers of SPFs:

Δ = ‖Ψ2 − Ψ1‖ (6.2)
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The structure of the MCTDH wavefunction means that the difference cannot
be performed directly, but Δ may be obtained from

‖Ψ2 − Ψ1‖2 = ‖Ψ1‖2 + ‖Ψ2‖2 + 2 Re〈Ψ1|Ψ2〉 (6.3)

Note that an overlap between MCTDH wavefunctions (with identical primi-
tive grids) is performed very efficiently. If Δ is negligible, the calculations are
converged.

The final runtime errors can be due to the integration scheme used. During
a long simulation, errors propagate and grow. For this reason, the Heidelberg
MCTDH program uses robust integration schemes with adaptive time steps
and good error control. It should also be noted that, despite the underlying ap-
proximations, the very efficient constant mean-field (CMF) scheme described
in Chapter (4) converges on the true integration as the error parameter is tight-
ened. The simplest monitors of integration are that the energy and norm are
conserved, unless an absorbing potential is used. The energy is the expecta-
tion value of the Hamiltonian. Assuming that the SPFs remain orthonormal
during the propagation, the norm of the wavefunction is given by the sum of
the squares of the expansion coefficients:

‖Ψ‖2 = ∑
J

A∗
J AJ (6.4)

A more detailed analysis would additionally check that the SPFs remain
orthonormal.

6.2
Spectra

6.2.1
Photoabsorption Spectra

Perhaps the easiest experimental observable to obtain is a photoabsorption
spectrum. The absorption spectrum, σ(ω), can be calculated from the Fourier
transform of the autocorrelation function,

σ(ω) ∝ ω
∫ ∞

−∞
dt C(t) ei(E0+ω)t (6.5)

where E0 denotes the ground-state energy and where the autocorrelation func-
tion is defined as

C(t) = 〈Ψ(0)|Ψ(t)〉 (6.6)

A detailed derivation is given in Ref. [57]. See also Refs. [58, 59] for a formula
that provides absolute intensities.
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Figure 6.1 Vertical excitation of a system from the S0 state to S2.

To obtain the autocorrelation function, one must propagate an initial state,
which is the transition operator operated ground state, Ψ(0) = μ̂ΨGS. For
an electronic excitation in Condon approximation, the situation is particularly
simple. The ground-state wavefunction is placed on the upper surface at the
Franck–Condon point: ‘vertical excitation’. This scheme is shown in Figure 6.1
for the excitation from S0 to S2 of a system in which the upper state is coupled
to a dark S1 state. It is then propagated on the excited state, that is, it evolves
under the influence of the excited-state Hamiltonian, and C(t) is the overlap of
the evolving function with its initial form. Greater efficiency can be obtained
if the initial wavepacket is real and the Hamiltonian symmetric (H = HT), as
then [60, 61]

C(2t) = 〈Ψ∗(t)|Ψ(t)〉 (6.7)

that is, the overlap of the wavefunction at time t with itself (not its complex
conjugate) gives the autocorrelation function at time 2t. This means that C(t)
is obtained over twice the time of the propagation. This is a huge saving,
not only directly due to the shorter propagation time, but also indirectly, as
shorter propagations require fewer SPFs. The initial wavefunction also does
not need to be stored.

Spectra from the autocorrelation function have been obtained in a number
of different systems, such as photodissociation [60], photoabsorption [62] and
photoelectron spectra [63]. Figure 6.1 shows the autocorrelation function and
spectrum from a four-mode model used to investigate the photoinduced dy-



6.2 Spectra 45

namics of pyrazine. Chapter 18 looks in more detail at the study of excited-
state dynamics.

The main problem in obtaining spectra from the autocorrelation function is
that the Fourier transform in Equation (6.5) goes to infinity, whereas the sim-
ulation time is finite. If C(t) → 0 at large times, then there is no problem. This
is the case in, for example, photodissociation, but not in bound-state problems
such as the example in Figure 6.1. To remove errors due to the finite length
(Gibbs phenomenon), C(t) can be multiplied by a damping function such as

gk(t) = cosk
(

πt
2T

)
Θ
(

1 − |t|
T

)
for k = 0, 1, 2 (6.8)

where Θ(1 − |t|/T) is the Heaviside function that switches from 1 to 0 at
time T. This function smoothly forces C(t) to be 0 at T. In practice, one hence
solves the integral

σ(ω) ∝ ω Re
∫ T

0
gk(t)C(t) ei(E0+ω)t dt (6.9)

where the integration over negative times is avoided by using C(−t) = C∗(t),
which holds for Hermitian Hamiltonians. The effect of the filter g(t) is that
the exact spectrum is convoluted with g̃(ω), the Fourier transform of g(t):

g̃0(ω) = 2 sin(ωT)/ω (6.10)

g̃1(ω) =
4πT cos(ωT)

(π − 2ωT)(π + 2ωT)
(6.11)

g̃2(ω) =
π2 sin(ωT)

ω(π − ωT)(π + ωT)
(6.12)

The three energy filters are displayed in Figure 6.2. Filter g̃0 has the highest
resolution, but it is useless in most cases because of its long oscillating tails
and large negative contributions. The filter that is appropriate for most cases
is g̃1. Filter g̃2 shows an even better suppression of negative parts, but at the
cost of lower resolution. The full widths at half-maximum (FWHM) of the
three filters are 2.5, 3.4 and 4.1 eV fs (or 20, 27 and 33 cm−1 ps) for k = 0, 1 and
2, respectively.

The autocorrelation function may additionally be multiplied by the factor

f (t) = exp(−t/τ) (6.13)

This damping function is equivalent to convoluting the spectral lines with
Lorentzian functions, the width of which can be related to a homogeneous
broadening due to experimental resolution.
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Figure 6.2 Filter functions g̃k for k = 0 (long-dashed line), k = 1 (full
line) and k = 2 (dotted line). The length of the autocorrelation function
is T = 100 fs.

6.2.2
Eigenvalues and Filter Diagonalization

The Fourier transformation of the autocorrelation function, as described above
in Section 6.2.1, is not a suitable method if a detailed structure needs to be
analysed. This is due to the very long propagation times required to provide
narrow enough linewidths to observe the fine structure. This is especially a
problem for an approximate method such as MCTDH, as the error grows as
the propagation time gets longer.

Diagonalization of the Hamiltonian matrix in a suitable basis provides the
better route to providing the eigenvalues and eigenvectors. Unfortunately,
even using highly adapted DVR basis sets, this is really only possible for small
systems with two or three degrees of freedom. Filter diagonalization (FD), first
proposed by Neuhauser [64], is a hybrid approach that promises to combine
the advantages of wavepacket propagation with obtaining accurate eigenval-
ues. It has been implemented together with MCTDH, and used to obtain the
spectra of CO2 [55] and HO2 [56].

The idea is to build a suitable small basis to represent the Hamiltonian in
a particular energy range. To do this, a number of wavepackets are propa-
gated, Ψα(t), and Fourier-transformed on a set of, typically equidistant, ener-
gies E1, . . . , EL spanning the energy window. For one energy, Ek, this is

|Ψ̂kα〉 =
∫ ∞

∞
dt g(t) eiEkt |Ψα(t)〉 (6.14)

Here g(t) is a filtering function that goes to zero at T, the propagation time.
Suitable functions are the gk defined in Equation (6.8).
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Introducing the matrix elements

H(n)
kαlβ = 〈Ψ̂kα|Hn|Ψ̂lβ〉 (6.15)

the states in the chosen energy range are found by solving the generalized
eigenvalue problem

H(1)B = H(0)Bε̂ (6.16)

where H(0) is the overlap matrix.
Rather than calculating the time-independent wavefunctions explicitly, it

is more efficient to reformulate the problem using the nth-order correlation
functions:

c(n)
αβ (t) = 〈Ψα(0)|Hn|Ψβ(t)〉 = 〈Ψ∗

α(
1
2 t)|Hn|Ψβ( 1

2 t)〉 (6.17)

from which

H(n)
kαlβ =

∫ 2T

0
dτ G(ΔEkl , τ) Re[c(n)

αβ (τ) eiEkl τ ] (6.18)

where ΔEkl = Ek − El , Ekl = 1
2 (Ek + El) and G is a function that depends on

the filter function g(t). A discussion of different functions is given in Ref. [54].
As c(n) is related to the nth time derivative of c(0), H(n) can also be computed
by an integral involving only the ordinary correlation function c(0). The spec-
tral intensities can also be obtained [54, 55].

A number of parameters need to be set. For example, the number of propa-
gations, P, to be made to provide the Ψα(t) must be selected, as must suitable
initial conditions for each run. If only one wavepacket is propagated, P = 1,
the indices α andβ may be dropped from the equations above. The number of
energy points, L, at which the Fourier transform is to be performed must also
be selected. The matrix to be diagonalized will then have dimension LP. This
number needs to be larger than the number of eigenfunctions contained in the
window; a factor of at least 4 seems reasonable. These parameters must be set
by trial and error until all eigenvalues are found.

One problem is that, like all numerical methods, FD can produce spurious
eigenvalues. This can be a serious problem if there are errors in the propaga-
tion, something that cannot be avoided in MCTDH. A reliable way of remov-
ing the spurious eigenvalues is to solve the eigenvalue problem first using
different filtering functions, and then using different variational principles.
Eigenvalues that appear in all the calculations are real, the others are spuri-
ous [55].

This MCTDH/FD scheme works well for small systems like CO2 [55] or
HO2 [56]. Figure 6.3 demonstrates the power of the FD scheme by comparing
the FD spectrum with the Fourier transform of the autocorrelation function.
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Figure 6.3 The vibrational spectrum of CO2 as obtained by Fourier
transform of the autocorrelation function and by FD using the same
autocorrelation function. For better visibility, the Fourier spectrum is
shifted upwards by 50 units.

Note that both spectra are obtained from the same data, namely the autocor-
relation function of a single wavepacket propagation.

For large systems, however, one is plagued with a large number of spu-
rious eigenvalues, and it is difficult to identify and remove them. For large
systems one hence adopts a different strategy. One no longer tries to generate
the full spectrum by one calculation, but concentrates on the computation of
the eigenenergy of a selected state. An initial state is built that is as close to
the sought state as possible. The FD spectrum of such a state will show one
strong line, the sought eigenstate, and several small lines, real or spurious, of
no further interest. This approach, which may be called filtering by the initial
state, was successfully applied in Refs. [59, 65].

6.2.3
Time-Resolved Spectra

The spectra produced from the autocorrelation function above are appropriate
for steady-state conditions, or if the system is prepared by excitation by a delta
pulse. In femtochemistry experiments, however, the system is prepared by a
very short, but finite, laser pulse. The scenario is similar to that sketched in
Figure 6.1(a), but the initial wavepacket must be prepared by explicit inclusion
of the ground state and the laser pulse. The molecular Hamiltonian, ĤM, must
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be augmented by the molecule–light interaction, ĤML,

Ĥ = ĤM + ĤML (6.19)

which, with the molecule-radiation field treated in the dipole approximation,
is

ĤML = ∑
i �=j

|ψi〉 μij · E(t) 〈ψj| (6.20)

How the relevant information can be obtained from wavepacket dynamics has
been detailed in Ref. [66].

One technique that has shown its usefulness in providing dynamical data is
time-resolved photoelectron spectroscopy [67]. After excitation, the excited-
state dynamics are probed by ionization to a further state. This spectrum de-
pends on the position of the excited-state wavepacket, and thus the dynamics
can be extracted. It is straightforward to include the two laser pulses into an
MCTDH simulation. The one new factor here is that bound states and ion
states must be treated together.

If it is assumed that the ejected electron immediately leaves the molecule,
that is, the molecular–ion wavefunction does not depend on the free-electron
wavefunction, the wavefunction can be written as

|Ψ(R, t)〉 = |S0〉 + ∑
i>0

|Si〉+ ∑
j

∫ ∞

0
dE |Ij(E)〉 (6.21)

where S0 is the ground state, the sum over i is over the bound excited states,
and the sum over j is over the ion states. The continuum of free-electron states
then needs to be discretized for the simulation [68]. For standard wavepacket
dynamics, Seel and Domcke [68] used a set of Legendre functions, effectively
treating the electron continuum in a DVR in the same way as a coordinate. The
photoelectron spectrum is then obtained from the population of the various
continuum states,

I(E) ∝ ∑
i=1,2

| 〈Ψ(t→∞)|I0,i(E)〉 |2 (6.22)

Each state represents a free-electron energy.
Many points were required to cover the continuum. In MCTDH, the con-

tinuum can be treated very efficiently by including it as an extra degree of
freedom in the wavefunction:

Ψ(Q, E, t) = ∑
s

ψ(s)(Q, E, t) (6.23)

A standard DVR is then used to cover the desired energy range, and the wave-
function is treated with a set of SPFs. This has been used to calculate the pho-
toelectron spectrum of benzene [69].
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6.3
Optimal Control

The theoretical treatment that closely matches coherent experiments is known
as optimal control theory [70–72]. The time evolution of a wavepacket, Ψ(t), is
guided towards a target function Ψtar. It is found that the maximum overlap at
time T between the wavepacket and the target, 〈Ψtar|Ψ(T)〉, is obtained using
the field

E(t) = − 2
h̄λ(t)

Im〈Θ(t)|μ̂|Ψ(t)〉 (6.24)

where μ̂ is the dipole moment and λ(t) is a time-dependent function that
keeps the electric field within physically realistic bounds and turns the field
on and off smoothly.

The wavepacket is driven by the Schrödinger equation

ih̄
∂

∂t
|Ψ(t)〉 = Hmol + μ̂ · E(t) |Ψ(t)〉 (6.25)

where Hmol is the field-free molecular Hamiltonian, while Θ(t) evolves via a
similar equation

ih̄
∂

∂t
|Θ(t)〉 = Hmol + μ̂ · E(t) |Θ(t)〉 (6.26)

but propagating back in time, starting at time t = T, with the function

Θ(T) = |Ψtar〉〈Ψtar|Ψ(T)〉 (6.27)

and ending at t = 0. The optimal field is then obtained using an iterative pro-
cess: a guess field E0(t) is used to obtain the zero-order Ψ0(t), which is then
used to obtain a zero-order Θ0(t) and a new guess field by solving Equations
(6.24) and (6.26) simultaneously. This is repeated until convergence.

Optimal control has been implemented in the Heidelberg MCTDH pack-
age and applied to the control of the excitation of pyrazine using displaced
ground-state vibrational states as a target [72]. Depending on the target state,
up to 10 iterations were required for a converged result. In addition, the in-
clusion of the electric field makes the Hamiltonian time dependent, meaning
that much smaller steps must be taken during the propagation.

6.4
State Populations

For the interpretation of photochemical processes, the state populations as a
function of time are often required. The population is given by the expectation
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value of the state projection operator:

Pα = 〈Ψ|P̂α|Ψ〉 = 〈Ψ|α〉〈α|Ψ〉 (6.28)

The electronic states can be defined using two different pictures: the diabatic
and adiabatic. Both contain useful information. The former can be related to
the electronic configurations of a molecule, while the latter are energy ordered
states [73].

Wavepacket dynamics are usually performed in the diabatic picture, in
which inter-state couplings appear in the Hamiltonian as potential-like terms.
The diabatic populations are then straightforward to obtain. In the multi-
set formulation, the wavefunction has a component for each state, Equa-
tion (3.40). The population of state α is then the norm of this component,

P(d)
α = ‖Ψ(α)‖2 (6.29)

In the single-set formulation, Equation (3.39), the populations can be obtained
from the density matrix for the electronic degree of freedom.

The adiabatic populations are not so easy to obtain. The diabatic and adia-
batic wavefunctions are related by a position-dependent unitary transforma-
tion,

Ψ(a)(Q) = U(Q)Ψ(d)(Q) (6.30)

where the rotation matrix is given by the eigenvectors of the diabatic poten-
tial energy matrix at the point. This matrix transforms the diabatic potential
matrix, W, to the diagonal adiabatic potential matrix, V,

U†(Q)W(Q)U(Q) = V(Q) . (6.31)

Thus the projection operator for the adiabatic state α is

P̂(a)
α = ∑

β,γ
|β〉U†

βαUαγ〈γ| (6.32)

This operator unfortunately does not have the MCTDH form, and a straight-
forward way to obtain the adiabatic populations is to transform the wavefunc-
tion from the diabatic to the adiabatic representation on each point of the full
primitive grid. This direct approach can only be used for small systems of
three or at most four degrees of freedom. A much more efficient route to the
adiabatic state populations is to build the matrix representation of the adia-
batic projector, Equation (6.32), and then to potfit (see Chapter 11) the matrix
elements of the projector. After a product form of the projector is generated,
one may efficiently compute the adiabatic population for many different prop-
agation times. This approach is discussed and applied in Ref. [74]. However,
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when building the projector, one has again to involve the full primitive grid.
This limits this approach to systems with at most six or seven degrees of free-
dom.

For larger systems, one has to turn to more approximate methods. Fortu-
nately the accuracy required for state populations is often not high, and so
Monte Carlo integration can be used to solve the multidimensional integral
in Equation (6.28). In Ref. [75] Monte Carlo integration was used to obtain
adiabatic populations for a 14-dimensional system.

6.5
Reaction Probabilities

In a scattering calculation the system is divided into internal coordinates (vi-
brations and rotations) and the scattering coordinate. For example, in an
atom–diatom system, A + BC, expressed in Jacobi coordinates (see Figure 6.4),
the internal coordinate is the BC vibrational bond, r, and the scattering coor-
dinate is the line joining the atom to the centre of mass of the diatom, R.
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Figure 6.4 An atom–diatom scattering system defined in Jacobi coor-
dinates.

The calculation starts with a wavepacket representing the system A + BC by
a product of a particular internal eigenstate for the BC molecule and a (usually
Gaussian) wavepacket in the scattering coordinate that locates A relative to
BC:

Ψ(q, R, t=0) = ψν(q) χ(R) (6.33)

with

Hint(q)ψν = ενψν (6.34)

χ(R) = e−A(R−R0)2
eip0R (6.35)

The scattering wavepacket is thus initially centred at R0 and is given an initial
(negative) momentum, p0, so that the particle is moving towards the interac-
tion region where the two species collide.
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After the interaction, the wavepacket continues to evolve into the reactive
product channels, B + AC and C + AB, as well as the non-reactive channel
A + BC. The scattering process is then completely defined by knowledge of
the S-matrix. This contains the probability of starting in one state and finish-
ing in another, and has elements

Sβν′,αν(E) = 〈Ψ−
βν′(E)|Ψ+

αν(E)〉 (6.36)

that is, the overlap between the exact time-independent scattering wavefunc-
tion, Ψ+

αν, with incoming (+) momentum (outgoing boundary condition) and
the corresponding eigenfunction, Ψ−

βν′ , with outgoing (−) momentum (incom-
ing boundary condition). The (+) state is incoming in reactant channel α, with
internal state ν, and the (−) state is outgoing in the product channel β, with
internal state ν′. Note that the initial and final states are at the same energy.

A number of ways of evaluating the S-matrix matrix elements have been
developed (see Section 8.6 in Ref. [34] for a brief overview). For the MCTDH
method, the most efficient way is to augment the system Hamiltonian, H, with
a complex absorbing potential (CAP) [49, 76, 77] and to use this to analyse the
flux through the possible channels. Thus

H̃ = H − iW (6.37)

where

W = Wα + Wβ + · · · (6.38)

are real, positive-valued potentials in the channels α, β, and so on. They are
only defined in the asymptotic regions, so that

Wα = ΘαWα (6.39)

where Θα is the Heaviside function that provides the dividing surface defining
the product α.

As the CAP is outside the interaction region, it will not affect the propa-
gation of the wavepacket. The only place where it may interfere is with the
initial wavepacket. This wavepacket is located in the asymptotic region of the
reactant channel, which becomes the non-reactive product channel. Either a
long grid is required here to make sure that the CAP is away from the initial
wavepacket, or else an ‘automatic’ CAP can be used that is turned on once the
wavepacket has left the asymptotic region and before it returns.

Using the CAP, the probability of going from an initial state αν to one prod-
uct channel γ, irrespective of final internal state, can be obtained from [78]

∑
ν′
|Sγν′,αν(E)|2 =

2
π|Δ(E)|2 Re

∫ T

0
dτ g(τ) eiEτ (6.40)
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with g(τ) = gw(τ) + gθ(τ) and

gw(τ) =
∫ T−τ

0
dt 〈Ψ(t)|Wγ|Ψ(t + τ)〉 (6.41)

gθ(τ) = 1
2 〈Ψ(T − τ)|Θγ|Ψ(T)〉 (6.42)

where T denotes the propagation time. The first term, gw, accounts for the out-
going flux that is already absorbed by the CAP. The second term, gθ , accounts
for the probability density that is not yet absorbed by the CAP but has already
entered the asymptotic region defined by Θγ. This contribution vanishes for
T → ∞.

The energy distribution contained in the initial wavepacket is formally
given by Δ(E) = 〈Ψ+

αν(E)|ψνχ〉. If the initial wavepacket is located in the far
asymptotic region where the potential is zero, the energy distribution is sim-
ply the coordinate–momentum Fourier transform of the translational wave-
packet:

Δ(E) =
√

μR

2πp

∫ ∞

0
dR χ(R) eipR + Eν (6.43)

where Eν denotes the energy of the internal state ν. To be able to place the
initial wavepacket closer to the scattering centre, we evaluate the energy dis-
tribution by

|Δi(E)|2 = 〈χ|δ(Ĥν − E)|χ〉 (6.44)

where Ĥν = 〈ψν|Ĥ|ψν〉 denotes a mean field. For more details, see Ref. [79].
Equation (6.44) is correct as long as the initial wavepacket is placed at a large
enough distance from the scattering centre such that the potential cannot ex-
cite internal degrees of freedom. The potential itself (for example, its centrifu-
gal part) does not need to be small over the width of χ.

By using projection operators onto a particular final state,

Pγν′ = |ψγν′ 〉〈ψγν′ | (6.45)

the full state-to-state S-matrix can also be obtained from

|Sγν′,αν(E)|2 =
2

π|Δ(E)|2 Re
∫ T

0
dτ gγν′(τ) eiEτ (6.46)

with

gγν′(τ) =
∫ T−τ

0
dt 〈Ψ(t)|Pγν′WγPγν′ |Ψ(t + τ)〉

+ 1
2 〈Ψ(T − τ)|Pγν′ΘγPγν′ |Ψ(T)〉 (6.47)
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The CAP/flux method is very suitable for analysing reactive scattering
events. Here one usually sums over all final internal states ν′. The use of
projectors on particular final states is technically very difficult, because the
construction of the projectors, Equation (6.45), is only simple in the product
coordinates, whereas the propagated wavepacket is still in the educt coor-
dinates. Turning to non-reactive inelastic scattering, the use of projectors to
compute state-to-state cross-sections is straightforward [80, 81].

However, when fully resolved state-to-state cross-sections are to be com-
puted, we now prefer to use the method of Tannor and Weeks [82, 83]. Within
this approach the S-matrix element is given by a Fourier transform of a cross-
correlation function,

|Sν′ν(E)|2 =
1

4π2|Δ′(E)|2 |Δ(E)|2
∣∣∣∣ ∫ T

0
eiEtcν′ν(t) dt

∣∣∣∣2 (6.48)

with

cν′ν(t) = 〈ψν′ χ′|e−iHt|ψν χ〉 (6.49)

where ψν and ψν′ are wavefunctions of internal motion as defined in Equa-
tion (6.34) and χ′ denotes a wavefunction of the scattering coordinate similar
to χ, Equation (6.35), but with outgoing (positive) momentum. Δ′(E) is de-
fined similarly to Δ(E), but with χ replaced by χ′. To avoid long grids, the
propagated wavepacket is absorbed by a CAP after it has passed the analyse
wavepacket χ′. This approach was used in Refs. [84, 85].
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7
MCTDH for Density Operator
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

7.1
Wavefunctions and Density Operators

A wavefunction describes a particular, well-defined state. A system at finite
temperature, however, is an incoherent mixture of very many thermally ex-
cited states, |Ψn〉. To describe such a statistical mixture, a density operator is
introduced,

ρ = ∑
n

pn|Ψn〉〈Ψn| (7.1)

where 0 � pn � 1 are the occupation probabilities, which add up to 1. (The
density operator ρ should not be confused with the MCTDH one-particle re-
duced density.)

The time evolution of a density operator is given by the Liouville–von Neu-
mann equation,

iρ̇ = L(ρ) (7.2)

where L is a linear super-operator, which reads

L(ρ) = [H, ρ] (7.3)

The most important advantage of the density-operator formalism is the pos-
sibility to include the effects of an environment on the system dynamics, thus
allowing the description of open quantum systems and their non-equilibrium
dynamics [86]. For open systems one divides the total system into two parts,
system and bath (environment). The density operator for the system, ρ, is
obtained by tracing out all bath degrees of freedom [86],

ρ = Trbath{ρtot} (7.4)

This approach is known as reduced dynamics. The reduced dynamic equations
of motion for ρ are known but are very complicated because they contain a
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memory kernel, which makes them non-local in time. The Markov approxi-
mation [87,88] is often used to remove this non-locality. One of the prominent
approaches in this context goes back to Lindblad [89–91],

L(ρ) = [H, ρ] + i ∑
j
(VjρV†

j − 1
2 V†

j Vjρ − 1
2 ρV†

j Vj) (7.5)

where H is the Hamiltonian of the (reduced) system and where the opera-
tors Vj are to be determined – usually via perturbation theory – by analysing
the Hamiltonian of the full system. The Lindblad form guarantees that the
time evolution is completely positive. Other well-known expressions are due
to Redfield [92] and Caldeira and Leggett [93], who proposed a perturbative
treatment of the interaction and a bath at high temperature.

In this section we extend MCTDH to propagation of density operators.
There are two different MCTDH expansions of density operators, called type I
and type II. For type I, single-particle density operators are used to replace the
single-particle functions of the wavepacket version. In the type II variant, the
single-particle density operators are themselves represented by a product of
single-particle functions. A more detailed discussion on MCTDH for density
operators than the one given below can be found in Refs. [94, 95], and appli-
cations of MCTDH for density operators are discussed in Refs. [96–98].

7.2
Type I Density Operators

We generalize the MCTDH Ansatz, Equation (3.1), to density operators,

ρ(Q1, . . . , Qp, Q′
1, . . . , Q′

p, t) =
n1

∑
τ1=1

· · ·
np

∑
τp=1

Bτ1...τp(t)
p

∏
κ=1

σ
(κ)
τκ

(Qκ , Q′
κ, t) (7.6)

where the Bτ1...τp denote the expansion coefficients, which are now called
B rather than A to avoid confusion with the wavefunction formalism. The
σ

(κ)
τκ

are the so-called single-particle density operators (SPDOs), analogous to the
single-particle functions (SPFs) in the wavefunction scheme (see Section 3.1).
A density operator has to be Hermitian. To ensure this property, we require
that the coefficients are real and the SPDOs are Hermitian:

Bτ1...τp = B∗
τ1...τp

and σ
(κ)
τκ

= σ
(κ)†
τκ

(7.7)

As shown in Ref. [95], the type I equations of motion conserve these proper-
ties.

To derive the equations of motion, one needs a Hilbert space structure and
in particular a scalar product. For this purpose, we employ the Hilbert–
Schmidt scalar product [99],

〈〈A|B〉〉 = Tr{A†B} (7.8)
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As in MCTDH for wavefunctions, the representation of the density operator
(7.6) is not unique, and constraints are needed to ensure unique, singularity-
free equations of motion. The constraints, which imply that the SPDOs are
orthonormal, read

〈〈σ(κ)
μ (0)|σ(κ)

ν (0)〉〉 = δμν (7.9)

〈〈σ(κ)
μ (t)|σ̇(κ)

ν (t)〉〉 = −i〈〈σ(κ)
μ (t)|G(κ)σ

(κ)
ν (t)〉〉 (7.10)

Here the constraint super-operator G(κ) is a self-adjoint, but otherwise arbitrary,
super-operator acting exclusively on the κth particle. In particular, one may
set G(κ) = 0. For further reference, we introduce the total constraint super-
operator

G =
p

∑
κ=1

G(κ) (7.11)

which is just the sum of the individual constraint super-operators.
The derivation of the equations of motion is very similar to the wavefunc-

tion case. We need to define single-hole density operators

Π(κ)
ν = 〈〈σ(κ)

ν |ρ〉〉 = ∑
T κ

BT κ
ν ∏

κ′ �=κ

σ
(κ′)
τκ′ (7.12)

with which we define reduced density matrices, which are now called D, as
the symbol ρ is already used. For an explanation of the nomenclature, see
Equation (3.10). The symbol Tr{·}κ indicates that the trace over the κth particle
is not performed. Thus we have

D(κ)
μν = 〈〈Π(κ)

μ |Π(κ)
ν 〉〉

= 〈〈σν|Tr{ρ†ρ}κ|σμ〉〉

= ∑
T κ

B∗
T κ

μ
BT κ

ν
(7.13)

and mean-field Liouvillian super-operators

〈L − G〉(κ)
μν = 〈〈Π(κ)

μ |(L− G)Π(κ)
ν 〉〉 (7.14)

Finally, we define the type I projector

P (κ) =
nκ

∑
ν=1

|σ(κ)
ν 〉〉〈〈σ(κ)

ν | (7.15)

and the Hartree product

ΩT =
p

∏
κ=1

σ
(κ)
τκ (7.16)
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With the above definitions we can formulate the equations of motion:

iḂT = ∑
T ′
〈〈ΩT |(L− G)ΩT ′ 〉〉BT ′ (7.17)

and

iσ̇(κ) = G(κ)σ(κ) + (1 −P (κ))(D(κ))−1〈L − G〉(κ)σ(κ) (7.18)

Note the similarity of these equations of motion with Equations (3.18) and
(3.19).

7.3
Type II Density Operators

The SPDOs can also be written as ‘ket–bra’ products of wavefunctions. Doing
so, the algorithm for the density operators becomes even more similar to that
for the wavefunctions. One interprets the index τκ as composite index τκ =
(jκ , �κ), and similarly T = (J, L). Setting

σ
(κ)
τκ

(Qκ , Q′
κ, t) = |ϕ(κ)

jκ
(Qκ, t)〉〈ϕ

(κ)
�κ

(Q′
κ, t)| (7.19)

and

Bτ1...τp = Bj1...jp ,�1...�p = B∗
�1...�p,j1...jp

(7.20)

one arrives at the type II density-operator expansion:

ρ(Q1, . . . , Qp, Q′
1, . . . , Q′

p, t)

=
n1

∑
j1,�1=1

· · ·
np

∑
jp ,�p=1

Bj1...jp ,�1...�p(t)
p

∏
κ=1

|ϕ(κ)
jκ

(Qκ , t)〉〈ϕ
(κ)
�κ

(Q′
κ, t)| (7.21)

The hermiticity of B, Equation (7.20), ensures that ρ is Hermitian. The her-
miticity is conserved during the propagation [95].

The constraints (7.10) must be translated into constraints for the SPFs, which
requires the constraint super-operator to be given as

G(κ) = [g(κ), · ] (7.22)

where the constraint operators are similar to those of Equation (3.15). In fact,
using Equation (7.22) one arrives at Equation (3.15), that is, at the constraint
equations for SPFs.

The type II equations of motion for propagating type II density operators
now read [94, 95]:

iḂJ,L = 〈ΦJ |(L− G)(ρ)|ΦL〉 (7.23)
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and

iϕ̇(κ) = g(κ)ϕ(κ) + (1 − P(κ)) Tr{(L− G)(ρ)ρ}κ(D(2),(κ))−1ϕ(κ) (7.24)

where the reduced single-particle density matrix is given by

D(2),(κ)
j� = 〈ϕ

(κ)
� |Tr{ρ2}κ|ϕ(κ)

j 〉 = ∑
L

∑
Jκ

B∗
L,Jκ

�
BL,Jκ

j
(7.25)

It is illustrative to exemplify these equations for the simplest case, L =
[H, · ] and G = 0. The equations of motion can then be written as

iḂJ,L = ∑
K
〈ΦJ |H|ΦK〉BK,L − BJ,K〈ΦK|H|ΦL〉 (7.26)

and

iϕ̇(κ)
m = (1 − P(κ)) ∑

J,L,K
(D(2),(κ))−1

mk BJ,L BL,K 〈ΦKκ |H|ΦJκ 〉 |ϕ(κ)
j 〉 (7.27)

where ΦJκ denotes a Hartree product in which the SPF of the κth degree of
freedom is missing. The indices j and k are the κth entry of the composite in-
dices J and K, respectively. When deriving Equation (7.27) we have discarded
the contribution of the term Tr{ρHρ}κ because it will be annihilated by the
projector (1 − P(κ)). Only the term Tr{Hρ2}κ is kept.

When the density is a pure state, ρ = |Ψ〉〈Ψ|, the coefficient matrix factor-
izes, BJ,L = AJ A∗

L, where A denotes the MCTDH coefficient vector of Ψ. In-
serting this separation into Equations (7.25)–(7.27), one recovers the MCTDH
wavefunction equations of motion (3.18) and (3.19). Hence, the closed sys-
tem propagation of a pure-state density operator using type II expansion is
equivalent to an MCTDH wavefunction propagation (that is, identical SPFs, B
coefficients of ρ factorize into A coefficients of Ψ).

7.4
Properties of MCTDH Density Operator Propagation

MCTDH for wavefunctions conserves the total probability 〈Ψ|Ψ〉 and the
total energy 〈Ψ|H|Ψ〉. This follows directly from the Dirac–Frenkel varia-
tional principle [34]. Similarly, the variational principle ensures that Tr{ρ2}
and Tr{ρ2H} are conserved when density operators are propagated using
MCTDH for a closed system. Unfortunately, these are not the total probabil-
ity, Tr{ρ}, and total energy, Tr{ρH}. But, when the calculation converges, the
latter quantities are rather well conserved. The lack of (exact) energy conser-
vation made us think about using another variational principle [94,95], which
does ensure exact energy conservation. However, this so-called linear mean-
field approach was found to be less efficient and we do not discuss it here.
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For closed systems and type II density operators one additionally can prove
some interesting results [95]:

(i) Tr{ρn}, n = 1, 2, 3, . . ., is conserved.

(ii) A pure state remains pure.

(iii) If ρ is pure, type II propagation is equivalent to MCTDH propagation of
wavefunctions.

Point (i) tells us that probability conservation is no problem (for type II den-
sities and closed systems). Point (ii) follows from (i), but is worth mentioning
explicitly. Point (iii) has already been discussed in the previous section.

We have introduced two types of MCTDH density-operator expansions, but
have not yet discussed which expansion is superior under given conditions.
Consider an uncorrelated system at high temperature. The type I density-
operator propagation then becomes numerically exact with one single config-
uration. A type II propagation, on the other hand, would require many SPFs
to correctly represent the thermal excitations. Going to the other extreme, a
pure state and a strongly correlated system, one notices that type II now be-
comes much more efficient than type I. One needs more SPDOs for type I than
SPFs for type II to account for the correlation, and it is more elaborate to prop-
agate SPDOs than to propagate SPFs. To make the comparison more vivid,
let us distinguish between correlation and mixing. In a coordinate represen-
tation, the density operator is a 2 f -dimensional function ρ(q, q′), where q are
the coordinates of the f degrees of freedom of the system. If this function is
non-separable with respect to the coordinates qκ and qκ′ of different degrees of
freedom, κ �= κ′, we speak of correlation between these degrees of freedom.
On the other hand, if ρ(q, q′) is non-separable with respect to the coordinates
qκ and q′κ of a single degree of freedom κ, we speak of mixing in this degree of
freedom. In particular, a pure state is unmixed in all degrees of freedom. Us-
ing this terminology, one can express the different performance of type I and
type II expansions as follows. The type I expansion is more efficient if there is
more mixing than correlation, whereas the type II expansion is to be preferred
if correlation is stronger than mixing.
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8
Computing Eigenstates by Relaxation and Improved
Relaxation
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

8.1
Relaxation

The generation of a ground-state wavefunction is conveniently done by en-
ergy relaxation [100]. An initial wavepacket is propagated in negative imagi-
nary time and then renormalized:

Ψ(t) = e−HtΨ(0)‖e−HtΨ(0)‖−1 (8.1)

By expanding the wavefunction in the eigenfunctions of the Hamiltonian, it
can be shown that Ψ(t) converges to the ground state as t → ∞.

Energy relaxation is not the most efficient way to produce a ground-state
wavefunction, but here it is a convenient way. As the relaxation is performed
by MCTDH, the computed ground-state wavefunction is automatically in
MCTDH form and may serve as an initial state of a subsequent propagation
with a different Hamiltonian. Energy relaxation can in principle also be used
to produce excited states, by keeping Ψ(t) orthogonal to already computed
lower-lying states. But this is rather cumbersome to do.

Relaxation can be done in a direct manner, by simply propagating a wave-
packet in imaginary time. A far better way is to use the improved relaxation
algorithm described below. By combining diagonalization of a Hamiltonian
together with the principle of relaxation, this method makes it possible to cal-
culate any desired eigenfunction efficiently in MCTDH form. Owing to its
performance, improved relaxation should now be used even when comput-
ing ground states.

8.2
Improved Relaxation

Improved relaxation [38,101] is essentially a multiconfiguration self-consistent
field (MCSCF) approach. Initially, this method was implemented as a modi-
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fication of the usual relaxation method discussed above. Using the constant
mean-field (CMF) propagation scheme (see Section 4.2), the propagation of
the coefficients is decoupled from the propagation of the single-particle func-
tions (SPFs). The modification consists in determining the A-vector no longer
by relaxation but by diagonalization of the Hamiltonian matrix K. Hence the
name, ‘improved relaxation’.

To derive the working equations of the improved relaxation algorithm in a
rigorous way, we employ the variational principle of time-independent quan-
tum mechanics,

δ

{
〈Ψ|H|Ψ〉 − E

(
∑

J
A∗

J AJ − 1
)
−

p

∑
κ=1

nκ

∑
j,l=1

ε
(κ)
jl (〈ϕ

(κ)
j |ϕ(κ)

l 〉 − δjl)
}

= 0

(8.2)

where it is assumed that Ψ is of MCTDH form, Equation (3.1). The Lagrange

multipliers E and ε
(κ)
jl are introduced to keep the A-vector normalized and the

SPFs orthonormal, respectively.
Varying A∗

J yields

∑
L
KJLAL = EAJ (8.3)

Hence the coefficient vector is obtained as an eigenvector of the Hamiltonian
represented in the basis of the configurations ΦJ .

From Equation (3.8) it follows that a variation of the total wavefunction
with respect to an SPF yields a single-hole function. Using this and varying

the expression (8.2) with respect to 〈ϕ
(κ)
k | gives [102, 103]

nκ

∑
l=1

H(κ)
jl ϕ

(κ)
l =

nκ

∑
l=1

ε
(κ)
jl ϕ

(κ)
l (8.4)

Projecting Equation (8.4) onto ϕ
(κ)
k , one arrives at

ε
(κ)
jk =

nκ

∑
l=1

〈ϕ
(κ)
k |H(κ)

jl |ϕ(κ)
l 〉 (8.5)

and from Equations (8.4) and (8.5) it then follows that

(1 − P(κ))
nκ

∑
l=1

H(κ)
jl ϕ

(κ)
l = 0 (8.6)

A variationally optimal solution is found when Equations (8.3) and (8.6) are
satisfied simultaneously.
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Since Equation (8.6) holds for each j, it must hold for any linear combination
of these equations as well. To arrive at a form similar to the equation of motion
(3.5), we insert the inverse of the density matrix

•
ϕ

(κ)

j := −(1 − P(κ))
nκ

∑
k,l=1

(ρ(κ))−1
jk H(κ)

kl ϕ
(κ)
l = 0 (8.7)

where
•
ϕ denotes the time derivative in negative imaginary time,

•
ϕ= ∂ϕ/∂τ

with τ = −it. Equations (8.6) and (8.7) are equivalent as long as ρ−1 is non-
singular. (Remember, one always uses a regularized ρ, Equation (3.14), hence
ρ−1 is always defined and regular.) Hence, the variational solution is found if
and only if the time derivatives of the SPFs vanish. This suggests a convenient
way to solve the variational equation (8.6). The SPFs are relaxed, that is, prop-
agated in negative imaginary time, until their time derivative is sufficiently
small. To show that relaxation indeed provides a solution of the variational
equation, we inspect the time derivative of the energy during relaxation of the
SPFs. A small calculation yields

•
E= −2 Re

p

∑
κ=1

nκ

∑
i=1

∥∥∥∥ nκ

∑
j=1

(ρ(κ))1/2
ij

•
ϕ

(κ)

j

∥∥∥∥2

≤ 0 (8.8)

This shows that
•
ϕ

(κ)

j → 0 when τ → ∞, as the energy cannot decrease infin-
itely. This also shows that the energy always decreases when the SPFs are
relaxed. Note that the SPFs are relaxed with respect to the mean fields, which
depend on the A-vector. Orbital relaxation thus generates SPFs that are opti-
mal for the sought state but not necessarily for the ground state.

The improved relaxation method proceeds as follows. First the user has to
define an initial state, which should have some overlap with the eigenstate one
wants to compute. The Hamiltonian is then diagonalized in the basis of the
configurations of the initial state. After the diagonalization, the mean fields
H(κ) are build and the SPFs are relaxed over a suitable time interval. The
Hamilton matrix K is then rebuilt in the new configurations (Hartree prod-
ucts) and diagonalized. The whole process is iterated until convergence is
achieved. If the ground state is computed, the selection of the eigenvector
of the Hamiltonian matrix is simple: one takes the eigenvector of lowest en-
ergy. When excited states are to be computed, that eigenvector is taken which
corresponds to the wavefunction that has the largest overlap with the initial
state. Note that the variational equation (8.2) and its consequences, Equations
(8.3) and (8.6), are solved numerically exactly, provided the iteration scheme
converges. Previous MCSCF approaches to solve the molecular vibrational
problem are discussed in Refs. [103–105].
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8.3
Technical Details

As the dimension of the space spanned by the configurations is rather large
– typical values range from 3000 to 3 000 000 – the Davidson algorithm [106]
is employed for the diagonalization of K. The preconditioner for the David-
son step is, as usual, the diagonal of the matrix. However, the SPFs are first
unitarily transformed to so-called energy orbitals to yield the most diagonally
dominant representation possible. Energy orbitals diagonalize the trace of the
matrix (of operators) H(κ), that is,〈

ϕ
(κ)
i

∣∣∣∣∑
l
H(κ)

ll

∣∣∣∣ϕ(κ)
j

〉
= δije

(κ)
j (8.9)

where the eigenvalues e(κ)
j are called orbital energies. When excited states are

computed, one may additionally improve the preconditioner by inverting, say,
a 1000× 1000 block around the energy of interest. This accelerates the conver-
gence of the Davidson iterations.

In particular, when highly excited states are computed, it is of importance
to provide an initial state that has a large overlap with the desired eigenstate.
Several methods are used to generate suitable initial states. One may take
a Hartree product – or a sum of a few Hartree products if some symmetry
requirement is to be satisfied – as initial state. The SPFs of this Hartree product
are conveniently chosen as eigenfunctions of particle Hamiltonians, that is, of
one- or low-dimensional Hamiltonians that operate on the degrees of freedom
of one MCTDH particle only. These Hamiltonians are usually derived from
the full Hamiltonian by freezing all coordinates, except those of the considered
particle.

Another method to generate initial states is first to compute the ground state
(or some other eigenstate) and then to apply some operator to this state. This
operator is usually a harmonic excitation operator, a†, or a variant thereof
[107]. An initial state generated by either method may be ‘purified’, that is,
orthogonalized against previously computed eigenstates.

An MCTDH propagation always works, whatever the numbers of SPFs. If
there are too few configurations, the propagation will be less accurate, but
usually it still describes the overall features rather well. This is in contrast to
improved relaxation, which fails to converge when the configurational space
is too small. There is no problem in computing the ground state – this will
always converge – but converging to excited states becomes more difficult the
higher the excitation energy, or – more precisely – the higher the density of
states.

After each diagonalization of K, one obtains an approximation to the
sought exact eigenstate of the Hamiltonian. This approximate eigenstate
contains, of course, contributions from many exact eigenstates. Problematic
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here are contributions from eigenstates with energies below the one sought.
If these contributions are not small, the algorithm ‘notices’ that the energy
can be lowered by optimizing the SPFs for the low-energy contributions to
the approximate eigenstate. (Remember that the coefficients are kept con-
stant during SPF relaxation.) The energy hence decreases in the following
improved relaxation iterations until – based on the overlap criterion – another
eigenvector of K is taken. In this case, the energy jumps up and is lowered
again in the following iteration steps. The energy keeps on oscillating [101]
and convergence cannot be achieved. Presently the only known solution to
this problem is to increase the numbers of SPFs. A larger configuration space,
however, quickly makes the calculation unfeasible, at least for larger systems.
Note that, if convergence is achieved, the computed energies are variational,
that is, they are upper bounds to the exact ones [108, 109].

Improved relaxation has been applied quite successfully to a number of prob-
lems (see, for example, Refs. [59, 101, 107]). For four-atom systems (six di-
mensions), it is in general possible to compute all eigenstates of interest. For
a system as large as H5O2

+ (15 dimensions), it was, of course, only possible
to converge low-lying states [59]. In this case, filter diagonalization (see Sec-
tion 6.2.2) was used to study high-lying states.

The improved relaxation algorithm may be used in block form, that is, one
may start with a block of initial vectors, which then converge collectively to
a set of eigenstates. Formally, the different wavefunctions are treated as elec-
tronic states of one ‘super-wavefunction’. As the single-set algorithm is used
(see Section 3.4), there is one set of SPFs for all wavefunctions. The mean fields
are hence state-averaged mean fields and the Davidson routine is replaced by
a block Davidson one. The block form of improved relaxation is more effi-
cient than the single-vector one when several eigenstates are to be computed.
However, using the block form requires considerably more memory.
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9
Iterative Diagonalization of Operators
Fermín Huarte-Larrañaga and Uwe Manthe

9.1
Operators Defined by Propagation

In this section, a scheme is presented that solves the eigenvalue problem
by Lanczos iterative diagonalization for operators Ô that are implicitly de-
fined by real or imaginary-time propagation. Typical examples are given
by the Boltzmann operator Ô = e−βĤ or the thermal flux operator Ô =
e−βĤ/2 F̂ e−βĤ/2 [110]. Here the application of Ô on the wavefunction is an
imaginary-time propagation with β = −it. (The application of the flux opera-
tor F̂ after half of the propagation time is simple, if F̂ is chosen to operate on a
single degree of freedom only.)

As a result of the action of such an operator Ô, usually the single-particle
functions (SPFs) employed in the resulting ÔΨ will differ from those in Ψ. This
results in problems when one tries to apply the usual schemes for iterative
diagonalization. To understand the problem, let us consider the sum of two
MCTDH wavefunctions, Ψ1 and Ψ2,

|Ψ〉 = |Ψ1〉 + |Ψ2〉 (9.1)

Unless both wavefunctions share the same set of SPFs (which is in general not
the case), the combined set of SPFs of Ψ1 and Ψ2 is required in the representa-
tion of Ψ. Therefore, if nj SPFs are employed to represent Ψ1 in the jth degree
of freedom and mj in the case of Ψ2, then a total of nj + mj SPFs is needed to
represent Ψ. Thus, for a general system with f degrees of freedom, the oper-
ation of summing two MCTDH wavefunctions would increase the number of
configurations required by a factor of 2 f (assuming nj = mj). This increase
makes the evaluation of time integrals or the application of standard iterative
diagonalization schemes prohibitive.

Consider the standard Lanczos scheme for diagonalizing a Hermitian oper-
ator Ô. Starting from an initial guess function Ψ0, a sequence of functions Ψm
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is recursively generated,

Ψm = N
(

ÔΨm−1 −
m−1

∑
i=0

Ψi〈Ψi|Ô|Ψm−1〉
)

(9.2)

where N is a normalization constant. After M consecutive applications of
this recursion relation, Ô is represented and diagonalized in the {Ψ1, . . . , ΨM}
subspace. The number of iterations M can be increased until convergence.
This scheme, as presented so far, is not suitable for the MCTDH approach,
since ÔΨm−1 and the different Ψi are represented in different SPF bases and
cannot therefore be summed without expanding the configuration space.

9.2
A Modified Lanczos Scheme

To overcome the problem, a Lanczos-type iterative diagonalization scheme
adapted for the MCTDH approach has been developed [111]. The key point
in the modification is noticing that the iteration sequence in Equation (9.2) can
also be seen as deriving Ψm from the orthogonalization of ÔΨm−1 with respect
to all Ψi (with i < m). Let us consider a system with f degrees of freedom and
write the ÔΨm−1 term of the recursion relation in MCTDH form as

ÔΨm−1 = ∑
J

AJΦJ (9.3)

where J ≡ (j1, . . . , j f ) is a collective index and ΦJ represents a configuration.
One can then define a projection operator onto the space spanned by the SPFs
of ÔΨm−1:

P̂ = ∑
J
|ΦJ〉〈ΦJ | (9.4)

Applying this operator, any wavefunction Ψi can be split into two compo-
nents: P̂Ψi is completely located within the space spanned by the SPFs of
ÔΨm−1, and (1 − P̂)Ψi contains all the remaining orthogonal components.
Thus, ÔΨm−1 only needs to be orthogonalized with respect to P̂Ψi. The it-
erative scheme then reads

Ψm = Ñ
(

ÔΨm−1 −
m−1

∑
i=0

P̂Ψiαi

)
(9.5)

where the α are the solutions of the following set of linear equations:

〈P̂Ψj|ÔΨm−1〉 =
m−1

∑
i=0

〈P̂Ψj|P̂Ψi〉αi (9.6)
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for j = 0, . . . , m − 1. Equation (9.5) is identical to Equation (9.2) if the number
of SPFs is increased until P̂ converges towards unity. Moreover, in contrast to
Equation (9.2), now ÔΨm−1 and P̂Ψi are represented by the same set of SPFs,
and the new Ψm wavefunction resulting from the recursion can be obtained
within this configuration space. Applying Equation (9.5) recursively, a set of
M wavefunctions is generated and the eigenvalues of Ô are obtained by diag-
onalizing the matrix 〈Ψi|Ô|Ψj〉. It should be noted that the maximum order
of this modified Lanczos scheme is limited by the number of configurations
employed in the representation of the MCTDH wavefunction. If the num-
ber of iterations exceeds the number of configurations, the right-hand side of
Equation 9.5 vanishes.

9.3
The State-Averaged MCTDH Approach

An alternative approach to facilitate iterative diagonalization of operators Ô
employs the state-averaged MCTDH approach [112]. Here a set of npacket f -
dimensional wavefunctions Ψm(q1, q2, . . . , q f , t) is represented within a com-
mon SPF basis:

Ψm(q1, . . . , q f , t) =
n1

∑
j1=1

· · ·
n f

∑
j f =1

Aj1,...,j f ,m(t)φ
(1)
j1

(q1, t), . . . , φ
( f )
j f

(q f , t) (9.7)

for m = 1, . . . , npacket. Using such a set of npacket wavefunctions Ψm, the
npacket eigenstates of an operator Ô with the largest absolute eigenvalues
can be calculated by successive application of the operator Ô to this set of
states and subsequent re-orthonormalization of the resulting set ÔΨm, m =
1, . . . , npacket. Since a common set of SPFs is employed by the ÔΨm, linear
combinations of the wavefunctions can be computed straightforwardly and
the re-orthonormalization step does not pose any problems.
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10
Correlation Discrete Variable Representation (CDVR)
Fermín Huarte-Larrañaga and Uwe Manthe

10.1
Introduction

In this section we discuss a procedure to deal with Hamiltonian operators of
the form

Ĥ = ∑
m

f

∏
κ=1

ĥm,κ(qκ) + V(q1, . . . , q f ) (10.1)

where V(q1, . . . , q f ) is a potential energy operator in general form. As ex-
plained in the previous chapters, the efficiency of the MCTDH approach is
crucially determined by the ability to evaluate the potential energy integrals,

〈ϕ
(1)
j1

· · · ϕ
( f )
j f

|V̂|ϕ(1)
�1

· · · ϕ
( f )
� f

〉, without performing multidimensional integra-

tions on the primitive N1 × N2 × · · · × Nf grid. The correlation discrete vari-
able representation (CDVR) offers an efficient scheme to calculate the corre-
sponding integrals for general potential energy surfaces.

The discrete variable representation (DVR) [18, 113, 114] has become a
widely used numerical technique in the field of quantum dynamics, employ-
ing sets of optimally localized functions. A common approach to construct a
DVR is based on the diagonalization of the position operator matrix represen-
tation [113, 114],

Xnm = 〈χn|q̂|χm〉 = ∑
i
〈χn|ξi〉gi〈ξi|χm〉 (10.2)

where {χi(q)}, i = 1, . . . , N, is a set of orthonormal functions, q̂ is the position
operator, X is its matrix representation, and gi are the eigenvalues of the posi-
tion matrix, which are taken as grid points. The eigenvectors of X define the
DVR functions. For a given basis set, Equation (10.2) defines a unique DVR
provided that the matrix is non-degenerate (see below, Section 10.4, in the case
of degeneracy). The DVR functions are orthonormal and, by construction, di-
agonalize the position operator, 〈ξi|q̂|ξ j〉 = giδij.
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At this point, it is useful to demonstrate that the {ξi} functions are opti-
mally localized basis functions within the given space. This means that they
minimize the functional

∑
n
〈χn|(q̂ − 〈χn|q̂|χn〉)2|χn〉 = ∑

n
〈χn|q̂2|χn〉 − 〈χn|q̂|χn〉2 (10.3)

where {|χi〉} can be any orthonormal basis spanning the underlying space.
Since ∑n〈χn|q̂2|χn〉 is invariant under unitary transformations, minimizing
Equation (10.3) is equivalent to maximizing ∑n〈χn|q̂|χn〉2. Consider now a
unitary transformation between the basis |χi〉 and the optimally localized ba-
sis |ξ̃i〉:

|χi〉 = ∑
j

Uij|ξ̃ j〉 (10.4)

Then, the functional to be maximized can be rewritten as

∑
n
〈χn|q̂|χn〉2 = ∑

n
(U†X̃U)2

nn = ∑
n

(eiA X̃ e−iA)2
nn (10.5)

where X̃ is the matrix representation of the position operator in the optimally
localized basis, X̃ij = 〈ξ̃i|q̂|ξ̃ j〉, and U = e−iA, with A Hermitian. Here (·)2

nn
is to be read as ((·)nn)2. Since the extremum condition is satisfied for A = 0,
one finds

∂

∂Ak�
∑
n

(eiA X̃ e−iA)2
nn

∣∣∣∣
A=0

= 2iX̃�k(X̃kk − X̃��) = 0 for all k, �. (10.6)

When the eigenvalues of the coordinate matrix are non-degenerate, Equa-
tion (10.6) yields the condition X̃k� = X̃kkδk�. This can be found by diago-
nalizing the coordinate matrix, and the resulting eigenfunctions are identical
to the DVR basis functions (ξ ↔ ξ̃).

In the DVR approach, the potential energy matrix is then approximated us-
ing a collocation scheme as

〈ξk|V(q)|ξ�〉 = V(g�)δk�. (10.7)

Since the wavefunction is typically more structured than the potential energy
function, the numerical error resulting from the quadrature scheme is usually
smaller than the error due to the finite size of the basis set [18].

10.2
Time-Dependent Discrete Variable Representation

A time-dependent discrete variable representation (TDDVR) approach could,
in principle, be used for the evaluation of the matrix elements in the MCTDH
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equations of motion, evaluating the potential energy using a time-dependent
grid representation [37]. Analogously to the original time-independent
scheme, in the TDDVR formulation the time-dependent grid is introduced
by diagonalizing the coordinate matrix in the time-dependent basis represen-
tation,

〈ϕ
(κ)
�κ

(qκ , t)|q̂κ|ϕ(κ)
mκ (qκ , t)〉 =

nκ

∑
j=1

〈ϕ
(κ)
�κ

(qκ, t)|ξ(κ)
j 〉g(κ)

j 〈ξ(κ)
j |ϕ(κ)

mκ (qκ, t)〉 (10.8)

This expression is already written within an MCTDH context, κ labels a given

coordinate of the multidimensional system and ϕ
(κ)
�κ

(qκ , t) denotes a single-

particle function. The eigenvalues, g(κ)
j , and the corresponding eigenvectors

are, obviously, time dependent. These eigenvalues are the grid points that
would be employed in the TDDVR scheme. In order to evaluate the po-
tential energy elements, the potential energy matrix is transformed from the
single-particle function (SPF) basis {ϕ}, to the grid-point basis {ξ} by a uni-
tary transformation. Then, the potential energy matrix is approximated in the
time-dependent grid-point representation as

〈ξ(1)
j1

· · · ξ
( f )
j f

|V(q1, . . . , q f )|ξ(1)
�1

· · · ξ
( f )
� f

〉 = V(g(1)
j1

, . . . , g( f )
j f

) δj1�1 · · · δj f � f
(10.9)

This approximation could allow an efficient calculation of the Hamiltonian
matrix that propagates the A coefficients of the MCTDH wavefunction. The
one-dimensional mean-field potentials appearing in the equations of motion
of the SPFs could correspondingly be approximated as

〈ξ(1)
j1

· · · ξ
(κ−1)
jκ−1

ξ
(κ+1)
jκ+1

· · · ξ
( f )
j f

|V(q1, . . . , q f )|ξ(1)
�1

· · · ξ
(κ−1)
�κ−1

ξ
(κ+1)
�κ+1

· · · ξ
( f )
� f

〉

= V(g(1)
j1

, . . . , g(κ−1)
jκ−1

, qκ, g(κ−1)
jκ+1

, . . . , g( f )
j f

) δj1�1 · · · δjκ−1�κ−1 δjκ+1�κ+1 · · · δj f � f

(10.10)

However, a serious problem arises from the use of TDDVR as described
above, and severe errors are introduced into the MCTDH scheme [115]. This
can be understood as follows. The MCTDH expansion coefficients Aj1,...,j f

(t)
describe the correlation between the different degrees of freedom, while the

separable dynamics is included in the time evolution of the SPFs ϕ
(κ)
jκ

(qκ , t).
The size of the time-dependent SPF basis depends only on the amount of cor-
relation and is thus independent of the separable dynamics. The SPF basis is
in general small compared with the size of the underlying primitive grid, and
a TDDVR based on this basis is hence adapted only to the description of the
correlation. The number of time-dependent grid points is therefore too small
to provide an accurate evaluation of the separable parts of the potential.
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In order to illuminate this point, let us consider a completely uncorrelated
system, which would be represented within the MCTDH frame by a single
configuration with one time-dependent basis function for each degree of free-
dom. The corresponding separable potential energy function reads

V(q1, . . . , q f ) = V1(q1) + V2(q2) + · · ·+ Vf (q f ) (10.11)

The exact value of the potential energy matrix element in the time-dependent
basis representation is

〈ϕ(1) · · · ϕ( f )|V|ϕ(1) · · · ϕ( f )〉 = 〈ϕ(1)|V1|ϕ(1)〉+ · · ·+ 〈ϕ( f )|Vf |ϕ( f )〉 (10.12)

However, the single potential energy matrix would be approximated within
the TDDVR scheme as

〈ϕ(1) · · · ϕ( f )|V|ϕ(1) · · · ϕ( f )〉

≈ V1(〈ϕ(1)|q̂1|ϕ(1)〉) + · · · + Vf (〈ϕ( f )|q̂ f |ϕ( f )〉) (10.13)

This expression does generally not yield a reasonable approximation to the
potential energy value, because the ϕ(κ), the one-dimensional functions of the
Hartree product, are not localized.

10.3
Correlation Discrete Variable Representation

The problems of the TDDVR scheme can be solved by a modification of the
potential quadrature approximation in Equation (10.9). Instead of using the
straightforward collocation approximation, the potential energy matrix ele-
ments are calculated as

〈ξ(1)
j1

· · · ξ
( f )
j f

|V(q1, . . . , q f )|ξ(1)
�1

· · · ξ
( f )
� f

〉

= V(g(1)
j1

, . . . , g( f )
j f

) δj1�1
· · · δj f � f

+
f

∑
κ=1

〈ξ(κ)
jκ

|ΔV(g(1)
j1

, . . . , g(κ−1)
jκ−1

, qκ, g(κ+1)
jκ+1

, . . . , g( f )
j f

)|ξ(κ)
�κ

〉

× δj1�1
· · · δjκ−1�κ−1

δjκ+1�κ+1
· · · δj f � f

(10.14)
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where the second term on the right-hand side is a correction,

〈ξ(κ)
jκ

|ΔV(g(1)
j1

, . . . , g(κ−1)
jκ−1

, qκ, g(κ+1)
jκ+1

, . . . , g( f )
j f

)|ξ(κ)
�κ

〉

= 〈ξ(κ)
jκ

|V(g(1)
j1

, . . . , g(κ−1)
jκ−1

, qκ, g(κ−1)
jκ−1

, . . . , g( f )
j f

)|ξ(κ)
�κ

〉

− V(g(1)
j1

, . . . , g( f )
j f

) δjκ�κ
(10.15)

This modified time-dependent DVR is called correlation discrete variable
representation (CDVR) [115]. In this scheme, the correction terms in Equa-
tion (10.15) are introduced to account implicitly for the separable parts of the
potential energy. The CDVR thus gives a correct description of separable po-
tentials

〈ξ(1)
j1

· · · ξ
( f )
j f

|V1(q1) + · · ·+ Vf (q f )|ξ(1)
�1

· · · ξ
( f )
� f

〉

=
f

∑
κ=1

δj1�1
· · · δjκ−1�κ−1

〈ξ(κ)
�κ

|Vκ(qκ)|ξ(κ)
jκ

〉δjκ+1�κ+1
· · · δj f � f

(10.16)

which is the exact expression of the potential matrix elements in Equa-
tion (10.12).

It should be noted that the potential matrix element appearing on the right-
hand side of Equation (10.15) employs the same potential values that are al-
ready used in Equation (10.10). Hence the CDVR scheme does not signifi-
cantly increase the computational effort compared to the simple TDDVR ap-
proach. In calculations employing the CDVR approach, the evaluation of the
potential energy function on the time-dependent grid is typically the com-
putationally expensive part: n1 × n2 × · · · × n f × (1 + ∑

f
κ=1 Nκ/nκ) potential

evaluations are required to compute all the matrix elements required by the
MCTDH equations of motion.

The CDVR accuracy was originally tested for the photodissociation of NOCl
in Ref. [115], with the error introduced found to be an order of magnitude
smaller than the MCTDH truncation error. This initial finding has been con-
firmed in a large number of subsequent applications. Since the MCTDH equa-
tions of motion conserve the energy expectation value in the case of an accu-
rate quadrature, the variation of the energy expectation value can be used to
monitor the CDVR quadrature error [116]. In the limit of a complete basis set
of single-particle functions, the CDVR approach becomes exact.

As commented in the previous chapters, the number of single-particle func-
tions used in MCTDH simulations is typically much smaller than the number
of basis functions used in standard approaches. The corresponding CDVR
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grid employed to calculate matrix elements is consequently rather small, of-
ten containing just a few points. If one attempts to overconverge the wave-
function by employing more SPFs than necessary, the almost redundant SPFs
will have almost zero population. These low populated SPFs tend to reside in
regions where the wavepacket is very small. The weights of the SPFs, how-
ever, are ignored when diagonalizing the position operator, and CDVR grid
points are created in unwanted regions. This causes CDVR to lose accuracy.
Thus, the accuracy of the CDVR quadrature cannot be arbitrarily improved in
MCTDH calculations by adding basis functions at will, once the wavefunction
is converged.

10.4
Symmetry-Adapted Correlation Discrete Variable Representation

Symmetry-related issues can become particularly important in MCTDH cal-
culations that employ the CDVR scheme. If the Hamiltonian and the initial
wavefunction are symmetric (or antisymmetric) with respect to q → −q, then
all single-particle functions will become even (odd) functions of q during the
propagation. As has been commented above, whenever the position operator
matrix representation has degenerate eigenvalues, a unitary transformation
cannot be unequivocally determined, nor can a unique DVR be defined. De-

generacy affects the time-dependent DVR in the same way and X(κ)
ij (t) has

only vanishing eigenvalues if all single-particle functions for the κth degree of
freedom are symmetric (even or odd) functions of qκ.

Such a degeneracy leads to a collapse of the time-dependent DVR grid and
a complete breakdown of the CDVR approach, which was first observed [79,
117, 118] in calculations of the initial-state selected reaction probabilities for

H + H2(v=0, j=0) → H2 + H

Simple ways to avoid this problem can be devised [118]: one can, for example,
diagonalize the q̂2 operator instead of the q̂ operator to obtain the (C)DVR grid
points and the basis to grid transformation matrix.

10.5
Multidimensional Correlation Discrete Variable Representation

As described in the previous chapters, the efficiency of the MCTDH method
can be further enhanced by using mode combination [34, 62] or even multi-
layer descriptions [119], grouping several physical coordinates together into
a single logical coordinate and thereby introducing multidimensional single-
particle functions. The CDVR corresponding to a set of multidimensional
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single-particle functions requires a multidimensional non-direct-product
quadrature. Only recently has a practical scheme to construct multidimen-
sional non-direct-product DVRs been presented [120] and utilized to intro-
duce a corresponding CDVR approach [116].

In Section 10.1 it was shown that, for the one-dimensional case, the DVR
basis constitutes an optimally localized basis set. Analogous criteria to Equa-
tion (10.3) can be established for basis functions that are optimally localized in
multiple dimensions and therefore maximize

∑
i

∑
n
〈χn|q̂i|χn〉2 (10.17)

where the index i runs over multiple coordinates. The Jacobi simultane-
ous diagonalization scheme [121] can be employed to find the extremum
and thereby to obtain a non-direct-product multidimensional DVR. Once the
multidimensional DVR is obtained, the potential energy matrix element can
be approximated as

〈ϕi|V(q1, q2, . . .)|ϕj〉 ≈ ∑
k
〈ϕi|ξk〉V(g(1)

k , g(2)
k , . . .)〈ξk|ϕj〉 (10.18)

where 〈ϕi|ξk〉 is the matrix corresponding to the unitary transformation be-

tween the ϕi(q1, q2, . . .) basis and the localized basis ξk(q1, q2, . . .) and g(i)
k =

〈ξk|q̂i|ξk〉 are the grid points. At this point, it should be mentioned that in
multidimensional DVRs the grid points are generally not the eigenvalues of
the coordinate matrices. However, the multidimensional basis functions are
optimally localized and therefore the quadrature is still rather accurate. As in
the one-dimensional case, the numerical inaccuracy resulting from the quad-
rature scheme is small compared to the basis set truncation error if the wave-
function is more structured than the potential energy function.

Using this multidimensional DVR approach, the CDVR approach was gen-
eralized to MCTDH calculations with mode combination [116]. Consider the
wavefunction expressed in combined modes,

Ψ(Q1, . . . , Qp, t) =
n1

∑
j1=1

· · ·
np

∑
jp=1

Aj1,...,jp(t)
p

∏
κ

ϕ
(κ)
jκ

(Qκ , t) (10.19)

where Qκ denotes a multidimensional particle coordinate and ϕ
(κ)
jκ

(Qκ, t) a
multimode single-particle function. The transformation between the original

time-dependent multidimensional basis ϕ
(κ)
i (Qκ, t) and the time-dependent

multidimensional grid states ξ
(κ)
i (Qκ, t) is obtained by simultaneous diago-

nalization of the matrices

X(κ,i)
�m = 〈ϕ

(κ)
� (Qκ, t)|q̂(κ)

i |ϕ(κ)
m (Qκ, t)〉 (10.20)



80 10 Correlation Discrete Variable Representation

for each κ and for i = 1, 2, . . . , dκ, where dκ denotes the dimension of the κth
combined mode. The matrix elements of the potential energy, which are now
considered as a function of multidimensional coordinates, are approximated
as

〈ξ(1)
j1

(Q1, t) · · · ξ
(p)
jp

(Qp, t)|V(Q1, . . . , Qp)|ξ(1)
�1

(Q1, t) · · · ξ
(p)
�p

(Qp, t)〉

= V(G(1)
l1

, . . . , G( f )
l f

) δj1�1 · · · δj f � f

+
p

∑
κ=1

〈ξ(κ)
jκ

(Qκ , t)|ΔV(G(1)
j1

, . . . , G(κ−1)
jκ−1

, Qκ, G(κ+1)
jκ+1

, . . . , G(p)
jp

)|ξ(κ)
�κ

(Qκ , t)〉

× δl1�1
· · · δjκ−1�κ−1

δjκ+1�κ+1
· · · δj f � f

(10.21)

The former equation is formally identical to Equation (10.14) only that

here the multidimensional coordinate Qκ = (q(κ)
1 , . . . , q(κ)

dκ
) replaces the

one-dimensional coordinate qκ of Equation (10.14), and G(κ)
j are the multi-

dimensional time-dependent grid points that replace the one-dimensional

grid points g(κ)
j in Equation (10.14),

G(κ)
j =

(
〈ξ(κ)

j (Qκ , t)|q̂(κ)
1 |ξ(κ)

j (Qκ , t)〉, . . . , 〈ξ(κ)
j (Qκ , t)|q̂(κ)

dk
|ξ(κ)

j (Qκ , t)〉
)
(10.22)

The correction terms in Equation (10.21) are, analogously to Equation (10.15),
given by

〈ξ(κ)
jκ

(Qκ , t)|ΔV(G(1)
j1

, . . . , G(κ−1)
jκ−1

, Qκ, G(κ+1)
jκ+1

, . . . , Q(p)
jp

)|ξ(κ)
�κ

(Qκ, t)〉

= 〈ξ(κ)
jκ

(Qκ , t)|V(G(1)
j1

, . . . , G(κ−1)
jκ−1

, Qκ, G(κ−1)
jκ−1

, . . . , Q(p)
jp

)|ξ(κ)
�κ

(Qκ , t)〉

− V(G(1)
j1

, . . . , G(p)
jp

) δjκ�κ
(10.23)
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Potential Representations (potfit)
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

11.1
Expansion in Product Basis Sets

For an optimal performance of the MCTDH method, it is essential that the
Hamiltonian operator is of product form, Equation (3.34). As already dis-
cussed (see also Section 12), the kinetic energy operator usually satisfies prod-
uct form, and one is left with the problem of bringing the potential to product
form.

Let us first note that the product form is not as artificial as it may look at
first glance. A Taylor expansion of the potential satisfies product form, and
many model potentials are of product form from the outset.

The most direct way to the product form is an expansion in a product basis.
Hence we approximate some given potential V by

Vapp(Q(1), . . . , Q(p)) =
m1

∑
j1=1

· · ·
mp

∑
jp=1

Cj1,...,jp v(1)
j1

(Q(1)) · · · v(p)
jp

(Q(p)) (11.1)

where p denotes, as before, the number of particles (or combined modes), and
Q(κ) is the one- or multidimensional coordinate of the κth particle. The basis

functions v(κ)
jκ

(Q(κ)) are called single-particle potentials (SPPs). The expansion
orders, mκ, must be chosen large enough to achieve an accurate expansion.
On the other hand, they should be as small as possible, because the numerical
effort of an MCTDH propagation grows (almost linearly) with the number of
potential terms, that is, with the product of the expansion orders. Hence both
the expansion coefficients and the SPPs should be optimized to provide the
best approximative potential for a given set of expansion orders.

Before we turn to analyse this optimization problem, we simplify the prob-
lem somewhat. When DVRs are used to represent the wavefunctions, one
needs to know the potential only at grid points. This allows us to work in
finite-dimensional vector spaces. The full potential is now given by the set of
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numbers

V(Q(1)
i1

, . . . , Q(p)
ip

) = Vi1,...,ip (11.2)

where Q(κ)
i denotes the coordinate of the ith grid point of the κth grid. Simi-

larly we write

Vapp
i1,...,ip

=
m1

∑
j1=1

· · ·
mp

∑
jp=1

Cj1,...,jp v(1)
i1 j1

· · · v(p)
ip jp

(11.3)

with v(κ)
ij = v(κ)

j (Q(κ)
i ). The SPPs are assumed to be orthonormal on the grid,

∑i v(κ)
ij v(κ)

i� = δj�. Throughout this section we will use the letters i and k to
label grid points and j and � to label SPPs.

The task is now to determine optimal coefficients and SPPs. To this end we
minimize

Δ2 =
N1

∑
i1=1

· · ·
Np

∑
i f =1

(Vi1,...,ip − Vapp
i1,...,ip

)2 w2
i1,...,ip

= ∑
I
(VI − Vapp

I )2 w2
I (11.4)

where I denotes a composite index that runs over all grid points and wI is a
weight function. The introduction of weights is important, because one does
not want to minimize the error equally well for all grid points. The product
representation should be accurate near the potential minimum and, for exam-
ple, in the vicinity of a transition state, but may be rather inaccurate at regions
where the potential is high, simply because the wavepacket does not visit re-
gions with high potential values. The optimal choice for w2 would be the
time-averaged modulus square of the wavepacket, but this is impracticable.
A simple and convenient choice is the Boltzmann weight

wI = e−βVI (11.5)

with a suitable value for the parameter β.

11.2
Optimizing the Coefficients

Let us now determine the optimal coefficients Cj1,...,jp ≡ CJ for a fixed set of
SPPs. To this end it is convenient to introduce a matrix–vector notation and
to define configuration matrices Ω, that is, products of SPPs, and the diagonal
weight matrix, W,

ΩI,J = v(1)
i1 j1

· · · v(p)
ip jp

(11.6)

WI,K = w2
I δI,K (11.7)
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Because the SPPs are orthonormal, ΩTΩ = 1 holds. Equation (11.3) can be
written compactly as

Vapp = ΩC (11.8)

Minimizing Δ2 of Equation (11.4) by varying only the coefficients yields

C = (ΩTWΩ)−1ΩTWV (11.9)

and the approximate potential, Equation (11.3), may be written as

Vapp = PV (11.10)

with

P = Ω(ΩTWΩ)−1ΩTW (11.11)

where P is a projector, P2 = P, but in general not a Hermitian one because P
satisfies PTW = WP.

It should be clear that Vapp reproduces the original potential exactly when
the expansion orders approach the number of grid points, mκ = Nκ. In this
case Ω becomes unitary and P = 1.

11.3
Optimizing the Basis

The final task is to optimize the SPPs. Plugging Equation (11.10) into Equa-
tion (11.4) yields

Δ2 = VTWV − VTWPV (11.12)

that is, one has to optimize the SPPs such that VTWPV becomes maximal. The
resulting equations are unfortunately rather cumbersome and their solution is
unclear. The problem originates from the fact that a matrix has to be inverted.
However, the equations become much simpler if weights are ignored. (We
will reintroduce weights later.) Setting W = 1 yields

C = ΩTV (11.13)

P = ΩΩT (11.14)

The explicit form of Equation (11.13) reads

Cj1,...,jp =
N1

∑
i1=1

· · ·
Np

∑
ip=1

v(1)
i1 j1

· · · v(p)
ip jp

Vi1...ip (11.15)
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which shows that the coefficients are simply given by overlap of the SPPs with
the potential.

We now turn to the problem of optimizing the SPPs, and first note that
Equation (11.12) simplifies to Δ2 = ‖V‖2 − ‖C‖2. Hence the norm of the coef-
ficient vector has to be maximized under the constraint that the SPPs remain
orthonormal. This leads to the variational equation

∑
J

(
∑

I
v(1)

i1 j1
· · · v(p)

ip jp
Vi1...ip

)2

− ∑
κ

∑
j,�

ε
(κ)
j�

(
∑

i
v(κ)

ij v(κ)
i� − δj�

)
= max (11.16)

where the ε
(κ)
j� are Lagrange parameters. Using the techniques developed in

Section 8, one readily finds the solution of this variational principle,

∑
i

�̃
(κ)
ki v(κ)

ij = ∑
�

ε
(κ)
j� v(κ)

k� (11.17)

where the modified potential density matrices �̃
(κ)
ki are defined by [122]

�̃
(κ)
ki = ∑

J

κC(κ)
j1,...,k,...,jp

C(κ)
j1,...,i,...,jp

(11.18)

and where ∑κ
J denotes a summation over indices of all particles except the κth

one. The C(κ) are partially transformed coefficients, where the κth index is not
transformed, but refers to grid points:

C(κ)
j1,...,jκ−1,iκ ,jκ+1,...,jp

= ∑
I

κ v(1)
i1 j1

· · · v(κ−1)
iκ−1 jκ−1

v(κ+1)
iκ+1 jκ+1

· · · v(p)
ip jp

Vi1,...,ip (11.19)

Similarly as in Chapter 8, one may remove the Lagrange parameters ε,

∑
k

(
δk′k − ∑

�

v(κ)
k′� v(κ)

k�

)
∑

i
�̃
(κ)
ki v(κ)

ij = 0 (11.20)

There is an obvious solution to this equation. As optimal SPPs one takes the
mκ eigenvectors of �̃(κ) with largest eigenvalues. However, a solution can be
obtained only iteratively. Starting with some guess for the SPPs, one builds
the modified density matrices, diagonalizes these to obtain improved SPPs,
and again builds the modified density matrices. The process is continued till
self-consistency is reached. This algorithm is equivalent to the one discussed
in the original potfit article [122]. Unfortunately it tends to converge to a local
minimum, the absolute minimum of Δ2 may not be found this way.

11.4
The potfit Algorithm

To avoid an iterative process, which is expensive, we simplify the algorithm
further and replace the modified potential density matrices, �̃(κ), by the po-
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tential density matrices �(κ)

�
(κ)
kk′ = ∑

I

κVi1,...,iκ−1,k,iκ+1,...,ip Vi1,...,iκ−1,k′,iκ+1,...,ip = ∑
Iκ

VIκ
k
VIκ

k′
(11.21)

The eigenvectors of this positive definite matrix, ordered with respect to their
eigenvalues, are taken as SPPs. This particular choice of SPPs is given a special
name, natural potentials, and the resulting algorithm is called potfit [34,122,123].
The potfit algorithm was later rederived by mathematicians as a generalized
low-rank approximation [124, 125].

The natural potentials are not the optimal SPPs – the latter are the solutions
of Equation (11.20). However, for the special case of two particles, it is known
[126] that the natural potentials provide an optimal approximation. For more
than two particles, potfit is certainly not optimal, but we have observed that
the algorithm usually provides fits that are close to optimal. Typically, the
root-mean-square (rms) error, Δrms =

√
Δ2/Ntot, drops by 10–20% when fully

optimizing the SPPs. Only when too small values for the expansion orders
were used, resulting in a rather inaccurate fit, do we observe a lowering of the
rms error by about 40%. However, these investigations could only be done on
small three-dimensional systems.

The Ntot that appears in the definition of the rms error is the total grid size,
Ntot = Πκ Nκ. When weights are used, Ntot should be replaced by S, where
S = ∑I w2

I is the sum over all weights.
Consider the case where one uses a complete set of SPPs for all particles

except the κth one. In this case, the rms error can be directly related to the
eigenvalues of the neglected natural potentials [122],

Δrms =

√√√√ Nκ

∑
j=mκ+1

λ
(κ),red
j (11.22)

where λ
(κ),red
j denotes a reduced eigenvalue of the density matrix �(κ), that is,

λ
(κ),red
j = λ

(κ)
j /S (remember, S = Ntot if weights are not included). This leads

to a bound on the rms error for the general case,

Δrms ≤

√√√√ p

∑
κ=1

Nκ

∑
j=mκ+1

λ
(κ),red
j (11.23)

This bound, which is also a reasonable estimate, is very useful for determining
appropriate expansion orders.
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11.5
Contraction Over One Particle

The number of expansion terms, ∏
p
κ=1 mκ, appearing in Equation (11.3)

should be as small as possible, because this number determines the speed
of an MCTDH calculation using this product-form potential. At virtually no
cost, one can reduce the number of expansion terms by one expansion order
mκ . To this end we define contracted expansion coefficients

D(κ)
j1,...,jκ−1,iκ ,jκ+1,...,j f

=
mκ

∑
jκ=1

Cj1,...,j f
v(κ)

iκ jκ
(11.24)

As the expansion order mκ will no longer appear in the working equation for
Vapp, one may set mκ = Nκ and use the full set of natural potentials for this
particular particle. In this case one performs a unitary transformation on the
κth index of the potential to obtain the coefficient C, and then performs the in-
verse unitary transformation on the κth index of the coefficient. Hence, effec-
tively, there is no transformation on the κth index and D(κ) becomes identical
to C(κ), which is defined by Equation (11.19). Using contraction, the approxi-
mate potential is written as

Vapp
i1,...,ip

=
m1

∑
j1=1

· · ·
mκ−1

∑
jκ−1=1

mκ+1

∑
jκ+1=1

· · ·
mp

∑
jp=1

C(κ)
j1,...,jκ−1,iκ ,jκ+1,...,jp

× v(1)
i1 j1

· · · v(κ−1)
iκ−1 jκ−1

v(κ+1)
iκ+1 jκ+1

· · · v(p)
ip jp

(11.25)

This contraction over the κth particle is a very helpful trick, as it substantially
reduces the numerical effort of the following MCTDH calculation without af-
fecting the accuracy of the product expansion. One should contract over that
particle which otherwise would require the largest expansion order.

11.6
Separable Weights

When deriving the potfit algorithm, we have ignored weights for the sake of
simplicity of the method. But – as discussed above – the inclusion of appro-
priate weights is often very important, and in this and the following section
we will discuss how weights can be reintroduced.

We want to minimize

Δ2 = ∑
I
(VI − Vapp

I )2w2
I = ∑

I
(wIVI − wIV

app
I )2 = ∑

I
(ṼI − Ṽapp

I )2 (11.26)

where we have implicitly defined the weighted potentials Ṽ and Ṽapp. This
equation suggests the following procedure. Rather than fitting V, one fits the
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weighted potential Ṽ. The fit thus obtained, Ṽapp, must then be divided by
the weights to obtain the desired approximate potential, Vapp

I = Ṽapp
I /wI .

This last step, however, will destroy the product form of Vapp, except when
the weights themselves are separable,

wi1,...,ip = w(1)
i1

· · ·w(p)
ip

(11.27)

In this case the approximate potential reads

Vapp
i1...ip

=
m1

∑
j1=1

· · ·
mp

∑
jp=1

C̃j1...jp

ṽ(1)
i1 j1

w(1)
i1

· · ·
ṽ(p)

ip jp

w(p)
ip

(11.28)

where ṽ(κ) and C̃j1...j f
denote the natural potentials and expansion coefficients

obtained by potfitting the weighted potential energy surface Ṽ. In practice,
one would additionally contract the expansion over one particle (see Sec-
tion 11.5).

Separable weights have been successfully applied; however, the required
product form of the weights limits their usefulness.

11.7
Non-Separable Weights

To emulate non-separable weights, we introduce a reference potential Vref

such that the weighted difference between the potential and its product repre-
sentation is identical to the difference between the reference potential and the
product representation,

(VI − Vapp
I ) w2

I = Vref
I − Vapp

I (11.29)

Then one can simply potfit the reference potential to obtain a product repre-
sentation that is almost optimal with respect to the weighted sum of squared
differences, Equation (11.4). (The fit is only ‘almost optimal’ because potfit is
not strictly optimal.) Obviously, Vref is given by

Vref
I = w2

I VI + (1 − w2
I )Vapp

I (11.30)

The definition of the reference potential depends on Vapp, which in turn de-
pends on the reference potential. Hence, the equations must be solved iter-
atively. One first potfits V and evaluates the reference potential. Then the
reference potential is potfitted and, with the new Vapp, a new reference poten-
tial is built. The process is iterated until some break-off criterion is satisfied.
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A question of great practical relevance is whether the iterations converge,
and, if they do, whether the speed of convergence is sufficient. The only pa-
rameters that are available to steer the convergence are the weights. Multi-
plying all weights by a common factor does not change the solution to the
variational problem (11.4). Scaling the weights to low values leads to a very
slow convergence. Increasing the weights speeds up the convergence until a
point is reached where convergence is turned into divergence.

When emulating non-separable weights, we have always used a special
form of the weights. The weights are set to 1 within the so-called relevant re-
gion and are 0 otherwise. The relevant region is usually defined by an energy
criterion, that is, it is the region where the potential is lower than some suit-
ably chosen energy threshold. Restrictions on coordinates can be set as well
when defining the relevant region. With such a definition of the weights, that
is, 0 or 1, Equation (11.30) has a vivid interpretation. The reference potential is
the original potential within the relevant region and the fitted potential other-
wise. With this choice of the weights, we always observed convergence. Scal-
ing the weights up improves the convergence speed, but when w2

I becomes
larger than 2, we always observed divergence.

The relevant-region iteration procedure just discussed is very useful, as it al-
lows one to emulate non-separable weights. The inclusion of such weights is
often inevitable for obtaining an accurate product representation of the phys-
ically relevant part of the potential without going to high expansion orders.
On the other hand, the iteration procedure is more expensive because potfit
has to be performed several times.

11.8
Computational Effort and Memory Request

The potfit expansion was introduced to reduce the numerical labour when
evaluating the mean fields. Consider the computation of the matrix element
〈ΦJ |V|ΦL〉. Doing this integral on the primitive grid requires Np multiplica-
tions. (Here we assume, for the sake of simplicity, that all particles have the
same number of grid points, Nκ = N.) Doing the integral with a potfit expan-
sion requires spN multiplications. The number of potential terms is, due to
contraction, s = mp−1, where, similar to above, mκ = m is assumed. The gain
is hence

gainCPU =
1
p

(
N
m

)p−1

(11.31)

As an example let us consider a six-dimensional problem where each degree
of freedom (DOF) is represented by 25 grid points. Combining always two
DOFs into one particle, one arrives at p = 3 particles and N = 625 grid points
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per particle. Assuming m = 35, that is, 1225 potfit terms (after contraction),
one has a gain of 106, which is a quite remarkable speed-up.

A potfit expansion does not only speed up the calculation, it also compacts
the representation of the potential, leading to a much lower memory demand.
The full potential consists of Np data points, whereas a potfit expansion, Equa-
tion (11.25), takes Nmp−1 + Nm(p− 1) data points. For p > 2, the second term
is negligible in comparison with the first one, and one arrives at a memory
gain

gainmem =
(

N
m

)p−1

(11.32)

which is even larger than the CPU gain.
The example potential (six dimensions, 25 points per DOF) consists of Np =

2.4× 108 points and requires 1.8 GB of storage. The potfit consumes only 6 MB.
Turning to larger systems, the reduction in memory is even more spectacular.
Considering a 12-dimensional system with 10 points per DOF, one arrives at
1012 points or 8 TB of storage. This is not feasible. A potfit, however, assuming
four three-dimensional particles and an expansion order of m = 50, takes only
1 GB of storage.

Unfortunately, one cannot potfit a 12-dimensional potential. The potfit al-
gorithm – at least in its present implementation – requires the full potential
to be kept in memory. Moreover, the number of multiplications to be per-
formed is a multiple of the total number of grid points. This limits potfit to
grid sizes of at most 109 points, or, in general, to potentials with at most six
or seven DOFs. For larger problems, one has to turn to other strategies, for
example, to a cluster expansion (also called n-mode representation [127, 128]
or cut-HDMR [129, 130]). The clusters, which are of much lower dimension
than the potential, are finally potfitted. For a brief discussion of this approach,
see Chapter 23.
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12
Kinetic Energy Operators
Hans-Dieter Meyer, Fabien Gatti and Graham A. Worth

12.1
Introduction

The convergence of the MCTDH method is determined by the correlation be-
tween MCTDH particles. A set of coordinates that minimizes the correlation
will improve the convergence of MCTDH, while a coordinate set that intro-
duces strong artificial correlations, that is, correlations that are entirely due to
an unsuitable choice of coordinates, will slow down convergence. Let us con-
sider an example. For small-amplitude motions around a well-defined equi-
librium geometry, the vibrations are often rather harmonic. The well-known
normal-mode rectilinear coordinates then make the Hamiltonian operator al-
most separable – it is exactly separable for infinitesimal delocalizations – and
the use of these coordinates will be optimal in a low-energy domain. How-
ever, for more floppy systems exhibiting two or several minima, or at higher
excitation energies, the vibrational amplitudes become larger and the rectilin-
ear normal coordinates cease to describe the motion in a natural way. This
introduces strong artificial correlations. In such situations, in particular when
studying scattering, dissociation or isomerization problems, the use of appro-
priate internal coordinates becomes important. In general, curvilinear coordi-
nates, involving angles, are the natural choice, as they usually lead to a more
separable and hence less artificially correlated Hamiltonian operator.

Unfortunately, the use of curvilinear coordinates often leads to very in-
volved expressions of the kinetic energy operator (KEO) [131,132], which need
to be derived for a particular system [133–135] and are not easy to generalize.
This is in contrast to the rectilinear coordinates, which simplify the mathe-
matical formulation of the same operator in a systematic way. The problem is
not primarily to derive a formula for the KEO. An algorithmic program such
as MATHEMATICA [136] can be used to evaluate the operators analytically. A
numerical computation of the action of the kinetic operator is also feasible,
and several contributions have been made in this direction (see, for example,
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Refs. [137–140]). For efficient MCTDH calculations, the crucial point is to find
a form that is (i) as compact as possible and (ii) of the required product form.
In this context, one must note that the form of the KEO is not unique. For
example,

∂

∂R
f

∂

∂R
, f

∂2

∂R2 +
∂ f
∂R

∂

∂R
and

1
2

(
f

∂2

∂R2 +
∂2

∂R2 f − ∂2 f
∂R2

)
are three different forms of the same operator.

The polyspherical approach, developed in a series of papers [141–151], accom-
plishes both of these requirements. It is a general formulation of the exact KEO
of an N-atom system. The approach received its name, polyspherical, because
the operators are often eventually expressed in terms of spherical coordinates.
This approach, however, also possesses properties that can be (and have been)
exploited for other kinds of coordinates than polyspherical ones.

The polyspherical approach is characterized by the following properties:
(i) It explicitly provides rather compact and general expressions of the exact
kinetic energy operator, including rotation and Coriolis coupling, and avoids
the use of differential calculus when deriving these operators. (ii) Within this
approach it is very easy to find a spectral basis set (for example, a basis set
of spherical harmonics) that discards all singularities that may occur in the
KEO. (iii) General expressions for the KEO are explicitly provided in two dif-
ferent forms. (iv) There is a large freedom in choosing the underlying set of
vectors, which may be of Jacobi, Radau, valence or satellite type, or a combi-
nation of these. (v) When polyspherical coordinates are used, the KEO is al-
ways separable: that is, it can be written as a sum of products of monomodal
operators. This property is, of course (see Section 3.3), very important for
MCTDH, and the resulting operators have been used in several applications
with MCTDH [65,74,81,101,152–156]. The main references for the polyspher-
ical approach are listed in Table 12.1.

12.2
Vector Parametrization and Properties of Angular Momenta

Systems of N particles possess 3N degrees of freedom, of which three can be
eliminated by translational invariance when there is no external field. The
reduced system thus obtained has 3N − 3 degrees of freedom, which implies
that an N-body configuration can always be described by N − 1 vectors. Here-
after, G will denote the centre of mass of the molecular system, and the space-
fixed (SF) frame will denote the inertial space-fixed frame whose origin coin-
cides with G.



12.2 Vector Parametrization and Properties of Angular Momenta 93

Table 12.1 Main references for the polyspherical approach.

Theory References

Reviews [150, 151]
Orthogonal vectors [143]
Orthogonal vectors for tetraatomic molecules [144]
Non-orthogonal vectors [146]
Properties of projections of angular momenta [149]
General expression for semi-rigid systems [148]
Orthogonal vectors for semi-rigid systems [167]
Separation into subsystems [145]
Constrained operators [142, 168]

KEO for molecules References

NH3 [145]
Toluene (9D) [152]
H2 + H2 [81]
HCF3 [169]
H2CS [101]
HFCO [154]
HONO [65]
H5O2

+ [156]
C2H4 (6D with corrections) [74]
Ar2HBr (4D) [153]

12.2.1
Examples

To illustrate the parametrization of such vectors, let us consider two four-atom
molecular systems. The first example is the molecular system H2 + H2 de-
scribed by three Jacobi vectors. The choice of the Jacobi vectors is not unique
and several clustering schemes are possible. A natural choice for this system
is given in Figure 12.1. Here, R1 and R2 are the vectors between the two pairs
of H atoms, and R3 is the vector between the centres of mass of the two H2
molecules. The corresponding kinetic energy is given by

2TSF =
λ=x,y,z

∑
i=1,2,3

μi(Ṙi λSF)
2 (12.1)

The reduced masses are given below in Equation (12.11). The kinetic energy is
in diagonal form and this is why the Jacobi coordinates are said to be orthog-
onal coordinates [157].

The second example is the molecule HFCO described by three valence
vectors, that is, vectors corresponding to bonds between atoms (see Fig-
ure 12.2). We use the following definitions: R1 = rH − rC, R2 = rF − rC and
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Figure 12.1 Definition of the three Jacobi vectors and the polyspheri-
cal coordinates for H2 + H2.
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Figure 12.2 Definition of the three valence vectors and the six valence
polyspherical coordinates for HFCO.

R3 = rO − rC. The corresponding kinetic energy is then non-diagonal,

2TSF =
λ=x,y,z

∑
i,j=1,2,3

μij(Ṙi λSF)(Ṙj λSF) (12.2)

and this is why the valence vectors are said to be non-orthogonal.
To each vector Ri (i = 1, 2, 3), one associates a conjugate momentum,

Pi λSF =
∂L

∂Ṙi λSF
=

∂TSF

∂Ṙi λSF

where L is the Lagrangian of the system. It is also possible to define an angular
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momentum for each vector Ri, Li = Ri × Pi, with

Pi = Pi xSF exSF + Pi ySF eySF + Pi zSF ezSF

Note also the decomposition

Pi = Pr i eRi −
eRi × Li

Ri
(12.3)

where eRi = Ri/Ri denotes a unit vector, Ri = ‖Ri‖ a vector length, and Pr i =
eRi · Pi a radial momentum. For the H2 + H2 example, it is straightforward to
show that the KEO reads

2TSF =
3

∑
i=1

(Pi)
2
SF

μi
=

3

∑
i=1

P2
r i

μi
+

(Li)2
SF

μiR2
i

(12.4)

The notation ( )SF denotes that we use the projections of the SF momenta onto
the SF axes to calculate the scalar product. The importance of this notation
will appear below when we introduce the projections of the SF momenta onto
the body-fixed axes. For HFCO, we obtain

2TSF = ∑
i,j=1,2,3

(Pi M Pj)SF (12.5)

where the matrix M is given below in Equation (12.9).

12.2.2
General Formulation

12.2.2.1 Defining a Set of N − 1 Vectors and the Corresponding Classical
Kinetic Energy

Let R1, R2, . . . , RN−1 be any set of vectors chosen for the description of a
molecular system. The set R1, R2, . . . , RN−1 can be orthogonal vectors such
as Radau or Jacobi vectors or non-orthogonal vectors such as valence vectors
joining two atoms. The classical SF kinetic energy can be written as

2TSF =
λ=x,y,z

∑
i,j=1,...,N−1

Pi λSF Mij Pj λSF (12.6)

where Mij are the elements of the mass matrix M. To determine M, we intro-
duce a (redundant) set of position vectors, r1, r2, . . . , rN , where ri points from
the centre of mass G to the position of the ith atom. The kinetic energy, relative
to the centre of mass, is simply given by

2TSF =
λ=x,y,z

∑
i=1,...,N

(pi λSF)2

mi
(12.7)
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where pi is the conjugate momentum associated with ri, and mi the mass
of the ith atom. Let us now return to a set of (N − 1) internal vectors,
R1, R2, . . . , RN−1, chosen to describe the same N-atom system. Then there
exists an N × (N − 1) matrix A that connects the two sets of coordinates:⎛⎜⎜⎜⎝

R1
R2
...

RN−1

⎞⎟⎟⎟⎠ = A

⎛⎜⎜⎜⎝
r1
r2
...
rN

⎞⎟⎟⎟⎠ (12.8)

The symmetric mass-dependent constant matrix M for the internal set of N − 1
vectors appearing in the KEO is given by M = Am−1AT, where m denotes the
diagonal matrix of particle masses. In this formulation, it is thus very easy to
switch from one set of vectors to another, just by changing the matrix M. For
the KEO of HFCO, using the particular choice of valence vectors displayed in
Figure 12.2, one obtains

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
mH

+
1

mC

1
mC

1
mC

1
mC

1
mC

+
1

mF

1
mC

1
mC

1
mC

1
mC

+
1

mO

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(12.9)

If the vectors are orthogonal, M is diagonal and Mii = 1/μi, with μi being the
reduced mass associated with the vector Ri. In other words, the kinetic energy
can be described as the kinetic energy of N − 1 fictitious particles of masses
μi,

2TSF =
λ=x,y,z

∑
i=1,...,N−1

(Pi λSF)2

μi
(12.10)

For the H2 + H2 Jacobi coordinate system of Figure 12.1, one obtains

μ1 =
mH

2
, μ2 =

mH

2
and μ3 = mH (12.11)

12.2.2.2 Introduction of the Body-Fixed Frame and Quantization

In order to separate the overall rotation from the internal deformation, let us
now introduce a body-fixed (BF) frame, {G; exBF , eyBF , ezBF}. The BF frame is
linked to the system, and its axes exBF , eyBF and ezBF rotate when the particles
move. The orientation of the BF frame with respect to the SF frame is deter-
mined by three Euler angles: α, β, γ. After definition of the three Euler angles,
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the deformations of the molecules are described by 3N − 6 internal BF coor-
dinates. This separation greatly facilitates the construction of the irreducible
representations of the rotation group symmetry and hence reduces the size of
the calculations needed to solve the Schrödinger equation. At this level, the
exact definition of the BF frame is not yet specified, but the classical kinetic
energy can already be recast as follows:

2TSF =
λ=x,y,z

∑
i,j=1,...,N−1

Pi λBF Mij Pj λBF (12.12)

where Pi λBF are the Cartesian components of the SF (and not BF! – see below)
conjugate momenta in the BF frame [149], or, in other words, the projections
of the SF conjugate momenta onto the BF axes:

Pi = Pi xBF exBF + Pi yBF eyBF + Pi zBF ezBF (12.13)

According to Refs. [132,149], the exact quantal counterpart of Equation (12.12)
is given by

2T̂ =
λ=x,y,z

∑
i,j=1,...,N−1

P̂†
i λBF Mij P̂j λBF (12.14)

12.2.2.3 Introduction of the Body-Fixed Projections of the Angular Momenta
Associated With the N − 1 Vectors
It should be clear that the kinetic energy operator will always be the space-
fixed one, and not the body-fixed kinetic energy, even after introduction of the
BF frame. Moreover, the quantum mechanical counterpart of Equation (12.3)
is given by

P̂i = P̂r i ei −
ei × L̂i

Ri
(12.15)

In order to simplify the notation, we will drop the caret ( ˆ ) for the conjugate
momenta operators in the following. After the introduction of a BF frame,
projections of the angular momenta onto BF axes will be used. For instance,
in the special case of orthogonal vectors, Equation (12.14) yields

2T̂ =
N−1

∑
i=1

P†
r i Pr i

μi
+

(L†
i · Li)BF

μiR2
i

(12.16)

Let us explain why it is necessary to introduce BF projections of the mo-
menta when making a change of coordinates to separate the overall rotation
from the internal vibrations. On the one hand, the action of SF components
of the angular momenta on the primitive basis functions expressed in BF co-
ordinates becomes very complicated. On the other hand, the action of the BF
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components onto the primitive basis functions expressed in BF coordinates is
rather simple – see, for example, the action of the KEO onto a basis of spheri-
cal harmonics of BF spherical coordinates discussed in Section 12.3 below. As
BF coordinates are needed to separate the overall rotation from the internal vi-
brations, it becomes necessary to express the KEO in terms of BF components
of momenta and angular momenta as in Equations (12.14) and (12.16), rather
than in terms of the SF components.

If the set of vectors is non-orthogonal, the structure of the kinetic energy
operator is more complex. The KEO, irrespective of the set of vectors, can be
written as a function of N − 1 radial and angular momenta,

T̂ = f (Pr i(i = 1, . . . , N − 1); Li(i = 1, . . . , N − 1)) (12.17)

It is emphasized again that all angular momenta that will appear in the ki-
netic energy operators (such as in Equation (12.16)) are all computed in the SF
frame but projected onto the axes of several frames (for example, the BF frame
in Equation (12.16)). The introduction of these projections is necessary when
using the BF coordinate, but raises a new technical problem. The projections
of the angular momenta onto the SF axes satisfy the usual commutation rela-
tions, and their action onto a basis set of spherical harmonics in terms of the
SF spherical coordinates is well known (see, for instance, Ref. [158]). But the
projections of the same angular momenta onto the axes of a moving frame
may satisfy unusual, non-definite commutation relations [149]. Luckily, this
problem does not occur for all angular momenta. If a vector is not involved in
the definition of a frame F, the expression for the projection of the correspond-
ing angular momentum onto the F axes expressed in the coordinates in this
frame is identical to the usual one in a frame SF. For instance, if one vector Rj
is not involved in the definition of the BF frame, the projections of Lj onto the
BF axes and expressed in terms of the BF Cartesian coordinates are given by

⎡⎢⎣ Lj xBF

Lj yBF

Lj zBF

⎤⎥⎦ =

⎡⎢⎣Rj xBF

Rj yBF

Rj zBF

⎤⎥⎦×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
i

∂

∂Rj xBF

1
i

∂

∂Rj yBF

1
i

∂

∂Rj zBF

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(12.18)

It is easy to verify that the usual commutation relations,

[Lj λBF , Lj νBF ] = i ∑
ρ

ελνρLj ρBF (12.19)

are satisfied, where ε denotes the well-known totally antisymmetric tensor,
that is, ελνρ = 1 (ελνρ = −1) if {λνρ} is an even (odd) permutation of {xyz},
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and 0 otherwise. This property is very helpful, since combined with the pre-
vious vector parametrization of N-atom systems, it will allow us to derive
kinetic energy operators in a compact and general form without making use
of differential calculus.

12.3
A General Expression of the KEO in Standard Polyspherical Coordinates

12.3.1
General Expression

Let us now consider our particular definition of the BF frame and the
parametrization of the N − 1 vectors.

12.3.1.1 Definition of the BF frame: Figure 12.3

(i) Let {G; exE1 , eyE1 , ezE1 } be the E1 frame resulting from the first Euler
rotation, that is, whose origin coincides with G, where ezE1 = ezSF and
where exE1 and eyE1 are obtained by a rotation through the angle α about
ezE1 .

(ii) Let {G; exE2 , eyE2 , ezE2 } be the E2 frame resulting from the first two Euler
rotations, where eyE2 = eyE1 and where exE2 and ezE2 are obtained by a
rotation through the angle β about eyE2 .

(iii) Let {G; exE3 , eyE3 , ezE3 } = {G; exBF , eyBF , ezBF} be the E3 or BF frame,
that is, the frame resulting from the three Euler rotations, where ezE3 =
ezE2 and where exE3 and eyE3 are obtained by a rotation through the an-
gle γ about ezE2 . The BF or E3 frame is oriented such that ezBF = ezE2 is
parallel to the vector RN−1 and that RN−2, exBF and ezBF lie in the same
half-plane (see Figure 12.3). It is important to note that only two vec-
tors are involved in this definition of the BF frame. This property will
greatly simplify the quantum mechanical expression of the kinetic en-
ergy operator. Indeed, as outlined in Section 12.2, the expressions for the
angular momenta associated with the remaining N − 3 vectors are the
normal ones when projected onto the BF axes and expressed in terms of
BF coordinates. It should be pointed out that this is very different from
the Eckart frame [159], which minimizes the Coriolis coupling. The def-
inition of this frame, however, depends on all BF vectors rather than on
two.
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Figure 12.3 Definition of the BF Frame and of the three Euler angles.
The E2 frame is the frame obtained after the first two Euler rotations.

12.3.1.2 Polyspherical Parametrization

Let us now parametrize the vectors by spherical coordinates called the ‘poly-
spherical coordinates’. The spherical coordinates in a given frame F are de-
fined as

Ri xF = Ri sin θF
i cos ϕF

i , Ri yF = Ri sin θF
i sin ϕF

i and Ri zF = Ri cos θF
i

with 0 � θSF
i � π and 0 � ϕSF

i < 2π. The parametrization of the standard
polyspherical type consists of three Euler angles for the overall rotation of
the BF frame and 3N − 6 internal coordinates. With our definition of the BF,
it is clear that the first two Euler angles are simply the two spherical angles
of RN−1 in the SF frame, α = ϕSF

N−1 and β = θSF
N−1. The third Euler angle

is given by γ = ϕE2
N−2. The other 3N − 6 coordinates are the BF spherical

coordinates, that is, the N − 1 vector lengths Ri ∈ [0, ∞), N − 2 (BF) planar
angles θBF

i ∈ [0, π] between the vectors RN−1 and Ri, and N − 3 (BF) dihedral
angles ϕBF

i ∈ [0, 2π[ between the two vectors Ri, RN−2 around the vector
RN−1. They are depicted in Figure 12.4.
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Figure 12.4 Definition of the standard polyspherical coordinates: the
N − 1 vector lengths Ri ∈ [0, ∞), N − 2 (BF) planar angles θBF

i ∈
[0, π], and N − 3 (BF) dihedral angles ϕBF

i ∈ [0, 2π).

It is worth mentioning that a Euclidean normalization is used [132], that is,
the elementary volume reads

dτ = R2
N−1 sin β dRN−1 dα dβ R2

N−2 sin θBF
N−2 dRN−2 dγ dθBF

N−2

×
N−3

∏
i=1

R2
i sin θBF

i dRi dϕBF
i dθBF

i (12.20)

12.3.1.3 Properties of the BF Projections of the Angular Momenta

In the expression of the kinetic energy operator in Equation (12.17), N − 1
angular momenta appear. Since only RN−1 and RN−2 are involved in the def-
inition on the BF frame, the projections of all the N − 3 angular momenta
L1, . . . , LN−3 onto the BF axes are regular. But what about the last two angu-
lar momenta, LN−1 and LN−2? First, it is trivial to eliminate LN−1 by substi-
tuting LN−1 with J − ∑N−2

i=1 Li, where J is the total angular momentum, which
is a constant of the motion when no external field is present. Equation (12.17)
can then be recast as

T̂ = f (Pi r(i = 1, . . . , N − 1); Li(i = 1, . . . , N − 2), J) (12.21)
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and in the particular case of orthogonal vectors, Equation (12.16) yields

2T̂ =
N−1

∑
i=1

P†
r iPr i

μi
+

N−2

∑
i=1

(L†
i · Li)BF

μiR2
i

+

(
(J† − ∑N−2

i=1 L†
i ) · (J − ∑N−2

i=1 Li)
)

BF

μN−1R2
N−1

(12.22)

Here, we utilize the BF projections of the (SF) angular momenta. However,
because of their different properties or expressions, it is crucial to distinguish
three types of angular momenta.

(i) The total angular momentum J. According to Ref. [160], we obtain
[JλBF , JνBF ] = −i ∑ρ ελνρ JρBF , which are the well-known anomalous com-
mutation relations [161] with self-adjoint components

⎡⎣ JxBF

JyBF

JzBF

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎣
− cos γ

sin β
sin γ cot β cot γ

sin γ

sin β
cos γ − cot β sin γ

0 0 1

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
i

∂

∂α

1
i

∂

∂β

1
i

∂

∂γ

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(12.23)

(ii) The angular momenta Li (i = 1, . . . , N − 3) associated with the rotating vec-
tors Ri (i = 1, . . . , N − 3) not involved in the definition of the BF frame. These
are characterized by the usual formula

⎡⎣ Li xBF

Li yBF

Li zBF

⎤⎦ =

⎡⎢⎢⎣
− sin ϕBF

i −cos ϕBF
i cot θBF

i

cos ϕBF
i −sin ϕBF

i cot θBF
i

0 1

⎤⎥⎥⎦
⎡⎢⎢⎢⎣

1
i

∂

∂θBF
i

1
i

∂

∂ϕBF
i

⎤⎥⎥⎥⎦ (12.24)

Hence they obey the normal commutation relations and are self-adjoint.

(iii) The angular momentum LN−2 associated with RN−2. Since RN−2 is involved
in the definition of the BF frame, nothing can be said a priori about the
properties of LN−2 onto the BF axes. When such a case occurs, one pro-
ceeds as follows. One starts with the projections of the same angular
momentum but onto another frame. Here, it is judicious to start with the
projections of LN−2 onto the E2-axes, because RN−2 is not used when
defining the E2 frame. (We recall that the E2 frame is the frame result-
ing from the first two Euler rotations only, see above.) Indeed, RN−2
is needed only for defining the third Euler angle. Consequently, the E2
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components of LN−2 have a regular form

⎡⎢⎣ LN−2xE2

LN−2yE2

LN−2zE2

⎤⎥⎦ =

⎡⎢⎢⎣
− sin ϕE2

N−2 −cos ϕE2
N−2cot θE2

N−2

cos ϕE2
N−2 −sin ϕE2

N−2cot θE2
N−2

0 1

⎤⎥⎥⎦
⎡⎢⎢⎢⎢⎣

1
i

∂

∂θBF
N−2

1
i

∂

∂ϕE2
N−2

⎤⎥⎥⎥⎥⎦
(12.25)

These components obey the normal commutation relations and are self-
adjoint. The BF projections of LN−2 are obtained by rotating the E2 pro-
jections of LN−2 through the angle ϕE2

N−2 = γ around the zE2 axis onto
the E2 projections of LN−2,

⎡⎣ LN−2 xBF

LN−2 yBF

LN−2 zBF

⎤⎦ =

⎡⎢⎢⎣
0 cos ϕE2

N−2 sin ϕE2
N−2

0 − sin ϕE2
N−2 cos ϕE2

N−2

0 0 1

⎤⎥⎥⎦
⎡⎢⎣ LN−2 xE2

LN−2 yE2

LN−2 zE2

⎤⎥⎦ (12.26)

A final change of coordinates is then performed:

γ = ϕE2
N−2

θBF
N−2 = θE2

2

θBF
i = θE2

i for i = 1, . . . , N − 3 (12.27)

ϕBF
i = ϕE2

i − ϕE2
N−2 for i = 1, . . . , N − 3

Applying the chain rule to ∂/∂θE2
N−2 and ∂/∂ϕE2

N−2 gives respectively

∂

∂θE2
N−2

=
∂

∂θBF
N−2

∂

∂ϕE2
N−2

=
∂

∂γ
−

N−3

∑
i=1

∂

∂ϕBF
i

(12.28)

Inserting these relations into Equation (12.26), one obtains

⎡⎣ LN−2 xBF

LN−2 yBF

LN−2 zBF

⎤⎦ =

⎡⎢⎢⎣
−cot θBF

N−2 0 cot θBF
N−2

0 1 0

1 0 −1

⎤⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
i

∂

∂γ

1
i

∂

∂θBF
N−2

N−3
∑

j=1

1
i

∂

∂ϕBF
j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(12.29)
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that is,

LN−2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− cot θBF
N−2

(
JzBF −

N−3
∑

i=1
LizBF

)
−i

∂

∂θBF
N−2

JzBF −
N−3
∑

i=1
LizBF

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(12.30)

which satisfy unusual commutation relations,

[LN−2 xBF , L̂N−2 yBF ] =
1

(sin θBF
N−2)

2

(
∂

∂γ
−

N−3
∑

i=1

∂

∂ϕBF
i

)
[LN−2 yBF , LN−2 zBF ] = 0

[LN−2 zBF , LN−2 xBF ] = 0

(12.31)

The y BF component of LN−2 is not Hermitian and L̂†
N−2 is given by the

following equation (we use Equation (12.20)):

(LN−2)† = LN−2 +

⎛⎝ 0
i cot θBF

N−2
0

⎞⎠ (12.32)

Two points must be addressed here: (i) The BF component of LN−2 does
not commute with those of the other angular momenta (that is, JzBF and
LizBF , i = 1, . . . , N − 3, see Equation (12.32)). (ii) The fact that we have
used an intermediate frame (the E2 frame here) to determine the projec-
tions of LN−2 onto the BF axes is of general character and can be used to
determine the projections of other angular momenta with a non-regular
behaviour.

12.3.1.4 General Expression of the KEO in Polyspherical Coordinates

Since we have the expression of all components of angular momenta appear-
ing in the KEO (Equations (12.21) and (12.22)) and since the expression for all
angular momenta Li (i = 1, . . . , N − 3) is very simple, we can now provide
a general expression of the KEO for the family of polyspherical coordinates,
irrespective of the number of atoms and the set of vectors. One just has to
remember that LN−2 has a particular behaviour. For instance, a KEO in or-
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thogonal coordinates, Equations (12.16) and (12.22), can be written as

2T̂ =
N−1

∑
i=1

P†
r iPr i

μi
+

N−2

∑
i=1

(L†
i Li)BF

μiR2
i

+
(J†J − ∑N−2

i=1 L†
i J − J† ∑N−2

i=1 Li + ∑N−2
i,j=1,j �=i L†

i Lj)BF

μN−1R2
N−1

(12.33)

All the explicit expressions of the projections onto the BF axes are given by
Equations (12.23), (12.24) and (12.29). The explicit expression in terms of an-
gular momenta (similar to Equation (12.33) but with some rearrangements) for
orthogonal coordinates is given in Ref. [143]; the expression in non-orthogonal
coordinates is given in Ref. [146]. Finally, the general expression explicitly in
terms of the polyspherical coordinates and their conjugate momenta (and not
in terms of the angular momenta) is provided in Ref. [148].

12.3.1.5 Introduction of a Primitive Basis Set of Spherical Harmonics

Let us now introduce an appropriate angular basis set. In the absence of an
external field, SF is isotropic, that is, the orientation of zSF is arbitrary, and any
observable must be α independent. The overall rotation of the molecule can
thus be described by the following basis set [158, 162]:

〈(α), β, γ|J, 0, Ω〉 = YΩ
J (β, γ)(−1)Ω (12.34)

where Ω = ∑N−2
i=1 Ωi is the projection of the total angular momentum onto zBF,

and Ωi is the projection of Li onto the same axis (note that ΩN−1 = 0, since
RN−1 is parallel to zBF). The current element of the working angular function
basis for the BF spherical angles of vectors Ri (i = 1, . . . , N − 2) reads

〈(α), β, γ, θBF
N−2, ϕBF

1 , θBF
1 , . . . , ϕBF

N−3, θBF
N−3 |

J, �1, Ω1, . . . , �N−3, ΩN−3, �N−2, ΩN−2〉

= YΩ
J (β, γ)(−1)ΩP̃ΩN−2

�N−2
(cos(θBF

N−2))YΩ1
�1

(θBF
1 , ϕBF

1 ) . . . YΩN−3
�N−3

(θBF
N−3, ϕBF

N−3)
(12.35)

where P̃Ω
� (cos(θ)) is a normalized associated Legendre function times (−1)Ω

and YΩ
� (θ, ϕ) is a spherical harmonic,

YΩ
� (θ, ϕ) = P̃Ω

� (cos θ)(2π)−1/2 exp(iΩϕ)

We introduce this basis set for two reasons: (i) The action of the general
kinetic energy operator on this angular basis set is very simple (especially
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for orthogonal vectors) and, as shown below, can be determined analytically.
(ii) This spectral representation has the advantage of analytically treating all
angular singularities that may appear in the kinetic energy operator. Indeed,
if some angles θBF

i (i = 1, . . . , N − 2) are equal to 0 or π, several terms in the
KEO can diverge, for example, all terms including 1/sin θBF

i (see, for example,
Equations (12.23), (12.24) and (12.29)). Within the framework of the angular
primitive basis set, the treatment of all singularities is straightforward and
analytical.

Concerning the action of the projections of the angular momenta onto the
BF axes on the previous primitive basis functions, two cases must be distin-
guished: (i) The BF component of the total angular momentum and the op-
erators Li (i = 1, . . . , N − 3) have the usual expressions. Their action on the
spherical harmonics in BF coordinates, Equation (12.35), is the usual one and
hardly needs mentioning. (ii) For the angular momentum LN−2, this action
is less straightforward. However, it was proved that, if care is taken to ac-
count for the unusual features of the BF components of LN−2, this action is
eventually a normal one. For instance, one obtains

L̂(N−2)±BF〈angles| . . .〉J

= c±(�N−2, ΩN−2)〈angles|J, �1, Ω1, . . . , �N−3, ΩN−3, �N−2, ΩN−2 ± 1〉

L̂(N−2)zBF〈angles| . . .〉J = (ΩN−2)〈angles| . . .〉J (12.36)

Ĵ∓BF L̂(N−2)±BF〈angles| . . .〉J

= c±(J, Ω)c±(�N−2, ΩN−2)

× 〈angles|J, �1, Ω1, . . . , �N−3, ΩN−3, �N−2, ΩN−2 ± 1〉
with c±(J, Ω) =

√
J(J + 1) − Ω(Ω ± 1) and Ω = ∑N−2

i=1 Ωi, that is, ΩN−2 =
Ω − ∑N−3

i Ωi. The symbol 〈angles| . . .〉J denotes the current element of the
working angular basis set. Even though these results are not obvious, they
are not surprising, as all angular momenta are computed in the SF frame and
several changes of coordinates and projections onto adequate axes is all that
has been performed.

12.4
Examples

For concrete applications with MCTDH, two cases must be distinguished.

(1) Geometries corresponding to angular singularities in the KEO are accessi-
ble during the physical process. This is usually true for scattering systems.
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In this case, one should express the KEO in angular momenta together
with a basis set of spherical harmonics. The action of the KEO is rather
simple in this basis set and the singularities are analytically removed. In
a grid representation, however, one has to deal with complicated multi-
dimensional discrete variable representations (DVRs).

(2) The potential prevents the system from reaching singular geometries.
Such a system is called semi-rigid, although it may exhibit large-amplitude
motions. For semi-rigid systems one should express the KEO explicitly
in derivative operators ∂/∂qi, where qi denotes the 3N − 6 polyspherical
coordinates. The number of terms in the KEO increases, but only simple
one-dimensional DVRs are required.

12.4.1
Scattering Systems: H2 + H2

Let us now consider an example that has been treated using MCTDH: the
H2 + H2 collision [81]. The molecular system is parametrized by three Jacobi
vectors as depicted in Figure 12.1, and the reduced masses are given by Equa-
tion (12.11). The KEO appears as a particular case of Equation (12.33) for
N = 3:

2T̂ =
(J†J − (L†

1 + L†
2)J − J†(L1 + L2) + L†

1L1 + L†
2L2 + L†

2L1 + L†
1L2)BF

μ3R2
3

+
3

∑
i=1

P†
r iPr i

μi
+

(L†
1L1)BF

μ1R2
1

+
(L†

2L2)BF

μ2R2
2

(12.37)

Now, it can be proved that (L†
1 + L†

2)J + J†(L1 + L2) = 2J(L1 + L2) and that
L†

2L1 + L†
1L2 = 2L1L2. The order in which the operators appear is important,

as they do not commute! Moreover, since the BF components of J are Hermit-
ian, Equation (12.37) yields

2T̂ = −
3

∑
i=1

1
μiRi

∂2

∂R2
i

Ri +
(

1
μ1R2

1
+

1
μ3R2

3

)
(L†

1L1)BF

+
(

1
μ2R2

2
+

1
μ3R2

3

)
(L†

2L2)BF +
(J2 − 2J(L1 + L2) + 2L1L2)BF

μ3R2
3

(12.38)

The angular basis, Equation (12.35), becomes

〈angles|J, Ω, �1, Ω1, �2, Ω2〉

= YΩ
J (β, γ)(−1)ΩYΩ2

�2
(θBF

2 , 0)YΩ1
�1

(θBF
1 , ϕBF

1 ) (12.39)
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with Ω = Ω1 + Ω2. The actions of all projections of angular momenta appear-
ing in Equation (12.38) onto the angular basis functions of Equation (12.39) are
the usual ones, which is not obvious because R2 is involved in the definition
of the BF frame. For instance, one obtains

(L†
i Li)BF〈angles|J, Ω, �1, Ω1, �2, Ω2〉

= �i(�i + 1)〈angles|J, Ω, �1, Ω1, �2, Ω2〉 (i = 1, 2)

J∓BF(L1±BF + L2±BF)〈angles|J, Ω, �1, Ω1, �2, Ω2〉

= c±(J, Ω)c±(�1, Ω1 ± 1)〈angles|J, Ω ± 1, �1, Ω1 ± 1, �2, Ω2〉

+ c±(J, Ω)c±(�2, Ω2)〈angles|J, Ω ± 1, �1, Ω1, �2, Ω2 ± 1〉
(12.40)

L1±BF L2∓BF〈angles|J, Ω, �1, Ω1, �2, Ω2〉

= c±(�1, Ω1)c∓(�2, Ω2)〈angles|J, Ω, �1, Ω1 ± 1, �2, Ω2 ∓ 1〉

with L+ = Lx + iLy and L− = Lx − iLy. It should be noted that the basis
set of Equation (12.39) along with an appropriate pseudospectral approach
[163–165] eliminates all the singularities appearing in the KEO. Such a pseu-
dospectral approach, called ‘extended Legendre DVR’ [165], is implemented
in the Heidelberg MCTDH package. The explicit expression of the KEO is
given in Ref. [81].

12.4.2
Semi-Rigid Molecules: HFCO

Let us consider now a second example, the HFCO [154] and DFCO [155]
molecules. The system is parametrized by three valence vectors as depicted
in Figure 12.2. In Ref. [155], highly excited eigenstates of the system as well
as the intramolecular vibrational energy redistribution (IVR), initiated by an
excitation of an out-of-plane bending mode, have been studied. In the corre-
sponding energy domain, the singular geometries, θi = 0 or π with i = 1, 2,
are physically not accessible. The KEO appears as a particular case of Equa-
tion (12.21) for N = 3. As no singularity appears in the kinetic energy opera-
tor, we use the expression of the KEO not in angular momenta but explicitly
in terms of the six polyspherical coordinates. As explained in Section 12.3.1.4,
one can give a general and compact matrix expression of the KEO of Equa-
tion (12.21) in which only polyspherical coordinates and their associated de-
rivative operators appear. The notation ‘matrix’ is used because the matrix
Gij serves to define the KEO (see Equation (12.41) below). This general ex-
pression, which holds for any number of atoms and all sets of vectors, and
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includes overall rotation and Coriolis coupling, is given in Ref. [148]. For the
particular case of HFCO and vanishing total angular momentum, J = 0, this
operator can be written in the following form:

T̂ = 1
2

6

∑
i,j=1

p̂†
i Gij p̂j (12.41)

where p̂j = −i∂/∂qj denote the momenta conjugate to the polyspherical co-
ordinates qj. The matrix G depends on the polyspherical coordinates and on
the mass matrix M, which in the present case is given by Equation (12.9). The
general expression in Ref. [148] provides the matrix elements Gij appearing in
Equation (12.41). The final expression for HFCO is given in Equation (15) of
Ref. [154]. Let us consider just one term appearing in this operator,

−
2

∑
i=1

(
Mii

2R2
i sin2 θBF

i

+
M33 cos2 θBF

i

2R2
3 sin2 θBF

i

− Mi3 cos θBF
i

R3Ri sin2 θBF
i

)
∂2

∂ϕ2
BF

(12.42)

Since θBF
i = 0 and π are not physically accessible, the singularities originat-

ing from the terms sin−2 θBF
i do not appear. The MCTDH calculations can thus

be performed with a simple one-dimensional DVR for each degree of freedom.
Equation (12.42) clearly shows that all terms are products of one-dimensional
functions, which is the form perfectly adapted to MCTDH. In addition, since
the Heidelberg MCTDH package is capable of parsing all functions and de-
rivative operators appearing in the general expression for the KEO given in
Ref. [148], the implementation of the operator of HFCO is straightforward,
that is, without coding a new routine.

12.5
Extensions

12.5.1
Separation Into Subsystems

The general approach described in Section 12.2 can be applied to derive kinetic
energy operators in types of coordinates other than the standard polyspherical
coordinates. The standard polyspherical coordinates are defined with respect
to two vectors only: RN−1 and RN−2. For large systems, this can introduce
artificial couplings between motions that are physically decoupled, for exam-
ple, between atoms that are located in very different parts of the molecule. A
simple solution is to integrate atoms into subsystems and to define for each
subsystem an intermediate BF frame. In each subsystem, the angles are de-
fined with respect to the intermediate frame, which decouples the motions
between atoms belonging to different subsystems. Examples can be found for
H5O2

+ [156] and NH3 [145].



110 12 Kinetic Energy Operators

12.5.2
Constrained Operators

For large systems, the sheer number of internal coordinates makes a reduction
of dimensionality unavoidable. A widely used approach is the rigid constraint
one, which freezes selected bond lengths, angles or entire atomic groups, that
is, q′′i = q′′i

∣∣
0, where the double prime denotes coordinates that are to be

frozen and where q′′i
∣∣
0 denotes a fixed position, usually the equilibrium one.

Deriving the corresponding constrained KEO is a difficult task [142, 166], ex-
cept when the matrix G happens to be diagonal. In this case one may sim-
ply erase the frozen degrees of freedom from the KEO. However, the general
case is more complicated as q′′i = q′′i

∣∣
0 corresponds to q̇′′i = 0, which is not

equivalent to pq′′ = 0 when G is non-diagonal. Corrections must be added
that generally do not have the direct-product form needed for MCTDH. In
practice, one starts with the usual expression in polyspherical coordinates
(as Equation (12.41) for HFCO), and reduces it by removing terms in ∂/∂q′′i .
One makes additional approximations for the corrections in order to assure a
direct-product form and then adds these simplified corrections to the reduced
operator. See Ref. [74] for an application of this approach to C2H2. There one
finds also a discussion on the importance of the correction terms.

It is convenient to calculate the corrections numerically by employing the
program TNUM [139]. TNUM is a program that numerically calculates a KEO
in any set of coordinates. However, TNUM is not directly useful for MCTDH as
it conceals the product form of the KEO, but it was very useful when checking
that an analytic KEO in polyspherical coordinates is correctly implemented in
MCTDH [156].
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13
Direct Dynamics With Quantum Nuclei
Benjamin Lasorne and Graham A. Worth

13.1
Introduction

A serious bottleneck to quantum dynamics studies is the production of ac-
curate potential energy surfaces (PESs). These functions, which must be rep-
resented on the full multidimensional grid used in a simulation, often need
months of tedious work that must be repeated for each new system. Further-
more, to fit the PES of an f -dimensional system, N f energy points are required
(with N points per degree of freedom), and this number quickly becomes pro-
hibitive. This situation is even worse when several electronic states are cou-
pled, as intersecting PESs and non-adiabatic couplings need to be fitted using
data from non-routine quantum chemistry methods that may be extremely ex-
pensive if high accuracy is required. Most of the grid is never visited by the
system and so this represents much wasted effort.

We are particularly interested in molecular photophysics and photochem-
istry that involve radiationless transitions between electronic states (internal
conversion or intersystem crossing), which are due to non-adiabatic coupling
between electronic states and nuclear motion (vibronic couplings). These
quantum effects become intense for nuclear geometries where two adiabatic
electronic states approach degeneracy, that is, in regions where two adiabatic
potential energy surfaces come into contact. Of particular importance are re-
gions close to conical intersections (see, for example, Ref. [4] and references
therein), a seam of crossing between two PESs where the non-adiabatic cou-
pling is singular.

The signature of conical intersections is found in many electronic spectra
[4, 73], and they are also recognized as a mechanistic feature in photochem-
istry [170, 171], as important as transitions structures in thermal chemistry.
Owing to the quantum mechanical nature of non-adiabatic processes, simu-
lations of photochemical mechanisms and calculations of absorption spectra
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where these are important must be carried out using quantum dynamics, or
at least with a semiclassical approach [172].

In order to treat problems involving several coupled electronic states, stan-
dard MCTDH calculations can be used jointly with an analytical model such
as the vibronic coupling Hamiltonian developed by Köppel et al. [173] (see
Chapter 18). The validity of the vibronic models currently in use is only
very local, which limits their field of application to the calculation of spec-
tra of photoabsorption dominated by ultrafast non-adiabatic effects (≈ 100–
200 fs) and accompanied by quite small geometrical deformations (for exam-
ple, [62, 73, 174]). Thus, the standard MCTDH approach has not yet been
extensively applied to the description of photochemical processes involv-
ing large-amplitude motions, such as photoisomerizations, where a ground-
state reactant is ultimately converted into a ground-state product via a non-
adiabatic mechanism induced by light absorption (a recent example is given
in Ref. [74]).

Direct dynamics aims to free calculations from the a priori need of an ana-
lytic PES by calculating the potential energy locally at points along trajectories,
which can be done by a quantum chemistry program. By focusing only on
where the system actually goes, direct dynamics breaks the exponential scal-
ing of the resources with system size. As the surfaces are only known locally,
direct dynamics methods are typically based on classical trajectories. A va-
riety of semiclassical methods use classical trajectories to simulate the wave-
packet evolution in terms of a swarm of trajectories. These include trajectory
surface hopping [175] and Ehrenfest dynamics [176–178], which incorporate
non-adiabatic effects. Owing to their simplicity and ease of implementation,
they can produce good estimates for the time-scale and yield of a radiation-
less process. Unfortunately, they are expensive methods to converge, needing
many trajectories, something to be avoided in direct dynamics as each tra-
jectory requires many evaluations of the (expensive) electronic wavefunction.
Furthermore, it is not possible to know the error introduced by the approxima-
tions in these methods, which can occasionally fail badly (for a comparison of
methods, see Refs. [179, 180]). Both the trajectory surface hopping and Ehren-
fest methods have been used in direct dynamics calculations [181–185].

Full quantum dynamical direct dynamics has more recently become vi-
able using on-the-fly Gaussian wavepacket (GWP) dynamics. The key is that
GWPs are localized in space so that a local harmonic approximation (LHA)
of the PES around their centre is a reasonable approximation [16]. In re-
cent reviews [186, 187], we provide an overview of the main non-adiabatic
direct dynamics methods (both semiclassical trajectory and GWP methods),
aiming to show their different properties, and using examples to show the
types of systems being treated. Direct dynamics implementations of GWP
methods have been reported in the form of the ab initio multiple spawning
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(AIMS) method [188–191] and the direct dynamics variational multiconfigu-
ration Gaussian wavepacket (DD-vMCG) method presented here. It is also
worth mentioning a recent application using a GWP with on-the-fly trans-
formation of curvilinear coordinates (for quantum dynamics) into Cartesian
coordinates of the nuclei (for quantum chemistry) [192].

The vMCG equations of motion come from the MCTDH evolution equa-
tions and have been implemented in a development version of the Heidelberg
MCTDH package. In the following, we review the theoretical background of
the vMCG method and its direct dynamics implementation, DD-vMCG, and
mention the applications achieved up to now. The main advantages of the
method over other direct dynamics formulations are that the GWP basis func-
tions are coupled directly and do not follow classical trajectories. As a result,
the convergence properties are superior. This has been demonstrated quali-
tatively in a comparison with surface hopping [193] and in a full test of the
convergence on an autocorrelation function [194].

13.2
Variational Multiconfiguration Gaussian Wavepackets

In the G-MCTDH method (see Section 3.5) some or all of the MCTDH single-
particle functions (SPFs) are replaced by time-dependent parametrized GWPs
[43,195,196]. The vMCG method is simply the G-MCTDH method in the limit
that only multidimensional GWPs are used for representing the nuclear wave-
packet. There is, thus, no mean-field and all nuclear coordinates are combined
in a single particle. The use of Gaussian functions introduces the complication
of a non-orthonormal basis set. On the other hand, their localized character
frees the method from the requirement of a global PES fitted on a grid if the
potential energy function is expanded locally around the centre of each Gauss-
ian function in the form of an LHA representation, as is traditionally done in
GWP methods [16].

At present, only rectilinear coordinates have been implemented. They can
be given as normal coordinates at a given reference point (all 3N − 6 internal
degrees of freedom, N being the number of atoms in the molecule or a selected
subset in a reduced-dimensionality approach) or as Cartesian coordinates of
the nuclei in a reference frame that can be free or constrained to separate over-
all rotations and translations from internal deformations.

13.2.1
Gaussian Wavepacket Ansatz

The vMCG Ansatz for a molecular wavepacket spread over a set of coupled
electronic states {|s〉} and describing f nuclear coordinates, collectively de-
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noted x = {xj}, reads

|Ψ(x, t)〉 = ∑
s

∑
j

A(s)
j (t)g(s)

j (x, t)|s〉 (13.1)

In contrast with the standard MCTDH approach, where SPFs are expanded
onto a time-independent basis set, each time-dependent function in Equa-
tion (13.1) is a GWP given as the exponential of a multidimensional quadratic
form

g(s)
j (x, t) = exp[x · ζ

(s)
j (t) · x + ξ

(s)
j (t) · x + η

(s)
j (t)] (13.2)

parametrized by time-dependent complex quantities: an ( f× f )-dimensional

symmetrical matrix, ζ
(s)
j , an f -dimensional vector, ξ

(s)
j , and a scalar, η

(s)
j . (Note

that a possible non-dimensionless term related to the norm of the GWP is for-
mally included within the, otherwise dimensionless, real part of the scalar
term.) For each GWP in the expansion, the f ( f + 1)/2 + f + 1 complex pa-

rameters, and the complex expansion coefficient, A(s)
j , evolve according to a

variational optimization of the solution of the time-dependent Schrödinger
equation as shown below in Section 13.2.2.

In the multidimensional form, Equation (13.2), the time-evolving correla-
tion between the different degrees of freedom is taken into account by the off-

diagonal terms of the width matrix, ζ
(s)
j . This allows the Gaussian wavepacket

to change shape. However, it is also possible to keep this matrix diagonal, or
even fixed, without violating the variational character of the method. Such
‘separable’ or ‘frozen’ Gaussian functions, as these two forms are respectively
known, have far fewer parameters than ‘thawed’ Gaussian functions, and are
numerically easier to treat. More of them may be required for convergence,
but tests seem to indicate that they are preferred.

In the following, only separable or frozen GWPs are considered. The diago-
nal elements of the width matrix are real parameters. Using the relationships

ζ
(s)
jαα = − 1

4σ
(s)2
jα

(13.3)

ξ
(s)
jα =

x(s)
jα

2σ
(s)2
jα

+ i
p(s)

jα

h̄
(13.4)

η
(s)
j = iγ(s)

j − ∑
α

x(s)2
jα

4σ
(s)2
jα

+ i
p(s)

jα x(s)
jα

h̄
(13.5)

where the index α runs over the different degrees of freedom, Equation (13.2)
can be rewritten as follows to conform with the more familiar Heller expres-
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sion [197] of a multidimensional separable GWP: a real-valued Gaussian func-
tion (spatial amplitude envelope) multiplied by a complex factor (norm and
global phase) and a Fourier function (plane wave giving a group velocity),

g(s)
j (x, t) = exp[iγ(s)

j (t)] ∏
α

exp
(
− 1

4σ
(s)2
jα

[xα − x(s)
jα (t)]2

)

× exp
(

i
p(s)

jα (t)

h̄
[xα − x(s)

jα (t)]
) (13.6)

where, along each degree of freedom α (nuclear coordinate xα): σ
(s)
jα is the

width (spatial standard deviation); x(s)
jα and p(s)

jα are the mean position and
mean momentum, respectively, defining the trajectory followed by the centre

of the function in the phase space; and γ
(s)
j is the global complex phase of

the function (real part defining an arbitrary gauge angle and imaginary part
defining the norm of the GWP).

As in any multiconfigurational formalism, there is always an undetermined
phase between expansion coefficients and functions, Equation (13.1), which
imposes the use of a constraint that must be chosen conveniently to make
the equations easier to solve numerically. The usual choice, further discussed

below in Section 13.2.2, consists in using the imaginary part of γ
(s)
j to keep the

GWPs normalized and to set the real part of η
(s)
j to zero in Equation (13.6).

This results in the following expression for a separable GWP:

g(s)
j (x, t) = ∏

α

(2πσ
(s)2
jα )−1/4 exp

(
− 1

4σ
(s)2
jα

[xα − x(s)
jα (t)]2

)

× exp
(

i
p(s)

jα (t)

h̄
xα

) (13.7)

13.2.2
Equations of Motion

Using the standard MCTDH approach, a variational solution of the time-
dependent Schrödinger equation for the expansion coefficients leads to [43,
187, 195]

ih̄Ȧ(s)
j = ∑

l,m
[S−1(s)]jl(H(ss)

lm − ih̄τ
(s)
lm )A(s)

m + ∑
s′ �=s

H(ss′)
lm A(s′)

m (13.8)
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where

S(s)
jl = 〈g(s)

j |g(s)
l 〉 (13.9)

H(ss′)
jl = 〈g(s)

j |Ĥ(ss′)|g(s′)
l 〉 (13.10)

τ
(s)
jl = 〈g(s)

j |ġ(s)
l 〉 (13.11)

are the elements of the overlap matrix, Hamiltonian matrix (for the opera-
tor connecting electronic states s and s′) and time-derivative matrix, respec-
tively. Equation (13.8) differs from a standard MCTDH equation only by the
term including the time-derivative matrix, which simply accounts for the non-
orthogonality of the Gaussian basis set.

Using the vector Λ = [λ(s)
j ], where λ

(s)
j = [λ(s)

ja ] collects together all the
time-dependent parameters defining each GWP (a = α for the f linear param-

eters, ξ
(s)
jα , in the frozen case and, in addition, a = f + α for the f quadratic

parameters, ζ
(s)
jα , in the separable case) , one can write the equations of motion

(time evolution of the width of the GWP and trajectory followed by its centre
in the phase space) [43, 187, 195] as

ih̄Λ̇ = C−1Y (13.12)

where

C(s)
jα,lβ = ρ

(ss)
jl (S(s,αβ)

jl − [S(s,α0)S−1(s)S(s,0β)]jl) (13.13)

Y(s)
jα = ∑

l
∑
s′

ρ
(ss′)
jl (H(ss′,α0)

jl − [S(s,α0)S−1(s)H(ss′)]jl) (13.14)

where the density matrix, ρ
(ss′)
jl = A(s)∗

j A(s′)
l , is defined as usual, and, in addi-

tion to the definitions of Equations (13.9)–(13.11),

S(s,α0)
jl =

〈 ∂g(s)
j

∂λ
(s)
jα

∣∣∣∣g(s)
l

〉
(13.15)

S(s,αβ)
jl =

〈 ∂g(s)
j

∂λ
(s)
jα

∣∣∣∣ ∂g(s)
l

∂λ
(s)
lβ

〉
(13.16)

H(ss′,α0)
jl =

〈 ∂g(s)
j

∂λ
(s)
jα

∣∣∣∣Ĥ(ss′)
∣∣∣∣g(s′)

l

〉
(13.17)

The equation of motion for the GWP parameters, Equation (13.12), shows that
they are coupled both directly and through the expansion coefficients. This
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introduces a quantum character to the basis set. As a result, unlike classical-
based methods, vMCG is able to describe quantum events such as tunnelling
[195] and curve crossing [194, 196, 199] without recourse to additional param-
eters. The structure of the equations of motion in terms of a classical part and
a purely quantum part is further analysed in Refs. [194] and [187].

Although the equations look complicated, they are straightforward to
evaluate, as all matrix elements have analytical expressions when using an
LHA representation for the diabatic PESs and the off-diagonal potential-like
interstate-coupling function, and rectilinear coordinates (Cartesian coordi-
nates of the nuclei or linear combinations such as normal coordinates de-
fined at a reference point) to express the kinetic energy operator (KEO). In
this context, all matrix elements can be expressed in terms of Gaussian mo-
ments [43, 187, 195, 198].

The scalar parameters, η
(s)
j in Equation (13.2) or γ

(s)
j in Equation (13.6), are

somewhat arbitrary, as they can be combined with the expansion coefficients,

A(s)
j , with no loss of information, as discussed above in Section 13.2.2. Thus,

in contrast to the quadratic and linear parameters, ζ
(s)
j and ξ

(s)
j , respectively,

the time evolution of the scalar parameters, η
(s)
j , is not determined by the vari-

ational principle, as this is made redundant by the variational optimization of

the coefficients, A(s)
j . They may, however, be used to change the characteris-

tics of the basis set. As expressed in Equation (13.7), the most useful choice
uses real scalar parameters that also keep the GWPs normalized. This results
in a more stable propagation.

Explicit time derivatives of all the parameters, including the scalar one, are
required to compute the time-derivative matrix, τ(s), Equation (13.11), by us-
ing the chain rule on the time derivative of the GWPs,

τ
(s)
jl = S(s)

jl η̇
(s)
l + ∑

a
S(s,0a)

jl λ̇
(s)
la (13.18)

Since the GWPs are normalized, the corresponding diagonal elements, τ
(s)
jj =

〈g(s)
j |ġ(s)

j 〉, are purely imaginary. Thus Equation (13.18) can be rearranged to
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provide an equation of motion for the real part of the scalar parameters,

η̇
(s)
j = −�∑

α

[S(s,0α)
jj ξ̇

(s)
jα + S(s,0α+ f )

jj ζ̇
(s)
jα ]

= − 1

2σ
(s)
jα

∑
α

[ x(s)
jα ẋ(s)

jα

σ
(s)
jα

−
x(s)2

jα σ̇
(s)
jα

σ
(s)2
jα

+ σ̇
(s)
jα

]

=
1

4ζ
(s)
jα

∑
α

[
2�ξ

(s)
jα �ξ̇

(s)
jα −

(�ξ
(s)
jα )2ζ̇

(s)
jα

ζ
(s)
jα

+ ζ̇
(s)
jα

]
(13.19)

where use was made of S(s,0α)
jj = x(s)

jα and S(s,0α+ f )
jj = x(s)2

jα + σ
(s)2
jα . This can

also be derived directly from Equations (13.3)–(13.5) and (13.7). The imaginary

part of η̇
(s)
j is simply set to zero so that the GWP ‘phase’ is incorporated into

the expansion coefficient evolution.

13.2.3
Integration Scheme

Using a simple predictor–corrector integration scheme, the coupling between
GWPs and the expansion coefficients in the vMCG method leads to very small
integration step sizes. The numerical instabilities due to singularities in the
C-matrix and overlap matrices when GWPs are either unpopulated or over-
lap extensively also cause problems. The recent development of an efficient
integration scheme based on the constant mean-field integrator developed
for standard MCTDH calculations (Chapter 4) [50], and tailored to the vMCG
method, has cured many of the problems [194]. In this approach, an auxiliary
orthogonal basis set is used. In addition to the vMCG Ansatz, Equation (13.1),
an MCTDH-like Ansatz is also taken,

|Ψ(x, t)〉 = ∑
s

∑
r

B(s)
r (t)ϕ

(s)
r (x, t)|s〉 (13.20)

where both basis sets are assumed to span the same Hilbert space, {|g(s)
j 〉} =

{|ϕ(s)
r 〉}.

Since the GWP basis set is non-orthogonal, the transformation matrix be-
tween the two basis sets is not simply the overlap matrix. In terms of the
overlap,

D(s)
jr = 〈g(s)

j |ϕ(s)
r 〉 (13.21)

the transformation from GWPs to SPFs is

|ϕ(s)
r 〉 = ∑

i
∑

j
[S−1(s)]ijD

(s)
jr |g(s)

i 〉 (13.22)
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and the transformation matrix, D′(s), is defined by D(s) = S(s)D′(s) in order to
get

|ϕ(s)
r 〉 = ∑

i
D′(s)

ir |g(s)
i 〉 (13.23)

Since the auxiliary basis set is orthonormal, the reciprocal transformation ma-
trix is the adjoint matrix of D(s),

|g(s)
i 〉 = ∑

r
|ϕ(s)

r 〉〈ϕ
(s)
r |g(s)

i 〉

= ∑
r

D†(s)
ri |ϕ(s)

r 〉
(13.24)

Note that D(s) is not Hermitian, but D†(s) and D′(s) are the inverse of
each other. Further, they satisfy D(s)D†(s) = S(s) and D′(s)D†(s) = 1; but
D†(s)D(s) �= S(s).

Using H′(ss′) = D†(s)S−1(s)H(ss′)D′(s) and B(s) = D†(s)A(s), the equation of
motion for the A-coefficients, Equation (13.8), is rearranged to

ih̄Ḃ(s) = ∑
s′

H′(ss′)B(s′) − ih̄D†(s)[Ḋ′(s) + S−1(s)τ(s)D′(s)]B(s) (13.25)

This expression can be simplified by using

Ḋ′(s) = S−1(s)Ḋ(s) − S−1(s)τ†(s)D′(s) − S−1(s)τ(s)D′(s) (13.26)

and

Ḋ(s) = τ†(s)D′(s) + D(s)Θ(s) (13.27)

where Θ(s)
qr = 〈ϕ

(s)
q |ϕ̇(s)

r 〉 is set to zero (usual MCTDH phase constraint). One
thus gets an MCTDH-like equation of motion for the B-coefficients:

ih̄Ḃ(s) = ∑
s′

H′(ss′)B(s′) (13.28)

The auxiliary basis set is built using a Gram–Schmidt orthonormalization at
the start of a propagation and the B-coefficients are propagated in place of the
A-coefficients. The D-matrix must also be propagated using Equation (13.27),
but the efficiency and stability compensates for the extra parameters in the
propagation. The basis functions still evolve according to the equation of mo-
tion, Equation (13.12), governing the propagation of the Λ-vector of Gaussian
parameters.

13.2.4
Initial Wavepacket

For simulating a Franck–Condon transition, the initial wavepacket, taken as
a separable Gaussian product state representing the ground state of vibration
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in the electronic ground state, is used as a generic Gaussian function to define
the rest of the variational Gaussian basis set when the conditions involve more
than one function. In contrast to other GWP methods, vMCG is insensitive to
the choice of initially non-populated basis functions. The variational nature
means that the basis functions will follow the evolving wavepacket as well as
possible and the same result is obtained irrespective of where they all start.
The numerics of the propagation are, however, affected. It is found that it
is best if all the functions are initially arranged closely packed around the
initially populated GWP. This makes the basis set effectively complete for the
first few integration steps so that the initial motion is mostly in the expansion
coefficients allowing a smoother start.

In practice, the set of Gaussian functions are generated around the original
function with the same widths, but positioned so that the overlap between
any two functions is less than a fixed value (which can be chosen between
0.5 and 0.8 for numerical stability). Any new functions in the expansion are
added in a shell-filling way: they correspond to a positive displacement along
each successive coordinate until a half shell is reached, then a negative dis-
placement until a full shell is completed (2 f + 1 functions if f is the number
of coordinates) and so on.

The wavepacket, placed at t = 0 on the excited electronic state, is then a
superposition of all these functions, with the expansion coefficients set to 0 for
all functions except the original, which has a weight of 1. A new option has
been implemented and used, which allows one to build explicitly the initial
wavepacket by choosing the initial values of the coefficients, A, and parame-
ters, Λ, for all the GWPs. In this way, it is possible to fit the initial wavepacket
to functions that are not Gaussian. This can be required when dealing, for
instance, with forbidden electronic transitions, where the initial wavepacket
needs to account for Herzberg–Teller selection rules (Franck–Condon wave-
packet multiplied by a coordinate-dependent transition dipole moment).

13.2.5
Direct Dynamics Implementation

Using an LHA approximation for the coupled PESs at the centre of each GWP
is a reasonable approximation because Gaussian functions are localized in
space. In addition, using many frozen GWPs rather than a few thawed GWPs
reduces the numerical errors, as the LHA will have a better range of applica-
bility. This representation can be obtained directly from electronic structure
calculations. The corresponding direct dynamics implementation of vMCG is
termed DD-vMCG [198–200].

For two coupled electronic states, DD-vMCG propagations are carried out
in a diabatic representation, which makes the LHA easier to define, because
non-adiabatic couplings enter the Hamiltonian as a local function acting as a
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potential-like operator. In contrast, the adiabatic representation is most easily
connected to on-the-fly computations, because the adiabatic surfaces are those
obtained directly from a quantum chemistry code. At the moment, a simple
form of the regularized diabatic states method of Köppel [201, 202] has been
implemented (see also Ref. [196] for more details about the implementation) to
transform the adiabatic information from the quantum chemistry calculations
into the LHA expansion of both diabatic PESs and the coupling function. In
this method, the gradient difference and non-adiabatic coupling at a point on
the conical intersection seam [4] are used within a linear vibronic coupling
Hamiltonian to estimate the transformation matrix.

The DD-vMCG propagation code has been implemented in a development
version of the Heidelberg MCTDH package interfaced with a development
version of the GAUSSIAN program [203]. Around the centre of each Gauss-
ian function of the vMCG expansion, the LHA representation of the pair of
diabatic PESs and the corresponding coupling function has to be regularly
updated for each electronic state, which implies a calculation of the local adia-
batic Hessian, gradient and energy for both electronic states and a subsequent
diabatic regularization. The update must be carried out at the centre of each
GWP in the expansion. This step is the most expensive of the whole direct
dynamics process and can be run in parallel. In particular, analytical Hessian
calculations are a bottleneck. Effort could be saved here by the use of Hessian
update procedures, for example based on gradients. This is something to be
implemented in future versions to apply the method to larger systems.

Owing to the small time steps of the nuclear dynamics, it is unnecessary
to recalculate the surfaces at each step, as the surfaces do not change that
fast. Instead, the LHA surfaces can be used as a model over which the sys-
tem is propagated for a short while before being updated. An update time of
0.5 or 1 fs led to no significant loss of accuracy in all applications.

A further saving of effort has been implemented in the form of a database
to store quantum chemistry calculations. The potential energy, gradient and
Hessian of each electronic state are stored for each geometry where a calcula-
tion was made. If a GWP describes an oscillatory motion and passes through
the space already sampled, the information for the LHA at the current point
is not recalculated but rather is taken from the database by extrapolating the
existing data through a harmonic expansion. The database is used if it con-
tains at least one sufficiently close geometry, defined as when the relative stan-
dard deviation from the current geometry does not exceed a tunable criterion
(typically 1% in most applications). When two database geometries are close,
two-point-averaged extrapolations are used, with weights depending on the
proximity to the current point.

A further advantage of using a database is that information from previous
calculations can be reused, increasing thus the speed of successive calculations
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on a given system. The database thus grows, which means that global PES
representations are gradually built in a similar way to the production of a PES
in the GROW method [204].

The geometry and the first and second derivatives of the potential energy
are stored in the database in Cartesian coordinates, which implies the use
of a particular frame. However, the program should not ignore a database
record differing from the current structure by only a rigid rotation. To deal
with this, the code compares both geometries in a common standard orien-
tation, uniquely defined in a conventional Eckart frame. Details are given in
Ref. [198].

Another issue comes from the fact that identical nuclei in a molecule will
lead to symmetry degeneracy in the complete nuclear permutation group. All
permutation versions are thus considered as a unique species when compar-
ing structures so that efficient use may be made of the stored information. This
is further discussed in Ref. [199].

13.3
Applications

The first application of the vMCG method was to the four-dimensional
Henon–Heiles potential, a set of coupled oscillators with linear–bilinear cou-
plings [195]. The spectrum was accurately obtained with only a few GWP
functions. Furthermore, the potential is unbound and it was noted that it
was possible for the GWPs to go over the barrier and escape, thereby simu-
lating tunnelling. The capabilities of the vMCG method were more recently
demonstrated in benchmark calculations on the pyrazine absorption spec-
trum [187, 194] Calculations using GWPs that follow classical trajectories
exhibited a much slower convergence and required far more effort despite the
fact that they are much easier to integrate.

The convergence characteristic is of great importance for direct dynamics,
whereby saving basis functions saves trajectories, and thus fewer points need
to be calculated. The first application of DD-vMCG was to a classic problem
in non-adiabatic dynamics: the butatriene cation [196], in which two states
are strongly coupled with a conical intersection. This non-adiabatic coupling
plays a crucial role in the photoelectron spectrum, being responsible for a
range of unexpected states, which is seen as a ‘mystery band’ [205, 206].

The PESs of the cation were calculated using a complete active space self-
consistent field (CASSCF) wavefunction with five electrons spread over the six
π orbitals of the planar molecule and a 3-21G* basis set. To compare to stan-
dard MCTDH calculations, an analytic vibronic coupling model Hamiltonian
was also calculated at the same level of theory [196].
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Figure 13.1 The time evolution of the adiabatic X̃ and Ã reduced den-
sities (contour plots) in the space of the two major nuclear modes of
the butatriene cation X̃/Ã states calculated using the model Hamil-
tonian and standard MCTDH calculations; 80 direct dynamics surface-
hopping trajectories are shown for comparison (crosses). The upper-
most frame contains a cut through the adiabatic PESs in this space
with all other coordinates set to zero. Taken from Ref. [193].

At the time it was not possible to converge the results. It was, however,
shown that, with 16 GWPs per state, vMCG was able to describe qualitatively
the passage through the intersection, including the bifurcation along the cou-
pling mode after crossing to the adiabatic ground state. With just eight GWPs
per state, DD-vMCG calculations were performed and shown to provide rea-
sonable state populations at a lower cost than comparable direct dynamics
surface-hopping calculations [175, 207]. Figure 13.1 shows a comparison be-
tween direct dynamics semiclassical trajectories and standard MCTDH calcu-
lations [193], and Figure 13.2 shows a comparison between standard MCTDH
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Figure 13.2 The time evolution of the adiabatic X̃ reduced density
(contour plots) in the space of the two major nuclear modes of the bu-
tatriene cation X̃/Ã states calculated using the model Hamiltonian:
full quantum dynamics (left-hand column), and vMCG dynamics us-
ing 16 GWPs per state (right-hand column). The uppermost frame
contains a cut through the X̃ adiabatic potential energy surface in this
space with all other coordinates set to zero. Taken from Ref. [196].

calculations and vMCG calculations [196] (both MCTDH and vMCG calcu-
lations used the model Hamiltonian). This shows that the 80 semiclassical
trajectories fail to keep with the evolving wavepacket unlike the fewer (32)
‘quantum trajectories’.

The next application of DD-vMCG analysed its performance in greater de-
tail, looking at the photodissociation of NOCl as a small test system [198,200].
Again, this is a classic well-studied system in quantum dynamics [37, 208].
NOCl dissociates after excitation to the S1 state directly on the adiabatic sur-
face with excitation of the NO bond. Of particular interest here was the choice
of coordinates. Direct dynamics calculations are easier to perform in rectilin-
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ear coordinates because the corresponding KEO is straightforward to derive
and apply, as it does not depend on the position of the point. They are also
to be preferred for GWP-based simulations, as the rectilinear KEO matrix ele-
ments are simple to evaluate analytically using Gaussian moments. Cartesian
coordinates are also used to describe the PES in the quantum chemistry calcu-
lations, so the two parts of the calculation are easy to match up. For quantum
dynamics calculations, however, curvilinear coordinates are often the more
natural choice (see Chapter 12). They usually enable a better separation of ro-
tational and internal motion, and eigenfunctions have a much simpler form,
as these coordinates can be better related to quantum numbers. Implementing
the use of curvilinear coordinates here would imply the on-the-fly calculation
of the local expression of the curvilinear KEO. This could be achieved by in-
terfacing the vMCG code to the TNUM code of Lauvergnat [139, 192].

For NOCl, while the ground-state wavefunction is nearly separable in Ja-
cobi coordinates, using rectilinear coordinates introduces spurious coupling
between modes that is seen in the calculated spectrum as extra high-energy
structure. From the spectrum, 13 GWPs gave fairly converged DD-vMCG cal-
culations, while a single GWP gave very poor results. The best approach was
found to be the use of Cartesian coordinates of the Jacobi vectors. Including
the centre-of-mass motion in a naive nine-dimensional Cartesian calculation
was not bad, but did allow rotational contamination of the initial wavepacket,
thus inducing a broader spectrum.

The use of a database proved essential in the most recent application. In
this, DD-vMCG calculations were used to explore the S0/S1 conical intersec-
tion seam of benzene [199, 209]. A CASSCF wavefunction was used, with six
electrons spread over the six π orbitals of the planar molecule and a 6-31G*
basis set. A database with approximately 20 000 entries was generated dur-
ing a series of calculations, which maps much of the space that is relevant to
describe the access to the extended seam of conical intersection. By using dif-
ferent initial conditions, it was possible to see how exciting certain vibrational
modes by specific amounts (by giving an initial momentum) made possible an
increase of the population undergoing non-adiabatic transitions. It was also
analysed how targeting specific regions of the crossing seam could be either in
favour of the reactant regeneration or likely to help the formation of products.
Typical trajectories are shown in Figure 13.3, with different initial conditions
leading to different outcomes.
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Figure 13.3 Targeting the S1/S0 conical
intersection seam in benzene. The four tra-
jectories are expectation values from DD-
vMCG calculations with different initial mo-
menta. (a) Expectation values in the ν4/ν16a
(boat/chair) plane showing that the trajec-
tories all target the intersection (marked

S1/S0 CoIn). (b) Changing the momentum
in the ν1 breathing mode gives different be-
haviour – that desired is the middle two tra-
jectories that cross the seam and carry on
towards the photochemical products, whereas
the other two trajectories curve back towards
the reactant (benzene). Taken from [199].

13.4
Conclusions

The effect of non-adiabatic vibronic coupling is often important in electronic
spectroscopy and photochemistry. Direct quantum dynamics simulations
based on the expansion of the non-adiabatic wavepacket on a basis set of time-
dependent Gaussian functions are an attractive variant of standard MCTDH
calculations, promising to simulate general molecules in a straightforward
manner. Modern computational techniques and computer resources are now
able to cope with the huge computational effort required in these calculations,
and results have been obtained on a range of systems.

Further developments in algorithms and computer power will mean that
direct quantum dynamics will become ever more feasible, opening the door to
quantum dynamics calculations being performed in the same straightforward
way as electronic structure calculations. The result will enable us not only to
treat the photochemistry of polyatomic molecules, but also to test and develop
theory to meet the challenge these systems provide.
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One must accept that quantum dynamics simulations are limited by the ac-
curacy of the quantum chemistry used. An analytic function can be improved
by the inclusion of all available information, such as experimental data. This
is not possible in direct quantum dynamics. For excited electronic states, the
CASSCF method allows calculation of analytic gradients and Hessians and
provides thus the best-quality ab initio data that can be used in direct quantum
dynamics calculations to date. Therefore, future implementations of analytic
second derivatives in methods able to add dynamical correlation to CASSCF
wavefunctions, for example, multireference configuration interaction (MRCI),
restricted active space self-consistent field (RASSCF), or complete active space
with second-order perturbation theory (CASPT2), are expected to improve the
now limited accuracy of direct quantum dynamics simulations.

As a final note it must be remarked that, while this chapter has focused
on running direct dynamics calculations as calculations in their own right,
they are also used in the development of standard potential surfaces. For ex-
ample, Bowman and co-workers used direct dynamics trajectories as a star-
ing point in the development of multidimensional surfaces such as those for
H5O3

+ [210] and CH5
+ [211]. A second example is the work of the Collins

group [212]. Direct dynamics trajectories provide sample points where the
energy, first and second derivatives of the potential are calculated and stored.
Powerful interpolation procedures are then used to provide the potential at
any point [204, 213]. The resulting computer code, GROW, is able to provide
high-quality surfaces for adiabatic reactions [214]. The DD-vMCG method,
with its superior convergence properties, may play a useful role, building on
the database of points already generated by calculations.
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14
Multilayer Formulation of the Multiconfiguration
Time-Dependent Hartree Theory
Haobin Wang and Michael Thoss

14.1
Introduction

In this chapter we discuss the multilayer (ML) formulation of the MCTDH
theory. The ML-MCTDH method [119] represents an extension of the stan-
dard MCTDH approach [30, 34, 37, 38] that allows accurate quantum dynami-
cal simulations for significantly larger and more complex systems. The key
factor for this powerful extension is the more flexible and efficient way of
representing the overall wavefunction in the ML-MCTDH method. This can
be rationalized by the analogous comparison between the standard MCTDH
approach with conventional wavepacket propagation methods. In the lat-
ter methods, the wavefunction is expressed rigidly as a linear combination
of time-independent configurations (orbitals) multiplied by time-dependent
coefficients. Thus, only the expansion coefficients vary during the time evo-
lution. In contrast to that, in the MCTDH scheme both the expansion coeffi-
cients and the orbitals are time dependent according to the variation princi-
ple. This greatly reduces the redundant parameters involved in conventional
wavepacket propagation methods and enables one to study dynamical pro-
cesses involving a few tens of degrees of freedom. However, the scalability to
larger systems of the MCTDH method is limited due to the fact that the config-
urations (orbitals) are expanded in terms of time-independent basis functions.
It is thus natural to exploit the possibility of applying the basic MCTDH strat-
egy also at the level of the configurations (orbitals), which is the ML-MCTDH
theory to be described in this chapter.

Before describing in detail the theory and derivation of the ML-MCTDH
method, two issues deserve to be mentioned. First, the ML-MCTDH theory
is a method for wavepacket propagation that is based rigorously on the vari-
ational principle, just like the MCTDH method or any conventional wave-
packet approaches. The fact that the ML-MCTDH method is applicable to
more complex dynamical problems with many degrees of freedom (for exam-
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ple, a few hundred) is not based on any sacrifice of theoretical rigorousness
but rather on a better, more flexible way of expressing the variational func-
tional, which is known to be a key component for an effective variational
calculation. Second, the multilayer construction of the wavefunction does
not impose any additional limitations compared with the original MCTDH
method. Any Hamiltonian that can be treated via the MCTDH approach can
equally be handled with the ML-MCTDH theory. The only potential draw-
back of the ML-MCTDH method is its complexity with respect to implemen-
tation. This is, however, offset by the tremendous gain in computational effi-
ciency the method can offer.

In the following section the theoretical formulation of the ML-MCTDH
method will be presented. To facilitate a better understanding of the basis
of its efficiency, we first give a brief outline of the conventional basis set ap-
proach to wavepacket propagations from a variational point of view. We then
summarize briefly the derivation of the MCTDH method, discuss why it is a
significant improvement over the conventional approach, and analyse its cur-
rent limitations for treating even larger systems. This only serves as a basis
for the subsequent derivation of the ML-MCTDH method. For a more com-
plete derivation and analysis of the MCTDH theory, the reader should consult
Chapter 3. Finally, we present a detailed derivation of the ML-MCTDH theory
and analyse the essential features that make this method more effective.

14.2
From Conventional Wavepacket Propagation to ML-MCTDH Theory:
A Variational Perspective

14.2.1
Conventional Approach Based on Time-Independent Configurations

The equations of motion for a variational basis set approach to quantum dy-
namics can be obtained from the Dirac–Frenkel variational principle [32, 33]〈

δΨ(t)
∣∣∣∣i ∂

∂t
− Ĥ

∣∣∣∣Ψ(t)
〉

= 0 (14.1)

In most conventional wavepacket propagation methods, the wavefunction is
expressed as a linear combination of time-independent states (configurations)
|ΦJ〉,

|Ψ(t)〉 = ∑
J

AJ(t)|ΦJ〉 (14.2)
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where J is a multidimensional index that runs through all combinations of
basis functions in f degrees of freedom, that is,

∑
J

AJ(t)|ΦJ〉 ≡ ∑
j1

∑
j2

· · ·∑
j f

Aj1 j2...j f
(t)

f

∏
ν=1

|φ(ν)
jν

〉 (14.3)

For convenience, the basis functions for each degree of freedom are usually
chosen to be orthonormal

〈φ(ν)
n |φ(ν)

m 〉 = δnm (14.4a)

which yields orthonormal time-independent configurations

〈ΦL|ΦJ〉 = δLJ (14.4b)

Since the configurations |ΦJ〉 are considered to be fixed and time independent,
the variation and the time derivative of the wavefunction are given by

δ|Ψ(t)〉 = ∑
J

δAJ(t) |ΦJ〉 (14.5a)

∂

∂t
|Ψ(t)〉 = ∑

J
ȦJ(t) |ΦJ〉 (14.5b)

After substitution into Equation (14.1) and application of the orthonormality
condition of Equation (14.4), this results in the usual expression for the time
evolution of the expansion coefficients,

iȦJ(t) = 〈ΦJ |Ĥ|Ψ(t)〉 = ∑
L
〈ΦJ |Ĥ|ΦL〉AL(t) (14.6)

Equation (14.6) is the scheme used in most of the current time-dependent
wavepacket propagation methods. Considerable effort has been devoted to
optimizing various aspects of the calculation, including the choice of basis
functions and/or discrete variable representations (DVRs), coordinate sys-
tems, and methods of propagation. However, the fact that in this scheme the
configurations are fixed and only the expansion coefficients are varied – which
corresponds to a full configuration-interaction (FCI) approach in electronic
structure calculations – severely restricts its practical applicability. As is ev-
ident from Equation (14.3), the total number of coefficients AJ(t) = Aj1 j2...j f

(t)
or combinations of basis functions (configurations)

|ΦJ〉 =
f

∏
ν=1

|φ(ν)
jν

〉

scales exponentially versus the number of degrees of freedom. As a result, a
dynamical calculation for more than about 10 degrees of freedom, which cor-
responds roughly to 1010 states, is rather unrealistic with the current computer
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hardware. Hence, the application of wavepacket propagation schemes based
on Equation (14.6) is limited to systems of four or five atoms.

In many physical situations, however, only a relatively small number of
time-dependent combinations of the fixed configurations are important for de-
scribing the quantum dynamics accurately. Therefore, it appears to be more
appropriate to describe the wavefunction in the functional of the variational
procedure in terms of time-dependent configurations. This idea is the concep-
tual basis of the MCTDH approach [30, 34, 37, 38].

14.2.2
The Multiconfiguration Time-Dependent Hartree Method

As described in Chapter 3, within the MCTDH method [30,34,37,38] the wave-
function is expanded in time-dependent configurations

|Ψ(t)〉 = ∑
J

AJ(t)|ΦJ(t)〉 (14.7)

The major difference from the conventional approach, Equation (14.2), is thus
that the configurations (orbitals) are also optimized in the variational proce-
dure, a common and popular practice in electronic structure theory calcula-
tions for time-independent variations. In this way, the Dirac–Frenkel varia-
tional procedure can be separated explicitly into two parts:〈

δΨ(t)
∣∣∣∣i ∂

∂t
− Ĥ

∣∣∣∣Ψ(t)
〉

coefficients
= 0 (14.8a)

and〈
δΨ(t)

∣∣∣∣i ∂

∂t
− Ĥ

∣∣∣∣Ψ(t)
〉

orbitals
= 0 (14.8b)

where in Equation (14.8a) only the expansion coefficients are varied and in
Equation (14.8b) only the orbitals. For situations where quantum statistics
have been built into the Hamiltonian operator and is not explicitly expressed
in the wavefunction, each configuration is expressed in the form of a Hartree
product,

|ΦJ(t)〉 =
p

∏
κ=1

|ϕ(κ)
J (t)〉 (14.9)

where |ϕ(κ)
J (t)〉 is the single-particle function (SPF) for the κth single particle

(SP) group and p is the total number of SP groups. The expansion scheme for
the MCTDH wavefunction thus reads

|Ψ(t)〉 = ∑
j1

∑
j2

· · ·∑
jp

Aj1 j2...jp(t)
p

∏
κ=1

|ϕ(κ)
jκ

(t)〉 (14.10)
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For a fixed number of configurations, the MCTDH method can be considered
as the time-dependent analogue of complete active space self-consistent field
(CASSCF) methods in electronic structure theory. Thus, similar procedures
can be used to separate the orbitals into active and inactive spaces, although
the latter is usually eliminated in most MCTDH applications.

Without loss of generality, we consider the situation where SPFs are ortho-
normal,

〈ϕ
(κ)
n (t)|ϕ(κ)

m (t)〉 = δnm (14.11)

In differential form, this is equivalent to

〈ϕ
(κ)
n (0)|ϕ(κ)

m (0)〉 = δnm (14.12a)〈
ϕ

(κ)
n (t)

∣∣∣∣i ∂

∂t
ϕ

(κ)
m (t)

〉
= 〈ϕ

(κ)
n (t)|ĝκ |ϕ(κ)

m (t)〉 (14.12b)

Here, ĝκ is an arbitrary Hermitian operator that does not affect the quality of
the multiconfigurational expansions of the wavefunction, but determines the
explicit form of the equations of motion (see Section 3.2). For simplicity we
have chosen ĝk = 0 in this chapter, which yields the differential orthonormal-
ity condition

〈ϕ
(κ)
n (0)|ϕ(κ)

m (0)〉 = δnm (14.13a)〈
ϕ

(κ)
n (t)

∣∣∣∣ ∂

∂t
ϕ

(κ)
m (t)

〉
≡ 〈ϕ

(κ)
n (t)|ϕ̇(κ)

m (t)〉 = 0 (14.13b)

As described in Chapter 3, the variations in Equation (14.8), with the ortho-
normal constraints above, lead to the MCTDH equations of motion:

iȦJ(t) = 〈ΦJ(t)|Ĥ|Ψ(t)〉 = ∑
L
〈ΦJ(t)|Ĥ|ΦL(t)〉AL(t) (14.14a)

i|ϕ̇(κ)(t)〉 = [1 − P̂(κ)(t)][ρ̂(κ)(t)]−1〈Ĥ〉(κ)(t)|ϕ(κ)(t)〉 (14.14b)

Equation (14.14a) is similar to Equation (14.6), except that the Hamilton-
ian matrix KJL(t) ≡ 〈ΦJ(t)|Ĥ|ΦL(t)〉 now becomes time dependent. Equa-
tion (14.14b) describes the time-dependent change of the SPFs, which does not
appear in the conventional method. Various quantities are defined in Chap-
ter 3 of this book:

|ϕ(κ)(t)〉 = {|ϕ(κ)
1 (t)〉, |ϕ(κ)

2 (t)〉, . . .}T

denotes the symbolic column vector of the SPFs for the κth SP group, 〈Ĥ〉(κ)(t)
denotes the mean-field operator, ρ̂(κ)(t) is the reduced density matrix,

〈Ĥ〉(κ)
nm(t) = 〈Ψ(κ)

n (t)|Ĥ|Ψ(κ)
m (t)〉 (14.15a)

ρ
(κ)
nm(t) = 〈Ψ(κ)

n (t)|Ψ(κ)
m (t)〉 (14.15b)
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and P(κ)(t) is the SP space projector for the κth SP group,

P(κ)(t) = ∑
m
|ϕ(κ)

m (t)〉〈ϕ
(κ)
m (t)| (14.16)

In the expressions above, the single-hole function |Ψ(κ)
n (t)〉 for the κth SP

group is defined as [30, 34, 37, 38] (see Equation (3.10))

|Ψ(κ)
n (t)〉 = ∑

j1

· · · ∑
jκ−1

∑
jκ+1

· · ·∑
jp

Aj1...jk−1njk+1...jp(t)
p

∏
λ �=κ

|ϕ(λ)
jλ

(t)〉 (14.17a)

so that

|Ψ(t)〉 = ∑
n
|ϕ(κ)

n (t)〉|Ψ(κ)
n (t)〉 (14.17b)

In practice, one solves the above coupled differential equations (14.14a) and
(14.14b) simultaneously using an ordinary differential equation (ODE) inte-
grator or a more elaborate integrator as described in Chapter 4. Three more
technical details that affect the efficiency and reliability of the method are
worth mentioning. First, it is advantageous to subtract the average energy
from the Hamiltonian. This reduces the phase oscillation in the time evolu-
tion and does not change any physical quantities to be evaluated. Second, the
time-dependent projection operator 1 − P̂(κ)(t) keeps the SPFs orthonormal
within the same SP group. A naive implementation, however, does not fulfil
this requirement due to numerical round-off errors. To remedy the numerical
deficiency, the mathematically equivalent form

[1 − P̂(κ)(t)]2 = [1 − P̂(κ)(t)] (14.18)

can be used in Equation (14.14b). Similar tricks are often used in carrying out
numerical Gram–Schmidt orthogonalizations. Third, it should be noted that
[ρ̂(κ)(t)]−1 denotes the pseudo-inverse. It casts the equations for the SPFs,

i ∑
m

ρ
(κ)
nm(t)|ϕ̇(κ)

m (t)〉 = [1 − P̂(κ)(t)] ∑
m
〈Ĥ〉(κ)

nm(t)|ϕ(κ)
m (t)〉 (14.19)

into the form of Equation (14.14b), which is based on the explicit variation of
the SPFs,

i
〈

δϕ
(κ)
n (t)

∣∣∣∣∑
m

ρ
(κ)
nm(t)

∣∣∣∣ϕ̇(κ)
m (t)

〉

=
〈

δϕ
(κ)
n (t)

∣∣∣∣[1 − P̂(κ)(t)] ∑
m
〈Ĥ〉(κ)

nm(t)
∣∣∣∣ϕ(κ)

m (t)
〉

(14.20)
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On the other hand, Equation (14.19) can also be solved using the singu-
lar value decomposition (SVD) technique. Our experience shows that the
pseudo-inverse solver is more efficient.

At first glance, the expansion in the MCTDH approach, Equation (14.10),
resembles that in the FCI-type expression of Equation (14.3), that is, the to-
tal number of time-dependent configurations still scales exponentially versus
the total number of SP groups p. However, the MCTDH method is applica-
ble to more complex systems for two reasons: (i) The base of the exponential
increase in labour of the MCTDH approach is usually much smaller than in a
conventional FCI method, because the number of physically important SPFs
is usually much smaller than the number of time-independent basis functions
in the FCI approach. (ii) Each SP group can contain several physical degrees
of freedom so that the number of SP groups (p) is usually much less than the
number of physical degrees of freedom ( f ). As a result, the overall compu-
tational effort in the MCTDH approach scales more slowly with respect to
the number of degrees of freedom, which makes the MCTDH method capa-
ble of handling rather large molecular systems in a numerically converged
way [62, 63, 75, 119, 215–226].

The main limitation of the MCTDH approach outlined above lies in its way
of constructing the SPFs, which is based on a multidimensional expansion
employing time-independent Hartree products,

|ϕ(κ)
n (t)〉 = ∑

I
Bκ,n

I (t)|uκ
I 〉 ≡ ∑

i1
∑
i2

· · · ∑
iF(κ)

Bκ,n
i1i2...iF(κ)

(t)
F(κ)

∏
q=1

|φκ,q
iq

〉 (14.21)

Here F(κ) is the number of degrees of freedom contained in the κth SP group,
and |φκ,q

iq
〉 denotes the corresponding time-independent primitive basis func-

tions for the qth degree of freedom within this SP group. The FCI-type expan-
sion of the SPFs in Equation (14.21) is usually limited to a few (∼10) degrees
of freedom, and the multiconfigurational expansion of the wavefunction in
Equation (14.10) is typically limited to about 10 SP groups. As a result, a
routine MCTDH calculation is limited to systems with a few tens of quan-
tum degrees of freedom (which is already many more than can be treated via
conventional approaches). A further improvement can be achieved by em-
ploying static basis set contraction techniques [119, 216, 218, 219, 223, 224] (for
example, adiabatic reduction [227]), but due to the limitations discussed above
the quantum dynamical treatment of a system with more than 100 degrees of
freedom is currently not feasible.

As described in the next section, the ML-MCTDH theory [119] success-
fully circumvents these limitations of the MCTDH method. The basic idea
of the ML-MCTDH formulation is to use dynamic contraction of the basis
functions that constitute the original SPFs by building further layers in the
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MCTDH functional. This strategy can also be viewed as ‘cascading’ the orig-
inal MCTDH method to the SPFs [38], that is, using the MCTDH strategy to
treat each SP group.

14.2.3
The Multilayer Formulation of the MCTDH Theory

The motivation of formulating the ML-MCTDH method is to extend the ap-
plicability of the original MCTDH method to substantially larger systems. For
this purpose, the number of physical degrees of freedom that each SP group
can accommodate needs to be increased significantly. To this end, the FCI-type
construction of the SPFs in Equation (14.21) is replaced by a time-dependent
multiconfigurational expansion

|ϕ(κ)
n (t)〉 = ∑

I
Bκ,n

I (t)|uκ
I (t)〉 (14.22a)

that is, the basic strategy of the MCTDH method, Equation (14.7), is adopted
to treat each SPF.

We start our discussion with the two-layer formulation and then generalize
it to an arbitrary number of layers. For clarity, we refer in the following to the
SP introduced in the previous MCTDH section as the level-one (L1) SP, which
in turn contains several level-two (L2) SPs,

|uκ
I (t)〉 =

Q(κ)

∏
q=1

|v(κ,q)
iq

(t)〉 (14.22b)

Similar to Equation (14.10), the L1 SP function |ϕ(κ)
n (t)〉 is expanded in the

time-dependent L2 SPFs as

|ϕ(κ)
n (t)〉 = ∑

I
Bκ,n

I (t)|uκ
I (t)〉

≡ ∑
i1

∑
i2

· · · ∑
iQ(κ)

Bκ,n
i1i2...iQ(κ)

(t)
Q(κ)

∏
q=1

|v(κ,q)
iq

(t)〉
(14.23)

Here, Q(κ) denotes the number of L2 SP groups in the κth L1 SP and |v(κ,q)
iq

(t)〉
is the L2 SPF for the qth L2 SP group. Both are contained in the κth L1 SP
group. The expansion of the overall wavefunction can thus be written in the
form

|Ψ(t)〉 (14.24)

= ∑
j1

∑
j2

· · ·∑
jp

Aj1 j2...jp(t)
p

∏
κ=1

[
∑
i1

∑
i2

. . . ∑
iQ(κ)

Bκ,jκ
i1i2...iQ(κ)

(t)
Q(κ)

∏
q=1

|v(κ,q)
iq

(t)〉
]
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As a result, the Dirac–Frenkel variational principle can be written explicitly as〈
δΨ(t)

∣∣∣∣i ∂

∂t
− Ĥ

∣∣∣∣Ψ(t)
〉

top coefficients
= 0 (14.25a)

〈
δΨ(t)

∣∣∣∣i ∂

∂t
− Ĥ

∣∣∣∣Ψ(t)
〉

L1 SPFs
= 0 (14.25b)

〈
δΨ(t)

∣∣∣∣i ∂

∂t
− Ĥ

∣∣∣∣Ψ(t)
〉

L2 SPFs
= 0 (14.25c)

Thus, the equations of motion within the ML-MCTDH approach are ob-
tained from variation of the overall wavefunction |Ψ(t)〉 with respect to three
parts:

(i) the top (L1) expansion coefficients AJ(t) in Equation (14.7);

(ii) the L1 SPFs, that is, the L2 expansion coefficients Bκ,n
I (t) in Equa-

tion (14.22a); and

(iii) the L2 SPFs, |v(κ,q)
iq

(t)〉 in Equation (14.23), which are yet to be specified.

The first two parts give equations that are in the same form as Equations
(14.14a) and (14.14b):

iȦJ(t) = ∑
L
〈ΦJ(t)|Ĥ|ΦL(t)〉AL(t) (14.26a)

i|ϕ̇(κ)(t)〉L2 coefficients = [1 − P̂(κ)(t)][ρ̂(κ)(t)]−1〈Ĥ〉(κ)(t)|ϕ(κ)(t)〉 (14.26b)

Here, the symbolic notation on the left-hand side of Equation (14.26b) means
that the time derivative of the L1 SPFs is only taken with respect to the L2
expansion coefficients Bκ,n

I and does not act on the L2 configuration |uκ
I (t)〉

(see Equation (14.23)).
It is important to point out that, in the ML-MCTDH formulation, vari-

ous quantities, such as the configurations |ΦJ(t)〉, the Hamiltonian matrix
KJL(t) = 〈ΦJ(t)|Ĥ|ΦL(t)〉, the L1 mean-field operator 〈Ĥ〉k(t) and the L1 SPF

|ϕ(κ)(t)〉, depend on the L2 SPFs |v(κ,q)
iq

(t)〉. Therefore, these quantities need to
be built explicitly from the bottom-layer SPFs and basis functions and are thus
more complicated to evaluate than in the original MCTDH method. For this
reason, the ML-MCTDH approach is not expected to be more efficient than
the standard MCTDH method if applied to systems with only a few degrees
of freedom. Rather, it is designed to treat more complex problems with many
degrees of freedom.
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In order to carry out the third task (iii) above, the variation with respect to

the L2 SPFs, it is useful to define the L2 single-hole function |g(κ,q)
n,r (t)〉 in the

same spirit as in Equation (14.17),

|ϕk
n(t)〉 = ∑

r
|v(κ,q)

r (t)〉 |g(κ,q)
n,r (t)〉 (14.27)

It should be noted that the L2 single-hole function |g(κ,q)
n,r (t)〉 depends on the

L1 SPF index n, but the L2 SPF |v(κ,q)
r (t)〉 does not. For simplicity, the L2 SPFs

are again chosen to be orthonormal similar to Equation (14.13),

〈v(κ,q)
r (0)|v(κ,q)

s (0)〉 = δrs (14.28a)〈
v(κ,q)

r (t)
∣∣∣∣ ∂

∂t
v(κ,q)

s (t)
〉

≡ 〈v(κ,q)
r (t)|v̇(κ,q)

s (t)〉 = 0 (14.28b)

which also leads to the orthonormality condition for the L2 configurations,

〈uκ
l (0)|uκ

j (0)〉 = δl j (14.28c)

〈uκ
l (t)|u̇κ

j (t)〉 = 0 (14.28d)

The variation of the L2 SPFs is thus given by

|δΨ(t)〉L2 SPF =
p

∑
κ=1

∑
n
|δϕ

(κ)
n (t)〉L2 SPF |Ψ(κ)

n (t)〉

=
p

∑
κ=1

∑
n

Q(κ)

∑
q=1

∑
r
|δv(κ,q)

r (t)〉|g(κ,q)
n,r (t)〉|Ψ(κ)

n (t)〉 (14.29)

As the variation can be carried out independently for each L2 SPF |δv(κ,q)
r (t)〉,

the summation over κ, q and r can be dropped. On the other hand, it is impor-

tant to note that, due to the dependence of the single-hole functions |g(κ,q)
n,r (t)〉

on the L1 SPF index n, the summation over n has to be retained for variations
of L2 SPFs. Application of the Dirac–Frenkel variational principle leads to a
modification of Equation (14.20),

i ∑
n

〈
δϕ

(κ)
n (t)L2 SPF

∣∣∣∣∑
m

ρ
(κ)
nm(t)

∣∣∣∣ϕ̇(κ)
m (t)

〉

= ∑
n

〈
δϕ

(κ)
n (t)L2 SPF

∣∣∣∣[1 − P̂(κ)(t)] ∑
m
〈Ĥ〉(κ)

nm(t)
∣∣∣∣ϕ(κ)

m (t)
〉

(14.30a)
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It should be noted that, unlike in Equation (14.26b), |ϕ̇(κ)
m (t)〉 represents the

full time derivative of the L1 SPF |ϕ(κ)
m (t)〉. Upon substitution of Equa-

tion (14.29), Equation (14.30a) gives

i ∑
n

∑
m

ρ
(κ)
nm(t)〈δv(κ,q)

r (t)|〈g(κ,q)
n,r (t)|ϕ̇(κ)

m (t)〉

= ∑
n

∑
m
〈δv(κ,q)

r (t)|〈g(κ,q)
n,r (t)|[1 − P̂(κ)(t)]〈Ĥ〉(κ)

nm(t)|ϕ(κ)
m (t)〉 (14.30b)

Furthermore, based on Equations (14.23) and (14.27), the full time derivative
of the L1 SPF can be expressed as

i ∑
m

ρ
(κ)
nm(t)|ϕ̇(κ)

m (t)〉 = i ∑
m

ρ
(κ)
nm(t) ∑

I
Ḃκ,m

I (t)|uκ
I (t)〉

+ i ∑
m

ρ
(κ)
nm(t)

Q(κ)

∑
η=1

∑
s
|v̇(κ,η)

s (t)〉|g(κ,η)
m,s (t)〉 (14.31)

According to Equation (14.26b) the first term on the right-hand side can be
further reduced to (see Equation (14.19) for an equivalent but more analogous
expression)

i ∑
I

∑
m

ρ
(κ)
nm(t)|uκ

I (t)〉Ḃκ,m
I (t)

≡ i ∑
I

∑
m

ρ
(κ)
nm(t)|uκ

I (t)〉〈uκ
I (t)|ϕ̇(κ)

m (t)〉L2 coefficients

= ∑
I
|uκ

I (t)〉
〈

uκ
I (t)

∣∣∣∣[1 − P̂(κ)(t)] ∑
m
〈Ĥ〉(κ)

nm(t)
∣∣∣∣ϕ(κ)

m (t)
〉

≡ P̂(κ)
L2 (t)[1 − P̂(κ)(t)] ∑

m
〈Ĥ〉(κ)

nm(t) ∑
s
|v(κ,q)

s (t)〉|g(κ,q)
m,s (t)〉 (14.32)

where we have substituted Equation (14.27) for |ϕ(κ)
m (t)〉 and defined the L2

configurational space projection operator

P̂(κ)
L2 (t) ≡ ∑

I
|uκ

I (t)〉〈uκ
I (t)| (14.33)

With Equation (14.32), we can simplify Equation (14.31) as

i ∑
m

ρ
(κ)
nm(t)|ϕ̇(κ)

m (t)〉 = P̂(κ)
L2 (t)[1 − P̂(κ)(t)] ∑

m
〈Ĥ〉(κ)

nm(t) ∑
s
|v(κ,q)

s (t)〉|g(κ,q)
m,s (t)〉

+ i ∑
m

ρ
(κ)
nm(t)

Q(κ)

∑
η=1

∑
s
|v̇k,η

s (t)〉|g(κ,η)
m,s (t)〉 (14.34)
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Substituting Equation (14.34) into Equation (14.30b) and using the orthonor-
mality condition in Equation (14.28), the only term retained in the summation
over η is η = q. This gives〈

δv(κ,q)
r (t)

∣∣∣∣i ∑
n

∑
m

ρ
(κ)
nm(t) ∑

s
〈g(κ,q)

n,r (t)|g(κ,q)
m,s (t)〉

∣∣∣∣v̇(κ,q)
s (t)

〉

=
〈

δv(κ,q)
r (t)

∣∣∣∣∑
n

∑
m
〈g(κ,q)

n,r (t)|[1 − P̂(κ)
L2 (t)][1 − P̂(κ)(t)]

× 〈Ĥ〉(κ)
nm(t) ∑

s
|g(κ,q)

m,s (t)〉
∣∣∣∣v(κ,q)

s (t)
〉

(14.35)

This expression can be simplified by using the following identities:

[1 − P̂(κ)
L2 (t)]P̂(κ)(t) = 0 (14.36a)

P̂(κ)
L2 (t)|g(κ,q)

n,r (t)〉 = |g(κ,q)
n,r (t)〉∑

l

∣∣v(κ,q)
l (t)〉〈v(κ,q)

l (t)|

≡ |g(κ,q)
n,r (t)〉P̂(κ,q)

L2 (t) (14.36b)

where we have introduced the projection operator in the L2 SP space,

P̂(κ,q)
L2 (t) ≡ ∑

l
|v(κ,q)

l (t)〉〈v(κ,q)
l (t)| (14.36c)

Thus, Equation (14.35) becomes〈
δv(κ,q)

r (t)
∣∣∣∣i ∑

n
∑
m

ρ
(κ)
nm(t) ∑

s
〈g(κ,q)

n,r (t)|g(κ,q)
m,s (t)〉

∣∣∣∣v̇(κ,q)
s (t)

〉

=
〈

δv(κ,q)
r (t)

∣∣∣∣[1 − P̂(κ,q)
L2 (t)] ∑

n
∑
m
〈g(κ,q)

n,r (t)|〈Ĥ〉(κ)
nm(t)

× ∑
s
|g(κ,q)

m,s (t)〉
∣∣∣∣v(κ,q)

s (t)
〉

(14.37)

We now introduce compact notations for the reduced density matrix and
mean-field operator in the second layer:

�
(κ,q)
rs (t) = ∑

n
∑
m

ρ
(κ)
nm(t)〈g(κ,q)

n,r (t)|g(κ,q)
m,s (t)〉 (14.38a)

〈Ĥ〉(κ,q)
rs (t) = ∑

n
∑
m
〈g(κ,q)

n,r (t)|〈Ĥ〉(κ)
nm(t)|g(κ,q)

m,s (t)〉 (14.38b)
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With this notation, Equation (14.37) simplifies to〈
δv(κ,q)

r (t)
∣∣∣∣i ∑

s
�
(κ,q)
rs (t)

∣∣∣∣v̇(κ,q)
s (t)

〉

=
〈

δv(κ,q)
r (t)

∣∣∣∣[1 − P̂(κ,q)
L2 (t)] ∑

s
〈Ĥ〉(κ,q)

rs (t)
∣∣∣∣v(κ,q)

s (t)
〉

(14.39)

If we terminate the ML-MCTDH hierarchy at the second layer, the L2 SPFs
are expanded in time-independent orthonormal configurations,

|v(κ,q)
r (t)〉 = ∑

α

Cκ,q,r
α (t)|wκ,q

α 〉

≡ ∑
α1

∑
α2

· · · ∑
αM(κ,q)

Cκ,q,r
α1α2...αM(κ,q)

(t)
M(κ,q)

∏
τ=1

|φκ,q,τ
ατ 〉

(14.40)

where M(κ, q) denotes the number of Cartesian degrees of freedom for the
qth L2 SP group of the κth L1 SP group, and |φκ,q,τ

ατ 〉 denotes the ατth primitive
basis function for the τth degree of freedom within this particular L2 SP group.

In this way the variation of |δv(κ,q)
r (t)〉 can be turned into a regular derivative

with respect to each of the expansion coefficients Cκ,q,r
α (t). Thus, the working

equations for the L2 SPFs are given by

i ∑
s

�
k,q
rs (t)|v̇k,q

s (t)〉 = [1 − P̂k,q
L2 (t)] ∑

s
〈Ĥ(t)〉k,q

rs |vk,q
s (t)〉 (14.41)

where it is understood that the time derivatives are taken with respect to
Cκ,q,s

α (t). The explicit solution is similar to that given by Equation (14.26b),

i|v̇(κ,q)(t)〉 = [1 − P̂(κ,q)
L2 (t)][�̂(κ,q)(t)]−1〈Ĥ〉(κ,q)(t)|v(κ,q)(t)〉 (14.42)

Again, |v(κ,q)(t)〉 = {|v(κ,q)
1 (t)〉, |v(κ,q)

2 (t)〉, . . .}T denotes the symbolic column
vector of (the coefficients of) the L2 SPFs.

To summarize, the working equations for the two-layer ML-MCTDH are
given by (see Equations (14.26a), (14.26b) and (14.41)):

iȦJ(t) = ∑
L
〈ΦJ(t)|Ĥ|ΦL(t)〉AL(t) (14.43a)

i ∑
m

ρ
(κ)
nm(t)Ḃκ

mj(t) =
〈

uκ
j (t)

∣∣∣∣[1 − P̂(κ)(t)] ∑
m
〈Ĥ〉(κ)

nm(t)
∣∣∣∣ϕ(κ)

m (t)
〉

(14.43b)

i ∑
s

�
(κ,q)
rs (t)Ċκ,q,s

α (t) =
〈

w(κ,q)
α

∣∣∣∣[1− P̂(κ,q)
L2 (t)] ∑

s
〈Ĥ〉(κ,q)

rs (t)
∣∣∣∣v(κ,q)

s (t)
〉

(14.43c)
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One immediately realizes that the equations for the expansion coefficients of
the first-layer SPFs, that is, for the L2 coefficients Bκ

mj in Equation (14.43b),
have exactly the same form as those for the second layer, that is, the coef-
ficients Ck,q,s

α (t) in Equation (14.43c), though the specific ways of evaluating
various operators are different. To be consistent in the notation and to high-
light the possibility of extending the formulation to more layers, we denote
Ck,q,s

α (t) as the level-three (L3) coefficient.
Up to this point, we have terminated the ML-MCTDH expansion at the sec-

ond layer, that is, we have expressed the L2 SPFs as linear expansions of time-
independent configurations

|wκ,q
α 〉 ≡

M(κ,q)

∏
τ=1

|φκ,q,r
ατ 〉

The expansions can be recursively generalized to more than two layers. This
is evident by replacing |wκ,q

α 〉 in Equation (14.43c) with |wκ,q
α (t)〉, that is, time-

dependent configurations, which introduce another layer (the third layer in this
case). However, none of the previous derivations is affected by this replace-
ment. As a result, Equations (14.43a)–(14.43c) remain the same. An additional
set of equations for the newly introduced layer can be derived using exactly
the same procedure as that for the second layer, which also has the same form
as Equation (14.43c). By mathematical induction, the equations of motion for
the ML-MCTDH theory with an arbitrary number of layers can be formally
written as:

i|Ψ̇(t)〉L1 coefficients = Ĥ(t)|Ψ(t)〉 (14.44a)

i|ϕ̇k(t)〉L2 coefficients = [1 − P̂(κ)(t)][ρ̂(κ)(t)]−1〈Ĥ〉(κ)(t)|ϕ(κ)(t)〉 (14.44b)

i|v̇(κ,q)(t)〉L3 coefficients

= [1 − P̂(κ,q)
L2 (t)][�̂(κ,q)

L2 (t)]−1〈Ĥ〉(κ,q)
L2 (t)|v(κ,q)(t)〉 (14.44c)

i|ξ̇(κ,q,γ)(t)〉L4 coefficients

= [1 − P̂(κ,q,γ)
L3 (t)][�̂(κ,q,γ)

L3 (t)]−1〈Ĥ〉(κ,q,γ)
L3 (t)|ξ(κ,q,γ)(t)〉 (14.44d)

and so on, where

�
(κ,q)
L2; rs(t) = ∑

n
∑
m

ρ
(κ)
nm(t)〈g(κ,q)

L2; n,r(t)|g(κ,q)
L2; m,s(t)〉 (14.45a)

�
(κ,q,γ)
L3; rs (t) = ∑

n
∑
m

�
(κ,q)
L2; nm(t)〈g(κ,q,γ)

L3; n,r (t)|g(κ,q,γ)
L3; m,s(t)〉 (14.45b)
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and so on, and where

〈Ĥ〉(κ,q)
L2; rs(t) = ∑

n
∑
m
〈g(κ,q)

L2; n,r(t)|〈Ĥ〉(κ)
nm(t)|g(κ,q)

L2; m,s(t)〉 (14.46a)

〈Ĥ〉(κ,q,γ)
L3; rs (t) = ∑

n
∑
m
〈g(κ,q,γ)

L3; n,r (t)|〈Ĥ〉(κ,q)
L2; nm(t)|g(κ,q,γ)

L3; m,s(t)〉 (14.46b)

and so on. For clarity, we have inserted the subscripts ‘L2’, ‘L3’, . . . to indicate
the second layer, the third layer, and so on. The multilayer hierarchy is termi-
nated at a particular level by expanding the SPFs in the deepest layer in terms
of time-independent configurations.

Finally, we comment briefly on the evaluation of the various quantities in
the ML-MCTDH equations of motion. In the ML-MCTDH approach, different
parts of the Hamiltonian operator have to be built from the deepest layer L,
that is, from the time-independent configurations (basis functions). At a par-
ticular step during time evolution, these pieces of operators are gathered to
build parts of the Hamiltonian operator for the next upper layer L − 1 using
the relation between the basis functions and the SPFs in the (L − 1)th layer.
Using these parts, one obtains the operators for the (L − 2)th layer, and so
on, until all layers are reached. We refer to this procedure as ‘bottom-up’. On
the other hand, from Equations (14.45) one can see that the reduced density
matrices need to be built from the first layer, and recursively generated to the
second layer, the third layer, . . . , until reaching the deepest layer. This proce-
dure is thus ‘top-down’.

For the mean-field operators the procedure is a mixture of the above two.
First, starting from the deepest layer, one builds operator parts for each layer
via the ‘bottom-up’ procedure as described above. Then, according to Equa-
tion (14.46), the matrix part of the mean-field operators are built from the first
layer, and recursively generated to deeper layers via the ‘top-down’ proce-
dure. The overall procedure is thus more complicated.

14.3
Concluding Remarks

In this chapter, we have presented a detailed derivation of the ML-MCTDH
theory. This method is based rigorously on the Dirac–Frenkel variational prin-
ciple [32, 33] and is thus a formally exact approach. Compared to the original
(‘single-layer’) MCTDH method, the inclusion of several dynamically opti-
mized layers builds in more flexibility in the variational functional, which is
known to be important in a practical variational calculation. As a result, the
ML-MCTDH method has the capability of treating substantially more physi-
cal degrees of freedom than the original MCTDH method without sacrifice of
the theoretical rigorousness. Furthermore, the ML-MCTDH theory can be ap-
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plied to any form of the Hamiltonian that is allowed by the original MCTDH
approach.

We close this chapter with a few historical remarks and a brief overview
of recent applications of the ML-MCTDH method. The concept of the ML-
MCTDH theory had been around for several years before its actual imple-
mentation and application to real physical problems. This is largely due to the
complexity in turning the sophisticated mathematical expressions into prac-
tical computer programs. The first report of a detailed derivation and suc-
cessful implementation of the ML-MCTDH method appeared in 2003, where
up to 1000 degrees of freedom were treated rigorously, employing two upper
dynamical layers and one deeper static layer [119]. The system considered
in that application was significantly larger than any other systems that had
been treated before by quantum wavepacket methods, and demonstrated the
performance of the method. Since then more dynamical layers have been im-
plemented and better algorithms have been designed to increase the size of
the systems that can be studied and to improve the efficiency of the calcu-
lations. Our current implementation is capable of handling four dynamical
layers and one static layer, and has been applied to physical problems ranging
from a few tens to more than 10 000 degrees of freedom.

The ML-MCTDH method has been applied to simulate the quantum dy-
namics of a variety of different complex systems [119,228–236]. A particularly
important area for the application of the ML-MCTDH theory is condensed-
phase physics and chemistry. Many interesting physical models exist in this
field, but in most cases there are no effective methods available that can pro-
vide numerically exact results over a broad range of physical parameters. For
some of these models, the ML-MCTDH method has already proven to be a
very powerful method that can provide benchmark results for a broad range
of parameters. One example is the so-called ‘spin-boson model’, where two
discrete states are linearly coupled to a bath of harmonic oscillators. General-
izations of this model may include more electronic states, such as in hetero-
geneous charge transfer, or anharmonic intramolecular or bath modes. These
types of models form the basis for nearly all modern electron transfer theo-
ries. A wealth of publications have been devoted to the approximate treat-
ment of such models. Examples of methods that aim at a numerically exact
method are approaches based on the influence-functional path integral ap-
proach [237–240]. However, these methods invariably encounter difficulties in
situations with stronger coupling, slow characteristic time-scales of the bath,
and/or anharmonic interactions. On the contrary, the ML-MCTDH theory
has been applied successfully to study realistic electron transfer reactions in
solution and at surfaces [119, 228, 229, 232, 233, 235], where perturbation theo-
ries and path integral approaches are often not applicable. These studies have
not only provided a better understanding of the fundamental mechanisms of
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electron transfer processes in a condensed-phase environment, but also served
as benchmarks for the development of more approximate theories. From the
numerical perspective, it is fair to say that the spin-boson model, which has
been a challenge for theoretical physicists and chemists for several decades,
has finally been solved within the ML-MCTDH framework.

Besides applications to simulate electron transfer reactions, the ML-
MCTDH method has been used to study proton transfer processes in the
condensed phase [230, 234] and photoisomerization reactions at conical inter-
sections [231]. In addition to the simulation of photoinduced electronic and
nuclear dynamics, the ML-MCTDH method has also been applied to the sim-
ulation of stationary and time-resolved spectra [229,236] and to the calculation
of reaction rates employing the flux correlation function formalism [230, 234].

The ML-MCTDH program package we have developed is a mature combi-
nation of basic theories and a variety of efficient numerical techniques. These
include the iterative definition of numerical basis functions, adiabatic basis set
contraction techniques, an automated procedure to select the number of basis
functions for all degrees of freedom, importance sampling of the initial wave-
function and Monte Carlo sampling of the thermal ensemble for simulations
at finite temperature, mixed quantum–classical and quantum–semiclassical
approaches, as well as various models using time correlation functions, for
example, the flux correlation function for evaluating rate constants and the
time-dependent polarization for simulating nonlinear spectroscopy. Further-
more, a serious effort has been made to implement the ML-MCTDH algorithm
recursively, which is possible for certain forms of the Hamiltonian.

The major challenge for a broader applicability of the ML-MCTDH method
is the complexity in designing efficient algorithms, writing compact codes,
and building user-friendly interfaces. This is partly due to the fact that
methodology development is often less rewarding than creative applications
of existing theories. Still, the success of the ML-MCTDH theory to date sug-
gests that it holds great promise for accurate quantum dynamical simulations
of many other interesting problems. It can be anticipated that more joint effort
will be devoted to developing this theory into a general tool for simulating
dynamical processes in complex systems.
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15
Shared Memory Parallelization of the Multiconfiguration
Time-Dependent Hartree Method
Michael Brill and Hans-Dieter Meyer

15.1
Motivation

Over the last decade multiprocessor hardware has become more and more
common, and research groups can afford distributed memory clusters or
have access to supercomputing facilities. In addition, even desktop comput-
ers are often now equipped with multi-core processors for shared memory
use. However, the Heidelberg MCTDH package is implemented for single-
processor use and cannot profit from the current development of computer
hardware. Both classes of parallel machines, those with distributed and those
with shared memory, must be made accessible to MCTDH software. There
have been attempts to develop software for parallel hardware in the Biele-
feld code of Manthe [115] using the correlation discrete variable representa-
tion (CDVR; Chapter 10) or in the fermionic version of the MCTDH code of
Scrinzi [241] (MCTDHF; Chapter 16). These codes are comparable to the Hei-
delberg one but differ decisively at certain points, thus prohibiting the use of
the same parallelization strategies. Therefore, a parallelization scheme for the
Heidelberg code has been developed. A distributed memory parallelization
of the Heidelberg MCTDH code requires a reformulation of many of the im-
plemented algorithms and will hence result in a major change of the code. As
a first step, we therefore concentrated on parallelization for shared memory
hardware, a type of hardware that is becoming more and more accessible.

15.2
Shared Memory Parallelization of MCTDH

As already mentioned, the MCTDH algorithm is a complex intricate scheme
for the propagation of wavepackets. The complexity is rooted in the struc-
ture of the equations of motion (15.1) and (15.2). All data of a propagation
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step of the MCTDH coefficients (A-vector) are needed to propagate all single-
particle functions (SPFs) and vice versa. This dependence makes it very dif-
ficult to partition data and calculations to distribute them to different proces-
sors. Hence a shared memory parallelization scheme was developed, avoid-
ing the need to distribute the data to different processors and allowing much
of the existing program structure to be kept.

For the implementation of shared memory parallelization, several pro-
gramming standards are available. The two most common schemes are the
Open MP standard and parallelization with POSIX threads. It was decided
to use the second variant because not every FORTRAN compiler supports
Open MP, but virtually all C compilers support the POSIX standard. POSIX
provides a huge family of C-functions for the creation and manipulation of
threads.

15.2.1
Equations of Motion and Runtime Distribution

In Section 3.1 the equations of motion (3.4) and (3.5) are introduced:

iȦ = KA (15.1)

iϕ̇(κ) = (1 − P(κ))(ρ(κ))−1H(κ)ϕ(κ) (15.2)

For an efficient integration of these equations, usually the constant mean-field
(CMF) approach, discussed in Section 4.2, is used. Within this integration
scheme, the equations of motion, (15.1) and (15.2), are decoupled. Hence three
main tasks of MCTDH can be distinguished, which can be parallelized sepa-
rately:

1. Calculate the Hamiltonian matrix and the mean fields.

2. Propagate the MCTDH expansion coefficients.

3. Propagate the single-particle functions.

The sum of the computation time for the three tasks is the major part of the
real time of an MCTDH run (usually ≥ 99%). The sharing of the workload
between these parts depends strongly on the physical system that is treated.
Three main distribution schemes for the computation time can be found:

(i) The computation time is distributed equally to the three tasks. The con-
tribution of each part varies between 20% and 50% depending on the
investigated system. Such calculations are called ‘balanced’.

(ii) The propagation of the SPFs contributes only a little to the computation
time (�5%). The other two parts contribute in a range of 30% to 70%,
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where the A-vector propagation usually takes the larger part. These cal-
culations are called ‘A-vector dominated’.

(iii) The propagation of the SPFs takes more than 60% of the computation
time. Such an ‘SPF-dominated’ situation often occurs for small systems
where parallelization is not needed. It happens also for over-combined
calculations, that is, calculations in which too many degrees of freedom
(DOFs) are combined to build an MCTDH particle. Over-combinations
are inefficient and should be avoided.

Hence all three parts of MCTDH must be parallelized to achieve an adequate
speed-up. In most cases over 65% of the computation time is taken by the
mean-field calculation and the propagation of the expansion coefficients. The
parallelization of these two tasks can be done efficiently and, in fact, is similar
for both cases. The propagation of the SPFs is more difficult to parallelize, and
this parallelization is less efficient compared to the other two cases.

15.2.2
Parallelization of the MCTDH Coefficients Propagation

For the propagation of the MCTDH coefficient vector, an efficient evaluation
of the right-hand side of the differential equation (15.1) is important. This
evaluation is done in two steps by the MCTDH code. In the first step, the
expectation values of the Hamiltonian terms are computed:

h(κ)
rjl = 〈ϕ

(κ)
j |ĥ(κ)

r |ϕ(κ)
l 〉 (15.3)

Here ĥ(κ)
r denotes the operator on the κth particle in the rth Hamiltonian term

as introduced in Equation (3.34). But the major part of the work is done in the

second step. There, the results h(κ)
rjl are used to calculate the right-hand side of

the equation of motion for the MCTDH coefficients:

iȦJ(t) = ∑
L
〈ΦJ |H|ΦL〉AL(t) =

s

∑
r=1

cr

n1

∑
l1=1

· · ·
np

∑
lp=1

h(1)
rj1l1

· · · h(p)
rjplp

Al1...lp (15.4)

Here one again makes use of the product structure of the Hamiltonian. The
matrix multiplications are done sequentially:

A(κ,r)
j1...jp

=
nκ

∑
lκ=1

h(κ)
rjκ lκ

A(κ−1,r)
j1...lκ ...jp

(15.5)

for κ = 1, . . . , p and A(0,r) = A. Finally, the A(p,r) are summed. It is this sum
over r that is parallelized, that is, matrix products with different label r are
distributed over the available processors. The first step, the computation of
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the matrix elements, Equation (15.3), is parallelized in a similar way; different
labels r are distributed to the processors.

In the case of the A-vector propagation, the efficiency of the parallelization
depends on the size of the Hamiltonian. Naturally, the parallelization works
better for Hamiltonians with many terms, for example, when the Hamiltonian
contains a potfit.

15.2.3
Parallelization of the Mean-Field Computation

Although the parallelization of MCTDH has been done for the more efficient
CMF integration scheme, which reduces the number of mean-field evaluations
(Section 4.2), a major part of the computation time (about 20% to 40%) is still
usually spent in mean-field computations. Hence an efficient parallelization
is needed here.

The computation of the mean fields is split into two tasks. First, the mean-
field tensor must be calculated,

H(κ)
rjl = cr ∑

J

κ A∗
Jκ
j

p

∏
λ=1,λ �=κ

∑
lλ

〈ϕ
(λ)
jλ

|ĥ(λ)
r |ϕ(λ)

lλ
〉ALκ

l
(15.6)

which determines the mean-field operator

Ĥ(κ)
jl =

s

∑
r
H(κ)

rjl ĥ(κ)
r (15.7)

Second, another routine is used to sum up the action of the mean fields for the
diagonal Hamiltonian terms (potential part),

M(κ)
klα =

s

∑
r
H(κ)

rkl 〈χ
(κ)
α |ĥ(κ)

r |χ(κ)
α 〉 (15.8)

where χ
(κ)
α denotes a discrete variable representation (DVR) function. The

idea behind this concept, which is described in Section 5.2.5 of Ref. [34], is to
speed up the SPF propagation.

As in the case of the A-vector propagation, the two routines mainly consist

of a loop over the Hamiltonian terms. The mean-field tensor H(κ)
rjl has to be

evaluated for each Hamiltonian term, and for the computation of M(κ)
klα the

summation runs over the potential part of the Hamiltonian. Hence the paral-
lelization is implemented as in the case of the A-vector propagation, the loops
over the Hamiltonian terms being distributed over the available processors.

The parallelization of the M(κ)
klα computation becomes inefficient if a parti-

cle is present that is much larger than the others. The different threads then
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spend most of the computation time of M(κ)
klα for this particle. During this

computation, one thread locks the memory to prevent other POSIX threads
from writing to the same part of the memory. Hence the other threads may
stay idle. This problem is diminished by an alternative parallelization strat-
egy: if a very large particle is present, the loop over l is parallelized rather
than the sum over r.

15.2.4
Parallelization of the SPFs Propagation

For the propagation of the SPFs, the evaluation of the right-hand side of
the equations of motion (15.2) is the time-determining step. By splitting the
Hamiltonian into uncorrelated and correlated terms (see Section 3.23),

H =
p

∑
κ=1

ĥ(κ) +
s

∑
r=1

cr

p

∏
κ=1

ĥ(κ)
r (15.9)

the equations of motion for the SPFs can be rewritten as

iϕ̇(κ)
j = (1 − P(κ))

(
h(κ)ϕ

(κ)
j (t) +

np

∑
k,l=1

(ρ(κ)−1
)jk

s

∑
r=1

H(κ)
rkl ĥ(κ)

r ϕ
(κ)
l (t)

)
(15.10)

The computation of the right-hand side of this equation is done in several
steps. First, the sum over the Hamiltonian terms is evaluated. Afterwards, the
inverse density matrix is applied. Then the action of the uncorrelated Hamil-
tonian terms on the SPFs is added. Finally, the projection is carried out.

The parallelization has to be done for each of the steps separately. The sum-
mation over the Hamiltonian terms is parallelized as in the cases above, that is,
the A-vector propagation and the mean-field computation. But here the loop
runs only over the kinetic Hamiltonian terms, which represent only a small
part of the Hamiltonian. Owing to the summation, Equation (15.8), there is
only one potential term.

Each of the steps left mainly consists of a loop over the SPFs for the particle
considered. Thus the loops over the SPFs are parallelized. For small calcula-
tions, this parallelization scheme is disadvantageous because the number of
processors (for example, eight) can be larger than the SPF basis for a certain
particle. Hence this scheme is better suited for larger calculations with large
numbers of SPFs.

15.2.5
Parallelization Scheme

The parallelization of the different parts of MCTDH is included in a scheduler–
worker scheme. The main program has the role of a scheduler that does all the
calculations that are not time consuming and controls the other threads. These
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threads are the worker threads performing the time-consuming computations
on different processors. There are, usually, as many threads as processors
available. Figure 15.1 shows the scheme in detail. Each time the main pro-
gram comes to a point where a computation can be made in parallel, the
barriers 1 to P are opened. The main program halts at the following barriers
P + 1 to 2P. The barriers 1 to P are inside the threads; when these barriers are
open, the threads can do the work. As soon as the computations are finished,
the barriers P + 1 to 2P are opened and the threads again wait at the barriers
1 to P. By opening barriers P + 1 to 2P, the main program takes control again
and proceeds with further calculations. All barriers are closed immediately
after a thread has passed a barrier.

Scheduler Thread
(Main Program) Worker Thread 1 Worker Thread P

�
Open barriers

1 to P
� wait at barrier 1 wait at barrier P

� �
do work do work

� �
open barrier P+1 open barrier 2P�

� �

wait at barriers
P+1 to 2P

�

�

Figure 15.1 Organization of the threads in the scheduler–worker
scheme.

15.2.6
Load Balancing and Memory Requirements

Two further aspects must be considered regarding the parallelization of
MCTDH, that is, the memory requirements and the load balancing. For
an efficient parallelization, it must be guaranteed that all available processors
are used for the computations made. This means that the code must take
care that the work is distributed equally to the processors. In the current
version of MCTDH, this is ensured using a global counter variable combined
with a mutual exclusion. As already mentioned, the parallelization is used to
distribute the work of certain loops to the processors. The counter variable
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of the loops is seen by each thread. If a thread has finished its work in one
step of the loop, the mutual exclusion is locked; then the counter variable is
increased; afterwards the mutual exclusion is unlocked again, and the thread
starts working in the step determined by the counter variable. The mutual
exclusion ensures that no other thread can get the same value for the counter
variable, thus ensuring that the work is done only once. All threads have the
same work to do, and only at the end of the loop can it happen that some
threads stay idle till the loop is finished.

The second problem that must be considered are the memory requirements.
MCTDH needs memory to store different objects that are used during a prop-
agation, for example, the wavefunction (A-vector, SPFs). Further memory is
used for the computation itself, the so-called work arrays, where intermediate
results are stored. Considering several threads working on different parts of
the same problem (for example, mean-field tensor computation), they all need
their own work array to store data, sum results, build matrices and so on. Be-
cause these threads are calculating different parts of the problem, they need
the same amount of work memory exclusively. Hence, for each thread, extra
memory must be allocated. The memory requirements for an MCTDH run
with P processors are

M(P) = Mobjects + P × Mwork (15.11)

where Mobjects denotes the memory needed for the storage of all objects (for
example, the wavefunction) and Mwork is the memory needed for the work
arrays. Thus the required memory increases moderately with the number of
processors. Examples are given in Table 15.1, where the memory requirements
are given for a serial calculation (M0) and a parallel calculation with eight
processors (M8).

Table 15.1 Runtime distribution and memory requirements for the benchmark systems.
Columns 2–5 show the division of time between parts of the program. T5 is the time for a 5 fs
propagation. M0/M8 is the ratio of memory for a serial calculation to that for a parallel calcu-
lation with eight processors. (a and b refer to two different mode combination schemes, see
text.)

System A-vector Mean field SPF Rest T5 M0/M8

H2 + H2 56.8% 42.1% 0.7% 0.4% 32m 51s 56 MB/66 MB
C2H4 42.0% 19.5% 34.0% 4.5% 19m 58s 108 MB/182 MB

H5O2
+-a 31.9% 36.4% 31.4% 0.3% 10h 26m 49s 361 MB/663 MB

H5O2
+-b 60.0% 39.7% 0.2% 0.1% 7h 47m 19s 258 MB/707 MB
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15.3
Results and Conclusion

15.3.1
Benchmark Systems

For the test of the parallelization of the MCTDH code, four different bench-
mark systems were used. These systems are:

(i) the H2 + H2 inelastic scattering [84, 85];

(ii) the quantum molecular non-adiabatic dynamics of C2H4 [74]; and

(iii) the quantum molecular dynamics of H5O2
+ using two different mode

combinations [59, 156].

Table 15.1 compares the computation time spent in the three main tasks. The
runtime needed for a 5 fs propagation is also given. Clearly, the computation
time of the molecular dynamics of C2H4 and H5O2

+-a is equally distributed
over the three parallelized tasks. Hence the parallelization must work effi-
ciently for all tasks to obtain good results. On the other hand, the H2 + H2
scattering and the molecular dynamics of H5O2

+-b are A-vector-dominated
cases and less than 1% of the computation time is spent in the propagation
of the SPFs. In Tables 15.2 and 15.3 the main parameters of the three calcu-
lations are compared. In the case of C2H4, only six of the 12 internal degrees
of freedom are used, the others being frozen at their equilibrium values (for
details, see [74]). The H2 + H2 system is characterized by seven DOFs because
the KEO is seven dimensional for total J > 0 [84,85]. The three other examples
are for J = 0.

Table 15.2 Major parameters for the benchmark systems: number of DOFs, number of elec-
tronic states, number of particles, grid size and the size of the Hamiltonian.

System DOFs Electronic Particles Grid Hamiltonian
states terms

H2 + H2 7 1 4 7.29×107 3439
C2H4 6 3 4 3.14×109 126

H5O2
+-a 15 1 5 1.29×1015 1511

H5O2
+-b 15 1 6 4.82×1016 2529

The sizes of the systems differ strongly. This is essential to give an overview
of the efficiency of the parallelization. The H2 + H2 scattering and the molec-
ular dynamics of C2H4 are the smaller systems, and a parallel code is not
needed to perform the calculations. These two examples are only given as a
reference. The dynamics of H5O2

+ is a problem that cannot be solved with a
serial code within reasonable real times.
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Table 15.3 Mode sizes (number of SPFs times grid size) and number of configurations for the
benchmark systems. In the case of C2H4, the particles for the third electronic DOF are larger
than those of the first and second states. The two numbers displayed refer to the different
electronic states.

System Particle Particle Particle Particle Particle Particle Config-
1 2 3 4 5 6 urations

H2 + H2 1536 256 1386 1386 10 368
C2H4 600/720 5120 7680/8960 7680/8960 209 280

H5O2
+-a 354 375 15 680 4416 3402 3402 216 000

H5O2
+-b 8100 15 435 5000 2312 4851 4851 705 600

15.3.2
Amdahl’s Law

To measure the acceleration of parallel computations, one defines the speed-
up:

S(P) =
t1

tP
(15.12)

This is the time needed by a single-processor calculation divided by the time
that is needed by a P-processor calculation. In an ideal parallel program, S is
equal to P.

One can divide the computation time into two parts, a serial part q and a
parallel part p, with q + p = 1. The part q is not affected by the number
of processors used, but the part p is perfectly parallel. The speed-up can be
calculated from the knowledge of p (with q = 1 − p):

S(P) =
t0(q + p)

t0(q + p/P)
=

1
q + p/P

=
P

P − p(P − 1)
=

P
1 + q(P − 1)

(15.13)

This law is called Amdahl’s law and describes the theoretical speed-up of a
parallel program. In the following, this formula is used to measure the parallel
part of MCTDH for the benchmark systems. The parameter p is determined
via a least-squares fit to the measured speed-up.

15.3.3
Results

For the four benchmark systems, MCTDH runs have been performed with an
increasing number of processors (one, two, four and eight) on the XC1 system
in Karlsruhe that is part of the High Performance Computing Centre Stuttgart
(HLRS). These are Itanium processors with 1600 MHz and 6 MB level 3 cache.
The Intel ifort compiler was used, as this compiler showed a better perfor-
mance than the gfortran compiler also tested.

In Figure 15.2 the results for the quantum molecular dynamics of C2H4
and H5O2

+-a are displayed. The dotted and dashed lines are the fits based
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Figure 15.2 Speed-up behaviour of the C2H4 (circles, dotted line,
p = 0.75) and the H5O2

+-a (squares, dashed line, p = 0.90) calcu-
lations. The circles and squares are the measured values; the dotted
and dashed lines are the fits to Amdahl’s law; and the solid line is the
ideal (linear) speed-up.

on Amdahl’s law to the data (circles and squares); the solid line shows the
ideal linear speed-up. The corresponding parallel parts are pC2H4 = 0.75 and
pH5O2

+-a = 0.90, respectively. In the C2H4 case the parallel algorithm performs
quite poorly. This is caused by the small size of the problem. The number of
Hamiltonian terms is rather small. This downgrades the parallelization of the
A-vector propagation and of the mean-field computation. Additionally, the
particles are small, and thus the parallelization of the SPF propagation is not
very efficient. This is because the algorithm has to synchronize the scheduler
and worker threads many times for only a small amount of work. The par-
allelization works much better in the case of the H5O2

+-a propagation. In
this case the Hamiltonian and the particles are bigger, causing a better overall

parallelization. But the parallelization of the M(κ)
klα computation (see Equa-

tion (15.8)) does not work well for the H5O2
+-a propagation, because there is

one particle that is much larger than all the others (see Table 15.3). This con-
stellation always prohibits a good parallelization, which can be compensated
only partially (see Section 15.2.3).

In Figure 15.3 the corresponding results are displayed for the H2 + H2 scat-
tering and the molecular dynamics of H5O2

+-b. Again, the circles and squares
show the measured data, and the dotted and dashed lines are the fits. The fit-
ted values for the parallel part are pH2+H2 = 0.98 and pH5O2

+-b = 0.94. These
are the above-mentioned cases where the computation time of the SPF prop-
agation is negligible. For these examples MCTDH is very well parallelized.
This is because the propagation of the A-vector and the computation of the
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Figure 15.3 Speed-up behaviour of the H2 + H2 (circles, dotted line,
p = 0.98) and the H5O2

+-b (squares, dashed line, p = 0.94) calcu-
lations. The circles and squares are the measured values; the dotted
and dashed lines are the fits to Amdahl’s law; and the solid line is the
ideal (linear) speed-up.

mean fields generate the major part of the computation time. The large num-
ber of Hamiltonian terms ensures an efficient parallelization.

15.3.4
Conclusion and Outlook

The existing serial Heidelberg MCTDH code was extended to make use of par-
allel shared memory hardware. A scheduler–worker parallelization scheme
was developed and applied. The three main tasks of the MCTDH propaga-
tion algorithm, that is, the propagation of the A-vector, the propagation of the
SPFs and the computation of the mean fields, are parallelized. The resulting
code was tested by means of benchmarks systems to determine the efficiency
of the parallelization. It turned out that, for special cases where the propaga-
tion of the SPF is negligible, the code is well parallelized. In the general case,
the problem arises that the parallelized routines for the SPF propagation con-
tain – usually short – loops over the SPFs, which makes the parallelization less
efficient. In both cases, that is, loops over SPFs and over Hamiltonian terms,
the parallelization works better the larger the size of the loops. The degree
of parallelization lies between p = 0.75 (worst case tested) and p = 0.98 (best
case tested), leading to speed-ups between 3 and 7 when running on eight pro-
cessors. Hence the parallelization of the wavepacket propagation of MCTDH
can be seen as a success.
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The described development improved the MCTDH code essentially. How-
ever, the present implementation is restricted to shared memory hardware.
The number of processors combined in parallel shared memory machines is
still growing, but at a lower rate than the number of processors in the dis-
tributed memory computing clusters. Hence it is an important task to use the
experience of the shared memory parallelization of MCTDH to develop a par-
allel code for distributed memory machines. This, however, requires a severe
restructuring of the existing code.

Finally, there are more programs in the Heidelberg MCTDH package than
just MCTDH that are worth parallelizing. Most notably there is potfit. Ow-
ing to its different structure, it seems to be suitable for distributed memory
parallelization.
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16
Strongly Driven Few-Fermion Systems – MCTDHF
Gerald Jordan and Armin Scrinzi

The equations of motion (3.4) and (3.5) are invariant under the exchange
of particle coordinates, if the underlying Hamiltonian has such a symmetry.
Therefore, starting from a properly antisymmetrized initial state, antisymme-
try of the solution will be maintained and MCTDH correctly describes the
dynamics of fermionic systems without imposing any constraints. However,
such a description would be highly redundant and computationally exceed-
ingly expensive. In this chapter we describe the modifications needed to re-
duce redundancy in few-fermion systems and to obtain an efficient, paral-
lelizable implementation. The application to few-electron molecules in strong
laser fields requires a careful treatment of spin and Coulomb interaction. Dif-
ferent from most MCTDH applications, the computational effort in our typ-
ical MCTDHF calculation is dominated by operations related to the single-
particle functions (SPFs). The procedures reviewed here were implemented in
the MCTDHF code, which is described in greater detail and illustrated with
examples in Refs. [242–244].

16.1
Equations of Motion for Indistinguishable Particles

For indistinguishable particles, a fully general Ansatz for a p-particle wave-
function can be made using a single set of SPFs ϕ for all particles,

Ψ(Q1, . . . , Qp) =
n

∑
j1=1

· · ·
n

∑
jp=1

Aj1...jp ϕj1(Q1) · · · ϕjp(Qp) (16.1)

where the coordinates Qκ = (rκ, sκ) comprise spatial and spin coordinates.
Antisymmetry of the fermionic wavefunction is reflected in the antisymmetry
of the expansion coefficients under exchange of any two of their indices,

Xκλ Aj1...jp = −Aj1...jp (16.2)

where by Xκλ we denote the interchange of the κth with the λth index.
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As the Hamiltonian of a system of indistinguishable particles is invariant
under exchange of any two of the particles,

H(. . . , Qκ, . . . , Qλ, . . .) = H(. . . , Qλ, . . . , Qκ, . . .) (16.3)

the matrix K of Equation (3.4) computed with identical sets of SPFs ϕ(κ) ≡ ϕ

is also exchange symmetric,

XκλKXκλ = K (16.4)

and the MCTDH equations of motion (3.5) all collapse to a single equation:

ϕ̇ = (1 − P)(ρ)−1Hϕ (16.5)

This shows that, for exchange-symmetric Hamiltonians, MCTDH rigorously
conserves exchange symmetry, if one starts from a symmetric state.

After this observation, any difference between MCTDH and MCTDH-Fock
can be considered purely technical. Indeed, we found this a useful guideline
for the practical implementation of MCTDHF, as it allowed us to focus on com-
putational efficiency and, in addition, it keeps the code open for extensions to
more exotic systems, such as boson–fermion mixtures. The differences with
the greatest impact in practice are the following.

(i) There are usually only two-particle interactions, which, however, can be-
come locally very strong or even singular, as in the case of the Coulomb
interaction.

(ii) Owing to antisymmetry, for n SPFs and p particles, the number of in-
dependent expansion coefficients Aj1...jp is only (n

p) for MCTDHF rather
than np for MCTDH.

(iii) There is a natural grouping of the degrees of freedom into those belong-
ing to each single particle, that is, coordinates and spin, which restricts
the choice of coordinate systems and the ways in which spin or rota-
tional symmetries can be incorporated. The degrees of freedom of a sin-
gle particle can be strongly correlated, for example, near the singularities
of the single-particle potential.

(iv) For our typical applications, the single-particle Hamiltonian explicitly
and strongly depends on time.

16.1.1
Model System: Laser-Driven Few-Electron Systems

Our model MCTDHF applications are strong-field phenomena of atoms and
molecules in ultrashort infrared (IR) laser and extreme ultraviolet (XUV)
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pulses. The Hamiltonian of these systems has the general form:

H =
p

∑
κ=1

(
1
2 [pκ + A(t)]2 + V(rκ) +

p

∑
λ<κ

V12(rκ, rλ)
)

(16.6)

Here pκ is the canonical momentum of the κth electron, A(t) is the electric vec-
tor potential, V denotes the single-particle potential, and V12 is the electron–
electron interaction, for which we use the Coulomb repulsion |rκ − rλ|−1 in
most cases.

This specific class of systems favours particular choices for the implementa-
tion of MCTDHF. A large number of experiments involves linearly polarized
lasers with near-IR wavelength, short pulse duration and significant intensity.
At typical parameters, ionization ranges from a few per cent to total depletion.
The detached electrons undergo a violent quiver motion in the polarization di-
rection of the laser with excursion amplitudes of several tens of atomic units
and kinetic energies of a few atomic units.

On a technical level this requires large simulation volumes with a significant
density of discretization points for a faithful representation of momenta. Lin-
ear polarization in the z-direction suggests the use of cylindrical coordinates
(φ, ρ, z) with large z-range and smaller ρ-range. To represent bound states
accurately near the nuclei, a finer discretization is required than for the free
motion in the laser field. On the other hand, hard electron–electron collisions
are unimportant for continuum electrons and the short-range behaviour of the
Coulomb repulsion is not as critical as near the nuclei. Therefore, for both the
electron orbitals and the electron–electron interaction, we use a finite-element
discretization, where the size of the finite elements is tunable in a position-
dependent way.

16.1.2
Spin

When we consider systems without spin forces, spin is strictly conserved.
Rather than explicitly enforcing a given spin symmetry, we take a similar at-
titude as for the implementation of exchange symmetry, that is, all spin states
are propagated and redundant operations are bypassed in the code. For the
SPFs we choose single spin eigenfunctions and set equal to 0 all one-particle
integrals for SPFs with different spins and all mean-field operators that would
connect different spins. For simplicity, some redundancy is admitted in the
evaluation of the right-hand side of Equation (3.4).

With this approach, we do not need to distinguish ‘unrestricted’ Hartree–
Fock from the mostly employed ‘restricted’ scheme, where SPFs are subjected
to the constraint that their spatial parts must be either identical or orthogo-
nal. Our only fundamental requirement is orthogonality of the SPFs includ-
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ing the spin coordinate. In multiconfiguration Hartree–Fock, this distinction
loses much of its relevance, as any unrestricted scheme can be accommodated
within a larger restricted scheme with comparable computational effort, by
simply splitting the spatial orbitals into mutually orthogonal parts. In prac-
tice, we mostly use the restricted version, employing SPFs with pairwise iden-
tical spatial parts and, again, avoiding redundant operations.

To obtain an initial state with spin quantum numbers S and Sz by
imaginary-time propagation (see Chapter 8), it is sufficient to start from a
guess state with quantum numbers S and Sz. We first construct a set of SPFs
ϕ, usually with the eigenfunctions of some single-particle Hamiltonian h(Q)
for the spatial orbitals. A suitable guess coefficient vector ASSz is obtained by
projection onto the subspace with the desired spin:

ASSz = PSQSz A (16.7)

A straightforward way of constructing the projection operators PS and QSz

for small numbers of SPFs is by diagonalizing the (n
p)× (n

p) spin matrices,

SJL = 〈ΦJ |S2|ΦL〉 and MJL = 〈ΦJ |Sz|ΦL〉 (16.8)

where ΦJ denotes the Slater determinant for the SPFs {ϕjκ , κ = 1, . . . , p}.
Here one must make sure that the matrices S and M commute, that is, that
the determinants ΦJ cover complete spin subspaces, for example, by starting
from a maximal set of all doubly occupied spatial orbitals.

16.2
Computation of Operators

16.2.1
K and Mean-Field Operators

If we assume for our Hamiltonian the general form

H(t) =
p

∑
κ=1

h(Qκ , t) + ∑
λ<κ

H(Qκ , Qλ) := H1 + H2 (16.9)

we can split the computation of K into one- and two-particle operators,

K = K1 + K2 (16.10)

with

(K1 A)i1...ip =
n

∑
k=1

p

∑
κ=1

hiκk Ai1...iκ→k...ip (16.11)
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where we have introduced the single-particle matrix elements hiκk =
〈ϕiκ |h|ϕk〉. The left-hand side is calculated for the (n

p) ordered p-tuples
i1 < . . . < ip. The notation i1 . . . iκ → k . . . ip means that the index iκ is
replaced with k. Owing to antisymmetry of the A, there are at most n − p + 1
non-vanishing terms in the right-hand side sum over k, which gives a count
of (n

p) × (n−p+1
1 ) × (p

1) � np multiplications. Similarly we have

(K2 A)i1...ip =
p

∑
κ=1

∑
κ<λ

∑
k<l

(Hiκ iλkl − Hiκ jλ lk)Ai1...iκ→k...iλ→l...ip (16.12)

with a corresponding multiplication count of (n
p)× (n−p+2

2 )× (p
2). For systems

of only a few fermions and moderate correlation – which holds for a large class
of chemical systems – all these numbers remain small and constitute only a
small fraction of the computational effort.

For internal reference it is convenient to sort the indices j1 < . . . < jp lex-
icographically, which allows for easy incrementation of a given multi-index.
This ordering is obtained by the assignment

(j1 . . . jp) → J = 1 +
p

∑
κ=1

ji−ji−1−1

∑
k=1

(
n − ji−1 − k

p − κ

)
(16.13)

and j0 = 0.

16.2.2
Spatial Discretization

The cost of computing and applying the one-particle operators is problem de-
pendent. For our model application of laser-driven molecules, there is no sin-
gle coordinate system that allows an efficient separation of the SPFs. Near the
nuclei, spherical symmetry dominates; but for detached electrons in a linearly
polarized field, cylindrical coordinates are most appropriate. The multilayer
approach should be efficient in this situation (see Chapter 14), but it has not yet
been implemented for MCTDHF. Rather, in the present code, we represent the
SPFs on a three-dimensional product basis of one-dimensional finite-element
(FE) functions.

We use FEs of arbitrary order as described in Ref. [245]. A given coordinate q
is split into intervals [qn−1, qn] and the finite elements are completely defined

by type and number of approximation functions, χ
(q)
nk (q), k = 0, . . . , K, on that

interval. The only requirement for the χ
(q)
nk (q) is that they be differentiable and

that they can be linearly combined such that they all vanish at the endpoints
of the FE, except for two of them: these are non-zero at the lower and upper
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boundary, respectively,

χ
(q)
nK(qn) = χ

(q)
n0 (qn−1) = 1 (16.14)

χ
(q)
nk (qn−1) = χ

(q)
nk (qn) = 0 else (16.15)

A spatial orbital in three dimensions is written as

χc(r, s, t) = ∑
l,m,n

∑
i,j,k

c(lmn)
ijk χ

(r)
li (r)χ

(s)
mj (s)χ

(t)
nk (t) (16.16)

The sums extend over all ‘voxels’, that is, triplets of one-dimensional elements
(l, m, n), and over all functions on each voxel.

Neighbouring voxels are connected by the requirement of continuity at qn,
which translates into a linear constraint on the expansion coefficients of the
SPF, for example, for the t coordinate,

clm(n−1)
ijK = clmn

ij0 (16.17)

Note that, for the discretization of differential operators up to the second or-
der, continuity of the derivative is not required: formally, a δ-like second
derivative appears, but is always integrated over with a continuous func-
tion [245]. Dirichlet boundary conditions can be implemented by setting the
desired values for the first coefficient of the first element and the last coeffi-
cient of the last element, respectively.

Any set of linearly independent functions with suitable continuity proper-
ties and boundary values can be used to represent the solution within one
element. General global bases are included as limiting cases in this scheme,
when a single element covers the whole coordinate range. To obtain a (global)
discrete variable representation (DVR) of the basis, one transforms it such
that it diagonalizes the coordinate operator (see Chapter 3). Our FE scheme
also includes the case of the so-called FE-DVR method [246], where polyno-
mial finite-element functions are represented by their values at the quadrature
points of a Lobatto scheme, which includes the points at the element bound-
aries. This allows an easy implementation of continuity conditions. The same
Lobatto quadrature can be employed for most integrations, if one makes mi-
nor compromises on the quadrature error.

For the implementation, in particular for parallelization, it is convenient to
formulate the continuity condition for coordinate q at boundary qn with the

help of a projection operator Q(q)
n ,

Q(q)
n = 1 −P (q)

n = 1 − |dn〉〈dn| (16.18)

which acts on the coefficients c. The ‘discontinuity vector’

〈dn| =
1√
2
(. . . , 0, 0,−1, 0, . . . , 0, 1, 0, 0, . . .) (16.19)
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has the values −1 and +1 at the position of the pairs of coefficients c that need
to be identical for continuity at qn. The projector ensuring continuity at all
element boundaries on coordinate q is given by

Q(q) = ∏
n

(1 −P (q)
n ) = 1 − ∑

n
P (q)

n =: 1 −P (q) (16.20)

The second equality holds because of the mutual orthogonality of the projec-

tors P (q)
n P (q)

m = 0 for n �= m. A coefficient vector for a continuous function in
three dimensions is obtained from an arbitrary coefficient vector c by applying
the projectors for all three directions,

c(cont) = Q(r)Q(s)Q(t)c := Qc (16.21)

There are two main reasons to use the more general FE framework rather
than a DVR or global basis set formulation: (i) accurate integrations near the
singularities of the potentials require transformations to denser quadrature
grids, which can be easily administered with local functions; and (ii) local rep-
resentations of all operators, including the differential operators, are needed
for efficient parallelization.

In our model application, we need very large grids: the oscillation ampli-
tude of the free electrons in typical fields may reach several tens of atomic
units. Some of the most prominent strong-field phenomena such as high-
harmonic generation or non-sequential double ionization occur only when
electrons return to the molecule. During the excursion, electron kinetic ener-
gies can reach several atomic units. For a proper representation of momentum
and excursion of the electrons, we need a typical number of 500 discretization
points in the polarization direction of the laser, and at least several tens of
points in the perpendicular direction. Even when we only admit cylindrically
symmetric SPFs, we obtain on the order of 104 discretization points per SPF.
In spite of the large extension of the simulation box, large parts of the wave-
function may reach the box boundaries and need to be absorbed. For this, we
employ standard complex absorbing potentials (CAPs) – see Section 6.5.

The distribution of the FE boundaries can be adjusted to the specific physi-
cal system. At large distances, electron momenta are predictably lower, while
the highest momenta appear in the surroundings of the original bound sys-
tem. Unnecessary stiffness of the discretized equations results when the sum
of the potential and kinetic energies locally present in the discretization sig-
nificantly exceeds the energies in the actual solution. A dense grid near a neg-
ative potential singularity does not significantly impact on the stiffness of the
system, but the same density in regions of zero potential may severely slow
down time propagation. Variable grids therefore have the two-fold advan-
tage of a significantly lower number of grid points and fewer stiffness-related
problems.
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The use of the FE discretization is motivated by its generality and our
specific model application with a large fraction of the system in continuum
states. In an alternative approach, Gaussian functions were successfully em-
ployed in cases where the dynamics remains mostly within the bound-state
regime [247, 248].

16.2.3
One-Particle Operators

With an FE product basis, the total single-particle Hamiltonian can be written
as a sum over ‘voxel’ Hamiltonians,

hc = Q∑
v

hvQc (16.22)

for the volumes [rl , rl+1] × [sm, sm+1] × [tn, tn+1] with v = (l, m, n). Assuming
locality of h, the voxel discretization is diagonal with respect to the voxel index
v, except for overlaps between neighbouring voxels introduced by the conti-
nuity constraint Q. The time-independent parts of hv are computed during an
initial set-up stage. The hv are in general full matrices, but their tensor-product
structure is exploited wherever possible. Potentials are applied by transfor-
mations to quadrature grids, which again have tensor-product form. Only
near the singularities of non-separable potentials, where one would need large
product grids for accurate quadrature and correspondingly expensive trans-
formations, are all single-electron terms united in a full three-dimensional
voxel matrix hv. The computationally optimal crossover point between the
methods is determined during set-up by measuring the CPU time needed for
application of hv in either form.

When solving the single-particle equations in FE discretization, one obtains
equations of the form

S i
d
dt

c = hc (16.23)

where

S := QS0Q = Q∑
v
SvQ (16.24)

with the voxel overlap matrices Sv = S (r,l) ⊗ S (s,m) ⊗ S (t,n) and

S (q,i)
kk′ = 〈χ(q)

i,k |χ
(q)
i,k′ 〉, (q, i) = (r, l), (s, m), (t, n) (16.25)

Bringing S to diagonal form would be tantamount to making the transition
to a global basis. For large polynomial FE orders K, an approximate diagonal
form can be obtained if one admits quadrature errors in the order 2K + 2. This



16.2 Computation of Operators 169

is how explicit application of S−1 is avoided in the FE-DVR method [246].
Alternatively, a parallelizable method for computing S−1hc exactly is de-
scribed below.

16.2.4
Two-Particle Operators

Conceptually, two-particle interactions are much simpler than the many-
particle interactions arising in general MCTDH applications. For example,
with the Schmidt decomposition [249], we can uniquely identify approx-
imations of optimal rank for a given L2 accuracy (these are the optimal
two-particle ‘natural potentials’, Section 11.4). However, the fact that the
interaction is in general singular at the point of coalescence, that it may be
long range, and that we are dealing with very extended orbitals, pose great
computational challenges.

With the single-particle grid size on the scale of a few thousand, the exact
discretization of the two-particle operators would lead to matrix sizes of sev-
eral millions by several millions. For polynomial FE functions, the size of the
exact discretization for two-particle operators can be strongly reduced, but
always remains significantly larger than the dimension of the single-particle
space. This is usually much too large even to calculate the discretization of
H, let alone apply it in each time step. We therefore approximate the interac-
tion potential in three stages by (i) representing it on a coarse grid that is ad-
justed to the physical problem in question, (ii) factorizing it by the H-matrix
technique, and (iii) making a locally weighted low-rank approximation of the
H-matrix.

16.2.4.1 Representation of H on a Coarse Grid

As electron–electron interactions near the nuclei are more important, we
choose an FE discretization of H with high accuracies only in the vicinity of
the molecule and much coarser grids outside. In addition, the order of the
FE representation can be chosen mostly lower than the order of the FE on the
orbitals. For efficient quadrature it is advantageous if the FE boundaries for
H are a subset of those for the orbitals.

For a given FE basis, the interaction potential is

H(Q1, Q2) ≈ ∑
v,v′

Gv(Q1)(S−1HS−1)vv′Gv′(Q2) =: GWGT (16.26)

where v = (l, m, n, i, j, k) and v′ = (l′, m′, n′, i′, j′, k′) label the FE product func-

tions Gv(Q) = χ
(r)
li (q)χ

(s)
mj (s)χ

(t)
nk (t). The matrix

Hvv′ =
∫

dQ1 dQ2 Gv(Q1)H(Q1, Q2)Gv′(Q2) (16.27)
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is the discretized potential matrix and the overlap matrix S is defined as in
Equation (16.25). As we are approximating a multiplication operator, we do
not need to enforce continuity across element boundaries. This has the tech-
nical advantage of a strictly local overlap matrix S that is easily inverted or
diagonalized. It has the additional benefit of maintaining voxel-wise locality
also after application of S−1, which is important for the H-matrix technique
discussed in the following section.

16.2.4.2 H-Matrix Representation

For an efficient computation of the two-particle integrals, it is advantageous
to bring H to the form

H(Q1, Q2) ≈
M

∑
m=1

Um(Q1)wmVm(Q2) (16.28)

where the functions Um(Q1) and Vm(Q2) and the numbers wm can be assumed
to be real. From Equation (16.26) one readily obtains one such representation
with the help of the eigenvectors Wum = umwm,

H(Q1, Q2) ≈
M

∑
m=1

(um · G(Q1))wm(um · G(Q2)) (16.29)

In this particular case, the left and right functions are identical, Um = Vm =
um · G. For eigenvalues sorted by decreasing modulus |w1| > |w2| > . . ., this
so-called Schmidt decomposition constitutes the L2-optimal approximation to
Equation (16.26) for a given rank M.1 Another well-known example of such a
decomposition is the multipole expansion of the Coulomb potential.

Both the Schmidt decomposition and the multipole expansion have global
functions Um and Vm, which makes each term in the sum (16.28) a non-local
operator. A systematic way to generate localized factor functions and to take
advantage of local smoothness of H is by hierarchical matrices (H-matrices)
[250]. This technique relies on the fact that almost any two-particle interaction
will be diagonally dominated and increasingly smooth far from the diago-
nal. This is best illustrated by the Coulomb potential, where for |r1| � |r2|
a few terms of the multipole expansion suffice for an accurate description of
the interaction. If we choose a discretization (like finite elements) that to some
extent preserves locality properties, this factorization into a few products car-
ries over to the discrete matrix. The strategy is first to approximate large off-
diagonal blocks of the interaction matrix by a few products and then to repeat
the procedure for smaller blocks that are closer to the diagonal. One thus
obtains a hierarchy of matrix blocks, each of which can be approximated by

1) A generalization of the Schmidt decomposition to larger dimensions
is given by the potfit algorithm – see Section 11.4.
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a low-rank matrix, until one reaches the diagonal elements (see Figure 16.1).
The sum of the ranks of all blocks of this decomposition, that is, the number of
terms in Equation (16.28), will in general be larger than the rank of a Schmidt
decomposition of comparable accuracy. However, owing to the small size of
the majority of the individual blocks, the operations count for applying the
H-matrix approximation can be much smaller.

Figure 16.1 Schematic representation of a partitioning of the two-
particle potential. Partitioning is denser near the centre of coordinate
space by an a priori choice of the discretization. The discrete matrix is
divided into blocks that are smaller near the diagonal. The off-diagonal
blocks allow efficient low-rank approximation.

We use this decomposition to bring the two-particle interaction into the
form (16.28). As in our case the rank of the approximation, that is, the number
of terms in the sum, affects the operations count for the computation of the
matrix K2, we set a lower limit to the block size of the H-matrix decomposi-
tion.

As a last fine tuning of the approximation, we choose different approxi-
mation accuracies for H-matrix blocks depending on their importance for the
physical process. This is in spirit similar to the initial choice of a coarser FE
grid. However, it provides additional flexibility, as it can be made on the
two-particle space rather than on the single-particle coordinates: in the ter-
minology of Chapter 11 it is a non-separable weight. In addition, it is more
systematic, as the neglected terms can be directly related to the L2 error of the
approximation.

16.3
Parallelization

On distributed memory machines, the key to efficient large-scale paralleliza-
tion are locality and synchronization. Our model application has the main
compute load on the SPFs, for which locality of differential and multiplication
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operators translates into data locality, if one distributes the spatial part of each
SPF over the compute nodes. Application of the projector Q for wavefunction
continuity then involves only nearest-neighbour communication. Somewhat
more involved is the application of a non-diagonal FE inverse overlap ma-
trix, S−1, which we discuss below. The most challenging part is the parallel
computation of the mean-field potentials, as the two-particle interactions are
fundamentally non-local. However, strong interactions usually occur over a
short range, that is, locally, while the long-range part of the interaction is well
described by low-rank approximations. With the H-matrix decomposition, we
have already taken advantage of such a structure. Below, we show how the
H-matrix structure can be used for parallelization.

For simplicity, we assume that only the most extended coordinate is dis-
tributed over compute nodes. For our model systems this is usually the z-
coordinate. The z-axis is split at some finite-element boundaries and each
chunk is assigned to a different compute node. In the MCTDHF applications
so far, the coefficient vector AJ is comparatively small and does not require
parallelization.

Figure 16.2 summarizes the work flow of our parallelized MCTDHF imple-
mentation. Starting from a set of old orbitals ϕ and coefficients A, we calculate
the mean fields H, which requires communication across all nodes. Applying
the mean fields and the single-particle operators in the equations of motion,
we compute new coefficients A and provisional new orbitals ϕ. The latter
are then subjected to the continuity condition, which requires mostly nearest-
node communication. This procedure is repeated at each time step.

16.3.1
Application of the Inverse Overlap Matrix S−1

With high-order FE methods, the inverse overlap matrix can be approximately
transformed to the unit matrix by local transformations (see discussion in Sec-
tion 16.2.2). However, the exact overlap matrix can also be applied with only
little extra inter-node communication. One reason why one may want to make
this small effort is to maintain the variational property of the FE discretization.

To solve an equation of the form (16.23), we must invert the matrix S in the
subspace of Q. For that purpose we use the identity

S−1 = (QS0Q)−1 = QS−1
0 Q−QS−1

0 P(PS−1
0 P)−1PS−1

0 Q (16.30)

which holds for any pair of mutually orthogonal projectors P + Q = 1. The
inversion is to be understood in the sense

(QS0Q)−1QS0Q = Q (16.31)

and analogously for (PS−1
0 P)−1. The advantage of replacing the inversion

of QS0Q with the inversion of PS−1
0 P lies in the fact that the number of Pn



16.3 Parallelization 173

Figure 16.2 Parallelization of an MCTDHF calculation. Node bound-
aries are indicated by vertical lines. (A) The calculation of the mean-
field potentials involves all-to-all communication. (B) Their applica-
tion is strictly local. (C) Continuity conditions require mostly nearest-
neighbour communication. Node boundaries are adjusted during com-
putation.

that connect coefficients on different compute nodes is much smaller than the
dimension of Q, which equals the number of independent coefficients in the
z-direction. Only this small number of coefficients needs to be exchanged in
an all-to-all type of communication.

16.3.2
Parallel Computation of Mean Fields

With a factorization of the form (16.26) the computation of the integrals can
be split into three steps. First, the single-particle factor integrals are calculated
locally,

Umik,ν = 〈ϕi|Um|ϕk〉ν (16.32)

where the subscript ν indicates that integrations are restricted to the νth com-
pute node. This integration needs to be done only for Um, as, due to the ex-
change symmetry of the two-particle operator, for each m there is an m′ such



174 16 Strongly Driven Few-Fermion Systems – MCTDHF

that Wmik = Um′ik. The integrals are then added up over all nodes ν where
Um(Q) has non-vanishing support,

Umik = ∑
ν

Umik,ν (16.33)

With an H-matrix partitioning as sketched in Figure 16.1, many Um have their
support only on a single node and require no summation and no communi-
cation in this step, and a large number of m involve only two or a few nodes,
causing little communication. After summation of the integrals, they are dis-
tributed to those nodes that compute separate parts of the K-matrix and the
mean-field potentials. Finally, the application of the mean-field potentials is
strictly local and multiplication of A by the distributed K-matrix requires all-
to-all communication of the coefficient vector A, which has moderate size.

16.3.3
Dynamic Load Balancing

Synchronization is deteriorated by imbalance of the compute load introduced
by the strong spatial variation of the potentials and the spatial weighting of
the H-matrix decomposition. The exact load distribution is difficult to predict
a priori. For typical applications, we have observed load imbalances of 50% or
more with a corresponding loss in scalability. We have therefore implemented
a scheme where self-timing of the code is used to redistribute the load over
the processors.

Dynamic load balancing causes little overhead, as imbalances originate in
the time-independent part of the operators and only few adjustments occur
after the initial establishment of a balanced distribution.

16.4
Observables and Transformations

The computation of observables is in general not time critical in MCTDHF
applications. However, antisymmetry can be exploited to obtain compact and
easy-to-handle expressions for the observables. Here we illustrate this on a
few examples.

16.4.1
Orbital Transformations

The MCTDHF wavefunction is invariant under the transformation

Ψ = ∑
j1...jp

∑
k1...kp

∑
l1...lp

( p

∏
κ=1

Ulκ jκ

)
Aj1...jp

( p

∏
λ=1

U∗
lλkλ

ϕkλ

)
(16.34)
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for unitary matrices U. For example, natural orbitals ϕ
(nat)
l = ∑k U∗

kl ϕk are ob-
tained if U diagonalizes the single-particle density matrix (3.13). In the corre-
sponding transformation of the A-coefficients, antisymmetry can be exploited,

A(nat)
l1...lp

=
n

∑
j1

· · ·
n

∑
jp

( p

∏
κ=1

Ulκ jκ

)
Aj1...jp = ∑

j1<...<jp

det(U
j1...jp
l1...lp

)Aj1...jp (16.35)

where

U
j1...jp
l1...lp

:=

⎛⎜⎜⎝
Ul1 j1 · · · Ul1 jp

...
...

Ulp j1 · · · Ulp jp

⎞⎟⎟⎠ (16.36)

denotes the submatrix of the total transformation matrix for the respective left
and right index sets.

16.4.2
Projections Onto Multiparticle States

The overlap between two multiparticle wavefunctions constructed from the
same orthonormal set of SPFs is obtained from the inner product of the two
coefficient vectors. For the calculation of overlaps with different sets of SPFs,
for example, the autocorrelation function 〈Ψ(0)|Ψ(t)〉, one can take advantage
of antisymmetry by observing that

〈Ψa|Ψb〉 = ∑
j1...jp

∑
l1...lp

A∗
j1...jp

( p

∏
κ=1

Ojκ lκ

)
Bl1...lp

= p! ∑
j1<...<jp

∑
l1<...<lp

A∗
j1...jp

Bl1...lp det(Ol1...lp
j1...jp

)
(16.37)

where Ojl = 〈ϕa
j |ϕb

l 〉 and the matrix Ol1...lp
j1...jp

is constructed analogously to
(16.36).

16.4.3
One- and Two-Particle Expectation Values

For a system of indistinguishable particles, the general form of a one-particle
observable is the sum of one operator in the single-particle space over all
single-particle coordinates,

X(Q1 . . . Qp) =
p

∑
κ=1

x(Qκ) (16.38)
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The expectation value of X with an MCTDHF wavefunction Ψ is therefore just
p times the expectation value for the first particle,

〈Ψ|X|Ψ〉 = p
n

∑
k=1

n

∑
l=1

Xkl ∑
j2...jp

A∗
kj2...jp

Alj2...jp =: p Tr(X ∗ρ) (16.39)

where X denotes the matrix (X )jl = 〈ϕj|x|ϕl〉 and ρ is the single-particle
density matrix (3.13).

Two-particle observables have the general form

Y =
p

∑
κ,λ=1

y(Qκ, Qλ) (16.40)

Analogous to single-particle expectation values, general two-particle expecta-
tion values can be written as

〈Ψ|Y|Ψ〉 = p2 Tr(Y∗σ) (16.41)

where we have introduced the two-particle density matrix

σkl,mn = ∑
j3...jp

A∗
klj3...jp

Amnj3...jp (16.42)

and the SPF matrix Ykl,mn = 〈〈ϕk ϕl |y|ϕm ϕn〉〉, with the double brackets 〈〈· · ·〉〉
indicating integration over the two-particle coordinates.

16.4.4
All-Particle Observables

The scheme set up above for one- and two-particle observables can be gener-
alized to many-particle observables. One such observable that unexpectedly
involves all particles is the probability of single or multiple ionization, which
we define as the probability of finding – at large times – any m particles out-
side some binding area B, while the remaining particles are inside this area.
The corresponding operator is

Zm = ∑
Tm

∏
κ∈Tm

OB(Qκ) ∏
λ �∈Tm

PB(Qλ) (16.43)

where Tm extends over all m-element subsets of {1, . . . , p} and

OB(Q) =
{

0 for Q ∈ B
1 else

(16.44)

and PB = 1 − OB. The expectation value for this p-particle operator is

〈Ψ|Zm|Ψ〉 = p! ∑
j1<...<jp

∑
l1<...<lp

A∗
j1...jp

Z
l1...lp
j1...jp

Al1...lp (16.45)
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where, for observables of the form (16.43), the matrix elements Z
l1...lp
j1...jp

can be
evaluated as

Z
l1...lp
j1...jp

= ∑
R,S

σ(S)σ(R) det(OS
R) det(PC(S)

C(R)) (16.46)

and the sum extends over all ordered m-element subsets R = (r1, . . . , rm) and
S = (s1, . . . , sm) of {j1 . . . jp} and {l1 . . . lp}, respectively. C(R) denotes the
complement of R, that is, those indices of (j1 . . . jp) that do not occur in R, and

similarly for C(S). The single-particle submatrices OS
R and PC(S)

C(R) of the matri-
ces Ojl = 〈ϕj|OB|ϕl〉 and Pjl = 〈ϕj|PB|ϕl〉 are defined as in (16.36). The sign
σ(X) is the sign of the permutation (X, C(X)) relative to the original ordering
of the indices.

By replacing in Equation (16.43) the product ∏
p
λ=m+1 PB(Qλ) with a pro-

jector Pi = |i〉〈i| onto ground or excited states |i〉 of the m-fold ionized sys-
tem, one obtains, without further changes, ionization into the ionic ground
state and shake-up. In that case, one must ensure (approximate) orthogonal-
ity of the projectors OBPi ≈ 0, that is, the binding area B must be chosen large
enough to accommodate the state |i〉.

16.4.5
Spectra

One very important observable for our model application are electron spectra.
The calculation of spectra for time-independent Hamiltonians with absorbing
boundary conditions is described in Section 6.5. The method relies on the
assumption that particles beyond a certain distance follow a free time evo-
lution. For Hamiltonians with a long-range time-dependent term – like the
dipole interaction in a laser field – this method is not applicable, as the spec-
tral distribution keeps changing for all particles, no matter how far from the
system they are. However, one can assume to good approximation that the
interaction with the binding system and between particles becomes negligible
at large distances from the interaction centre. Based on this assumption, in
Ref. [243] a scheme for calculating spectra is derived. The momentum spec-
trum of detached electrons is the sum over contributions from all possible
ionization channels c,

σ(p) = lim
T→∞

∑
c
|bc(p, T)|2 (16.47)

It can be shown [243] that the channel amplitudes bc(p, T) at large time T can
be written as

bc(p, T) = i
∫ T

−∞
dt 〈c, p; t|W|Ψ(t)〉 (16.48)
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if the time evolution of Ψ(t) is calculated with the CAP −iW. The time-
dependent channel wavefunction has the product form

|c, p; t〉 = Φc(t)χp(Qp, t) (16.49)

where, for large t, the function Φc(t) evolves into the ionic bound-state func-
tion of the given channel and χp(Qp, t) tends to the free single-electron state
for electron momentum p. The two factors of the channel wavefunction do
not need to be explicitly antisymmetrized, as only its antisymmetric content
contributes to the matrix element in Equation (16.48).

This approach assumes that, during the time evolution, Φc remains located
inside the simulation box and is not affected by absorption at the boundaries.
Otherwise, it is an arbitrary function. However, usually one associates a chan-
nel with the ion remaining in an energy eigenstate Φα with quantum numbers
α. In this case Φc is determined by the final (rather than initial) condition

lim
t→∞

Φc(t) = Φα (16.50)

For excited ionic channels Φα, one must exclude artefacts in the time propaga-
tion due to the nonlinearity of the MCTDHF equations. This can be achieved
by the simultaneous propagation of several excited states [243].

16.5
Applications

16.5.1
Ionization of Linear Molecules

The ionization of three-dimensional (3D) linear model molecules with two
to six nuclei at a constant internuclear separation was investigated in [251].
It was assumed that there is one active electron per nucleus, while the re-
maining electrons are taken into account by a screening of the nuclear po-
tentials V(r) in Equation (16.6). The screening was adjusted to obtain a con-
stant ionization potential of 0.3 a.u. (∼8 eV), independent of the number of
nuclei. Two different internuclear separations, R = 1.4 and R = 3 a.u., were
used in the calculations. As initial states we used the singlet neutral ground
states of the molecules. The model molecules are exposed to a laser pulse
with linear polarization along the molecular axis (z-direction) and a width of
one optical cycle. We use the near-IR laser wavelength λ = 800 nm and in-
tensity I = 2.5 × 1013 W cm−2, which leads to nearly 90% depletion for the
largest molecule at R = 3 a.u. For R = 1.4 a.u., a slightly higher intensity of
I = 3.5 × 1013 W cm−2 was used.

Figure 16.3 shows the depletion of the ground state after passage of the laser
pulse for molecules with an increasing number of nuclei. Contrary to the trend
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suggested by experiments, we found that for both internuclear separations,
R = 1.4 and R = 3 a.u., depletion increases with the number of nuclei. The
impact of correlation on these findings is only small: TDHF agrees qualita-
tively with MCTDHF where TDHF yields are typically only below MCTDHF
by about 10%.

Figure 16.3 Residual ground-state population for 3D and 1D model
molecules as a function of molecule size. In 3D, population decreases
with molecule size for internuclear separations R = 1.4 a.u. (crosses)
and R = 3 a.u. (full squares), and the Hartree–Fock result is similar
to the correlated result (triangles, R = 3 a.u.). In contrast, 1D models
show an increase of residual population with size (circles).

Interestingly, we observe a strong influence of dimensionality on our re-
sults: the same calculations in one dimension (1D) yield the opposite trend
for ionization as a function of molecule size, and also show a much larger
deviation between TDHF and MCTDHF yields.

16.5.1.1 High-Harmonic Spectra of Molecules

The radiative response of molecules to non-perturbative laser fields is calcu-
lated from the Fourier transform of the time-dependent dipole,

d(t) =
〈

Ψ(t)
∣∣∣∣ p

∑
κ=1

rκ

∣∣∣∣Ψ(t)
〉

(16.51)

The standard assumption in the literature is that the high-frequency part of
this response can be well described by single-electron models [252], possibly
with simple corrections for multi-electron effects [253, 254]. MCTDHF calcu-
lations show that this assumption is not in general correct.
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As a model, we use a diatomic homonuclear molecule with internuclear
separation R = 2.8 a.u. and four active electrons [255]. Core electrons are
accounted for by nuclear screening, with the parameters adjusted to give an
ionization potential close to the ionization potential of the N2 molecule, which
is frequently used for high-harmonic generation. A linearly polarized laser
pulse with the standard wavelength of 800 nm, a full width at half-maximum
(FWHM) of one optical cycle and an intensity of 3 × 1014 W cm−2 was used.

The influence of correlation on the high-harmonic spectrum is not very pro-
nounced. In Figure 16.4 we show the convergence of the spectrum for the
four-electron system with n = 4, 6, 8 orbitals. The shape of the spectrum is
already obtained to good approximation by the single-configuration TDHF
calculation. As the dipole response (16.51) depends only on the single-electron
density ∑ij ϕi(x)ϕ∗

j (x)ρij, this only tells us that TDHF produces a sufficiently
accurate single-electron density.

 1e-06

 1e-05

 1e-04

 0.001

 0.01

 0.1

 1

 0  10  20  30  40  50  60

H
ar

m
on

ic
 in

te
ns

ity
 [

a.
u.

]

Harmonic order

n=4
n=6
n=8

Figure 16.4 MCTDHF harmonic spectra for a molecule with four ac-
tive electrons using an increasing number of orbitals n, with n = 4
corresponding to TDHF. While a full quantitative convergence is not
reached, the main qualitative features are already present in TDHF.

Taking into account correlation becomes important when one wants to anal-
yse the underlying mechanisms in terms of separate electrons. To assess the
influence of multi-electron effects on high-harmonic generation, we make a
comparison of the MCTDHF result with the popular one-electron model pro-
posed in Ref. [252], its multi-electron extension [253,254], and a single-electron
Schrödinger equation with an effective Hamiltonian [255]. Figure 16.5 shows
that none of these models can even qualitatively reproduce the spectral fea-
tures of the MCTDHF multi-electron solution.
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Figure 16.5 Comparison of various simplifying models for molecu-
lar high-harmonic generation with the correlated MCTDHF harmonic
spectra. None of the models can reproduce the spectral features of the
multi-electron calculation.

We attribute this failure to the fact that the one-electron models do not ac-
count for the polarization of the ionic core. To demonstrate that core polariza-
tion is crucial, we factorize the total MCTDHF wavefunction into a product of
an ionic core wavefunction Φ and a single-electron orbital φ:

Ψ′ =
1

N(t)
A[Φ(Q1, . . . , Qp−1; t)φ(Qp; t)] (16.52)

Here N(t) is a time-dependent normalization factor and

A =
1√
p

(
1 −

p

∑
κ=1

Pκp

)
is the antisymmetrization operator. Pκp transposes electron κ and p. The idea
of this adiabatic factorization is that the (active) ionized electron moves on
larger length and faster velocity scales than the rest of the electrons. For a
given Φ, the single-electron orbital φ is determined such that the overlap of
Ψ′ with the MCTHDF solution Ψ is maximized. For Φ we choose either (i) the
‘static’, field-free ionic ground state, Φ = Φstat := Ψion(t=0), or (ii) the ‘dy-
namic’ ionic wavefunction evolving in the laser field, Φ(t) = Φdyn := Ψion(t).

We find that only for Φdyn does the factorization (16.52) lead to qualitatively
correct high-harmonic spectra. This tells us that – at least in our reasonably
realistic few-electron models – the polarization of the core contributes cru-
cially to the high-harmonic spectra, although the harmonic response of the
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core itself is rather weak. We ascribe the great importance of core polarization
to heterodyning effects that are also responsible for the multi-electron correc-
tions described in Refs. [253, 254].

Technically, it is interesting to remark that the factorization (16.52) repro-
duces the harmonic spectra only when the full MCTDHF wavefunction is
used. For the (single-configuration) TDHF functions, the procedure fails: al-
though TDHF produces approximately correct electron densities, the TDHF
wavefunction is too crude an approximation to be interpreted in terms of in-
dividual electrons.

16.5.2
Cold Fermionic Atoms

Cold fermionic atoms in a two-dimensional harmonic trap are described by
the Hamiltonian

H =
N

∑
i=1

(
− Δi

2m
+ Vtrap(ri) + ∑

j<i
Vint(ri, rj)

)
(16.53)

where N is the total number of particles and m is the mass of the atom, which
in our calculations is that of 40K. The trapping potential Vtrap(r) consists of
an elliptic harmonic oscillator with a central Gaussian barrier of width a =
0.5 μm,

Vtrap(r) =
1
2

mω2
xx2 +

1
2

mω2
yy2 + c

1
πa

exp
(
− r2

2a2

)
(16.54)

The parameter c controlling the central barrier is chosen to be 0.023 eV, which
allows for two well-separated wavepackets. The frequencies ωx and ωy are
ωx = 4.9 kHz and ωy = 6.9 kHz, respectively. These extensions of the trap are
comparable to the experimental conditions used, for example, in [256]. The
repulsive short-range interaction with a 2d-scattering length a2d has the form

Vint(ri, rj) =
4πa2d

m
1

2πσ2 exp
(
−

(ri − rj)2

2σ2

)
(16.55)

Here we approximate the delta function typically used as the particle–particle
interaction for a Bose–Einstein condensate by a Gaussian, which is more real-
istic and easier to treat numerically.

We used MCTDHF to simulate the formation of interference patterns af-
ter releasing the atoms from the trap ground state. Without atomic repulsion
the interference patterns are in accordance with a simple shell model for the
trap. The gerade and ungerade orbitals of the double well are pairwise near-
degenerate. For atomic numbers N = 2, 6 and 10, we have an open-shell sit-
uation where two atoms occupy a single spatial orbital that extends over both
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Figure 16.6 Interference patterns observed 320 μs after the harmonic
potential was switched off. The results without particle–particle inter-
action are presented in the lower row (f–j). In the upper row (a–e) we
chose the interaction strengths large enough so that the interference
pattern disappears because the fermions localize on each side of the
well. The number of particles increases from N = 2 in the first column
to N = 10 in the last column.

wells. When released, these extended states produce the interference patterns
seen in the lower row of Figure 16.6. For N = 4 and 8 the gerade and ungerade
orbitals are both occupied, which fills in the interference patterns. Interfer-
ences are destroyed when the interaction energy exceeds the gerade–ungerade
splitting: analogous to the ‘fermionization’ of bosonic systems, atoms become
localized in either the left or the right well and lose the ability to produce
interference patterns (Figure 16.6, upper row).
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17
The Multiconfigurational Time-Dependent Hartree Method
for Identical Particles and Mixtures Thereof
Ofir E. Alon, Alexej I. Streltsov and Lorenz S. Cederbaum

17.1
Preliminary Remarks

The quantum world is full of identical particles. Some familiar examples from
nuclear, atomic, molecular and condensed-matter physics include: protons
and neutrons in nuclei; electrons in atoms, molecules and quantum dots; and
atoms themselves in quantum fluids and degenerate quantum gases. Mix-
tures of identical particles occur as well in many natural and man-made sys-
tems. Examples of these include: protons and neutrons in nuclei; electrons
and protons in certain molecules; bosonic 4He and fermionic 3He as interact-
ing quantum fluids; electrons and positrons in matter–antimatter systems; and
various combinations of bosonic and fermionic atoms as degenerate quantum
gases. What is the quantum dynamics of systems comprising identical parti-
cles or mixtures of identical particles? This is a challenging, fundamental and
important problem in contemporary physics [257–260].

The MCTDH approach discussed in the previous chapters is formulated as a
distinguishable-particle propagation theory [30, 34, 37]. MCTDH has in prin-
ciple no restrictions on the treatment of the dynamics of identical particles.
However, because of the large amount of redundancies in the distinguishable-
particle multiconfigurational expansion of the MCTDH wavefunction, it be-
comes computationally difficult to treat more than a handful of identical par-
ticles with MCTDH.

In the present chapter we apply the MCTDH approach to systems of iden-
tical particles – bosons or fermions – and mixtures thereof. For this, it is
helpful to resort to second quantization representation of the quantum many-
body problem, which is naturally designed to treat identical particles. In this
way, the indistinguishability of particles and permutational symmetries of the
many-body wavefunction are directly taken into account.

There is another important difference between systems of distinguishable
degrees of freedom, say vibrations in molecules, and systems of identical par-
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ticles. The latter interact, in many cases, via two-body interactions. This, as
we shall see below, offers an appealing representation of the equations of
motion in terms of reduced one- and two-body density matrices, which opens
avenue for new types of approximations. In the present context, reduced
one- and two-body density matrices were first used to derive the stationary
many-body states within the general variational theory with complete self-
consistency for trapped bosonic systems – the multiconfigurational Hartree
for bosons (MCHB) [261]. It is instructive to mention that reduced density
matrices and their use in electronic structure theory have long been an active
research field [262–264].

The sections presented below develop the theory and discuss some applica-
tions to many-boson systems.

17.2
Bosons or Fermions? – Unifying MCTDHB and MCTDHF

The bosonic version of MCTDH (MCTDHB) was developed recently [265,266].
The fermionic version of MCTDH (MCTDHF) was developed not long before
that by three independent groups [242, 247, 267] (see Chapter 16). In this sec-
tion, we unify the MCTDHB and MCTDHF approaches within a single for-
mulation based on second quantization and reduced density matrices [268].
Note that the form of MCTDHF in the literature [242, 247, 267] did not exploit
reduced two-body density matrices.

17.2.1
Basic Ingredients

Consider N identical particles, either bosons or fermions. Let us recruit the
field operator Ψ̂(x), which annihilates a particle at coordinate x and satisfies
the common commutation (anticommutation) relations for bosons (fermions):

Ψ̂(x){Ψ̂(x′)}† ∓ {Ψ̂(x′)}†Ψ̂(x) = δ(x − x′) (17.1)

Here and throughout this chapter the upper sign refers to bosons and the
lower one to fermions. The coordinate x ≡ {r, σ} groups spatial degrees of
freedom and (possible) spin. Correspondingly, the following shorthand nota-
tion is used throughout this chapter:

δ(x − x′) = δ(r − r′)δσ,σ′ and
∫

dx ≡
∫

dr ∑
σ

The employment of the field operator Ψ̂(x) allows us to introduce a set of
time-dependent orthonormal orbitals∫

dx φ∗
k (x, t)φq(x, t) = δkq
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in which the particles reside. This is simply done by expanding the (time-
independent) field operator as follows:

Ψ̂(x) = ∑
k

âk(t)φk(x, t), âk(t) =
∫

φ∗
k (x, t)Ψ̂(x) dx (17.2)

where the âk(t) are time-dependent annihilation operators. The index k refers
to both spatial and spin quantum numbers. The orbitals φk(x, t) are, in gen-
eral, spin orbitals. In what follows we will also use the term ‘orbitals’ to de-
scribe spin orbitals whenever unambiguous. The time-dependent annihilation
and corresponding creation operators obey the usual commutation (anticom-
mutation) relations for bosons (fermions) at any time,

âk(t)â†
q(t) ∓ â†

q(t)âk(t) = δkq

The many-body Hamiltonian describing the N identical particles comprises
one-body ĥ(x) and two-body Ŵ(x, x′) terms, which may, in the most general
case, be time-dependent quantities. The formulation provided here holds in
this generic case. With the annihilation and creation operators, the many-body
Hamiltonian is conventionally written as follows:

Ĥ = ∑
k,q

hkqâ†
k âq + 1

2 ∑
k,s,l,q

Wksql â
†
k â†

s âl âq

hkq =
∫

φ∗
k (x, t)ĥ(x)φq(x, t) dx

Wksql =
∫∫

φ∗
k (x, t)φ∗

s (x′, t)Ŵ(x, x′)φq(x, t)φl(x′, t) dx dx′

(17.3)

Note that the matrix elements hkq and Wksql are generally time-dependent
quantities (even if ĥ(x) and Ŵ(x, x′) are time-independent operators) since
they are evaluated with time-dependent orbitals. Here and throughout this
chapter the explicit time dependence of quantities is not shown whenever un-
ambiguous.

In the MCTDH approach for identical particles, the Ansatz for the time-
dependent many-body wavefunction is written as a linear combination of
time-dependent permutational symmetry-adapted configurations (perma-
nents for bosons or determinants for fermions),

|Ψ(t)〉 = ∑
n

Cn(t)|n; t〉

|n; t〉 ≡ |n1, n2, . . . , nM; t〉

=
1√

n1!n2! · · · nM!
[â†

1(t)]n1 [â†
2(t)]n2 · · · [â†

M(t)]nM |vac〉

(17.4)
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The occupation numbers nk are collected in the vector n and satisfy the
conservation-of-particles condition n1 + n2 + · · · + nM = N. The summa-
tion over n runs over all possible configurations (permanents or determinants)
generated by distributing N particles over M orbitals. The configurations
|n; t〉 satisfy, of course, the orthonormalization condition 〈n; t|n′; t〉 = δn,n′ .
Their normalization to unity is readily verified from the basic action of cre-
ation and annihilation operators in Fock space:

âk(t)|n1, n2, . . . ,nk, . . . , nM; t〉

= (±1)∑k−1
l=1 nl

√
nk |n1, n2, . . . , nk − 1, . . . , nM; t〉

â†
q(t)|n1, n2, . . . ,nq, . . . , nM; t〉 (17.5)

= (±1)∑
q−1
l=1 nl

√
nq + 1 |n1, n2, . . . , nq + 1, . . . , nM; t〉

For bosons each occupation number nk can take any integer value between 0
and N in accordance with Bose–Einstein statistics, whereas for fermions each
nk can be either 0 or 1 in accordance with Fermi–Dirac statistics. These restric-
tions on the occupation numbers are implicitly assumed in Equation (17.5).

So far, we have used the indistinguishability of particles (either bosons
or fermions) to express the many-body Hamiltonian Ĥ and multiconfigura-
tional wavefunction Ψ(t) in a unified form based on second quantization.
In turn, the indistinguishability of particles has much deeper implications
for the multiconfigurational treatment of the many-body problem. Specif-
ically, it allows one to introduce reduced density matrices into the theory.
Since identical particles commonly interact via two-body interactions (see the
standard many-body Hamiltonian in Equation (17.3)), the equations of mo-
tion in this case involve reduced one- and two-body density matrices only.
The reduced one-body density matrix of the indistinguishable-particle multi-
configurational wavefunction Ψ(t) is given by

ρ(x1|x′1; t) = N
∫

Ψ∗(x′1, x2, . . . , xN ; t)Ψ(x1, x2, . . . , xN ; t) dx2 dx3 . . . dxN

= 〈Ψ(t)|Ψ̂†(x′1)Ψ̂(x1)|Ψ(t)〉

=
M

∑
k,q=1

ρkq(t)φ∗
k (x′1, t)φq(x1, t) (17.6)

where

ρkq(t) = 〈Ψ(t)|â†
k(t)âq(t)|Ψ(t)〉

are its matrix elements in the orbital basis. We collect these matrix elements
as ρ(t) = {ρkq(t)}. Similarly, the reduced two-body density matrix of the
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indistinguishable-particle multiconfigurational wavefunction Ψ(t) reads

ρ(x1, x2|x′1, x′2; t)

= N(N − 1)
∫

Ψ∗(x′1, x′2, x3, . . . , xN ; t)Ψ(x1, x2, x3, . . . , xN ; t) dx3 · · ·dxN

= 〈Ψ(t)|Ψ̂†(x′1)Ψ̂†(x′2)Ψ̂(x2)Ψ̂(x1)|Ψ(t)〉

=
M

∑
k,s,l,q=1

ρkslq(t)φ∗
k (x′1, t)φ∗

s (x′2, t)φl(x2, t)φq(x1, t) (17.7)

where

ρkslq(t) = 〈Ψ(t)|â†
k(t)â†

s (t)âl(t)âq(t)|Ψ(t)〉

are its matrix elements in the orbital basis.

17.2.2
Equations of Motion with Reduced Density Matrices

Combining the above ingredients, we are ready to specify the equations of mo-
tion of MCTDH to systems of identical particles. In what follows, we prescribe
the essentials of the derivation. For more details, the reader is referred to
Refs. [266,268]. We employ the Lagrangian formulation of the time-dependent
variational principle [269, 270] and hence write the functional action of the
time-dependent Schrödinger equation as follows:

S
[
{Cn(t)}, {φk(x, t)}

]
=

∫
dt

{〈
Ψ(t)

∣∣∣∣Ĥ − i
∂

∂t

∣∣∣∣Ψ(t)
〉
−

M

∑
k,j

μkj(t)[〈φk|φj〉 − δkj]
}

(17.8)

This allows us first to evaluate the expectation value 〈Ψ(t)|Ĥ − i ∂/∂t|Ψ(t)〉
and only afterwards to perform the variation with respect to the orbitals
{φk(x, t)} and coefficients {Cn(t)}. The time-dependent Lagrangian multi-
pliers μkj(t) take on a dual role: (i) they ensure that the time-dependent or-
bitals {φk(x, t)} remain normalized and orthogonal to one another at all times
throughout the propagation; and (ii) they exactly ‘compensate’ for those terms
appearing within the Dirac–Frenkel formulation of the time-dependent vari-
ational principle [32, 33], that is, when the variation of Ψ(t) is performed be-
fore matrix elements 〈δΨ(t)|Ĥ − i ∂/∂t|Ψ(t)〉 are evaluated (also see previous
chapters and [266, 270]).

Thus, to obtain the equations of motion for {φk(x, t)} and {Cn(t)}, we need
to evaluate the expectation value 〈Ψ(t)|Ĥ − i ∂/∂t|Ψ(t)〉 in Equation (17.8)
and then to perform the variation with respect to the orbitals and coeffi-
cients. We must remember that the orbitals and coefficients are independent
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arguments of S[{Cn(t)}, {φk(x, t)}]. To perform the variation with respect to
{φk(x, t)}, we express 〈Ψ(t)|Ĥ − i ∂/∂t|Ψ(t)〉 in a form that explicitly depends
on the orbitals:〈

Ψ
∣∣∣∣Ĥ − i

∂

∂t

∣∣∣∣Ψ〉
=

M

∑
k,q=1

ρkq

[
hkq −

(
i

∂

∂t

)
kq

]

+ 1
2

M

∑
k,s,l,q=1

ρkslqWksql − i ∑
n

C∗
n

∂Cn

∂t(
i

∂

∂t

)
kq

= i
∫

φ∗
k (x, t)

∂φq(x, t)
∂t

dx

(17.9)

The matrix elements of (i ∂/∂t) with respect to the {φk(x, t)} reflect the fact
that, when acting on the orbitals, the time derivative can be viewed as a one-
body operator. Examining representation (17.9) shows that the only explicit
dependence on the orbitals is grouped into the matrix elements hkq, (i ∂/∂t)kq
and Wksql, whereas the elements ρkq and ρkslq of the reduced one- and two-
body density matrices do not depend explicitly on the orbitals.

It is now straightforward to perform the variation of S[{Cn(t)}, {φk(x, t)}]
with respect to {φk(x, t)}. Making use of the orbitals’ orthonormality condi-
tion to solve for the Lagrange multipliers and then eliminating them by intro-
ducing a projection operator,

μkj(t) =
M

∑
q=1

{
ρkq

[
hjq −

(
i

∂

∂t

)
jq

]
+

M

∑
s,l=1

ρkslqWjsql

}

P̂ =
M

∑
j′=1

|φj′ 〉〈φj′ | (17.10)

we arrive at the following set of equations of motion for the orbitals, with
j = 1, . . . , M:

(1 − P̂)i|φ̇j〉 = (1 − P̂)
(

ĥ|φj〉 +
M

∑
k,s,l,q=1

{ρ(t)}−1
jk ρkslqŴsl|φq〉

)
(17.11)

where

Ŵsl(x, t) =
∫

φ∗
s (x′, t)Ŵ(x, x′)φl(x′, t) dx′

are time-dependent, local (for spin-independent interactions) one-body poten-
tials and φ̇j ≡ ∂φj/∂t. Note that at this point the projection operator (1 − P̂)
appears on both sides of the equations of motion (17.11). We remark that the
projection operator (1 − P̂) is denoted in our Refs. [265, 266, 268] by P̂.
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The equation of motion for the MCTDH expansion coefficients was dis-
cussed in previous chapters. For completeness, in the context of the MCTDH
approach for identical particles, we discuss it here in brief. The variation of
S[{Cn(t)}, {φk(x, t)}] with respect to the {Cn(t)} is easily done after express-
ing the expectation value 〈Ψ(t)|Ĥ − i ∂/∂t|Ψ(t)〉 in a form that explicitly de-
pends on the coefficients:〈

Ψ
∣∣∣∣Ĥ − i

∂

∂t

∣∣∣∣Ψ〉
= ∑

n
C∗

n

[
∑
n′

〈
n; t

∣∣∣∣Ĥ − i
∂

∂t

∣∣∣∣n′; t
〉

Cn′ − i
∂Cn

∂t

]
(17.12)

The following equation of motion then emerges straightforwardly:

H(t)C(t) = i
∂C(t)

∂t
, Hnn′ (t) =

〈
n; t

∣∣∣∣Ĥ − i
∂

∂t

∣∣∣∣n′; t
〉

(17.13)

where the vector C(t) collects together the coefficients {Cn(t)}.
So far, only the orthonormality of the orbitals has been utilized to obtain

the equations of motion for the orbitals and coefficients. It is well known and
discussed in the previous chapters that the multiconfigurational wavefunc-
tion Ψ(t) is invariant to unitary transformations of the orbitals, compensated
by the ‘reverse’ transformations of the expansion coefficients. This invariance
allows one to simplify the equations of motion and, in particular, their numer-
ical integration by introducing the differential condition [30]:

〈φk|φ̇q〉 = 0 for k, q = 1, . . . , M (17.14)

(For the more general form of the differential condition, see [34, 37] and
the previous chapters. For an explicit proof that the differential condi-
tion (17.14) can always be satisfied given an initial set of orbitals satisfying∫

dx φ∗
k (x, 0)φq(x, 0) = δkq, see [266].) With the differential condition (17.14),

the equations of motion for the orbitals and expansion coefficients can be
simplified to read, with j = 1, . . . , M:

i|φ̇j〉 = (1 − P̂)
[

ĥ|φj〉 +
M

∑
k,s,l,q=1

{ρ(t)}−1
jk ρkslqŴsl|φq〉

]

H(t)C(t) = i
∂C(t)

∂t
, Hnn′ (t) = 〈n; t|Ĥ|n′; t〉 (17.15)

The coupled equation sets (17.11) for the orbitals {φj(x, t)} and (17.13) for
the expansion coefficients {Cn(t)}, or, respectively, Equation (17.15) consti-
tute a unified and compact representation of the MCTDH approach for iden-
tical particles (also see [268]), either bosons (MCTDHB; [265,266]) or fermions
(MCTDHF). We note that the form of MCTDHF in the literature [242,247,267]
did not exploit reduced two-body density matrices.
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Before we proceed to apply MCTDH to other systems, it is instructive to
consider the stationary, self-consistent version of MCTDH for identical parti-
cles. In the spirit of Refs. [38, 261], the latter is readily arrived at by setting
t → −it in the equations of motion (17.11) and (17.13) or in (17.15). When
this is done, one arrives at the multiconfigurational self-consistent (time-
independent) working equations, with k = 1, . . . , M:

M

∑
j=1

[
ρkjĥ +

M

∑
s,l=1

ρksljŴsl

]
|φj〉 =

M

∑
j=1

μkj|φj〉

HC = εC (17.16)

where ε = 〈Ψ|Ĥ|Ψ〉 is the eigenenergy of the system. The values of the La-
grange multipliers can be read from (17.10). Making use of the fact that the
matrix of Lagrange multipliers {μkj} is Hermitian (for stationary states) and
of the invariance property of multiconfigurational wavefunctions discussed in
the previous chapters and above, one can transform (17.16) to a representation
where {μkj} is a diagonal matrix. Equation (17.16) constitutes a unified rep-
resentation of the literature multiconfigurational self-consistent field theories
for bosons [261] and for fermions [271, 272].

17.3
Bose–Bose, Fermi–Fermi and Bose–Fermi Mixtures: MCTDH-BB, MCTDH-FF
and MCTDH-BF

In this section we consider a mixture of two kinds of identical particles, and
discuss the corresponding specification of the MCTDH approach. There are
three possible mixtures (Bose–Bose, Fermi–Fermi and Bose–Fermi), and the re-
sulting MCTDH-BB, MCTDH-FF and MCTDH-BF approaches are presented
below in a unified manner based, as in the previous section, on the second-
quantization formalism and reduced density matrices [273]. Aiming at an
economical account, we present here only the additional ingredients to the
single-species case, followed directly by the resulting equations of motion.
The reader is referred to Ref. [273] for more details.

17.3.1
Ingredients for Mixtures

We consider a mixture with N = NA + NB particles. The mixture consists of
NA identical particles (bosons or fermions) of type A and NB identical particles
(bosons or fermions) of type B. In what follows, when needed, we denote
quantities in the mixture by A, B or AB superscripts.
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For the A and B species we need two field operators, each expanded by a
complete set of time-dependent orbitals:

Ψ̂(A)(x) = ∑
k

âk(t)φk(x, t), Ψ̂(B)(y) = ∑̄
k

b̂k̄(t)ψk̄(y, t) (17.17)

Note that orbitals belonging to different species need not be orthogonal or
a priori have any relation with respect to one another. Also, field operators,
annihilation and creation operators corresponding to different species com-
mute. The many-body Hamiltonian of the mixture is conveniently written as
a sum of three terms:

Ĥ(AB) = Ĥ(A) + Ĥ(B) + Ŵ(AB)

Ŵ(AB) = ∑
k,k̄,q,q̄

W(AB)
kk̄qq̄

â†
k âqb̂†

k̄ b̂q̄ (17.18)

W(AB)
kk̄qq̄

=
∫∫

φ∗
k (x, t)ψ∗

k̄ (y, t)Ŵ(AB)(x, y)φq(x, t)ψq̄(y, t) dx dy

The first two terms of Ĥ(AB) are the A and B single-species Hamiltonians and
can be read directly from Equation (17.3). The third term of Ĥ(AB) is the inter-
action between the two species.

In the MCTDH approach for mixtures of identical particles, the Ansatz
for the many-body wavefunction Ψ(AB)(t) is taken as a linear combination
of products of time-dependent permutational symmetry-adapted configura-
tions:

|Ψ(AB)(t)〉 = ∑
n,m

Cnm(t)|n; t〉 × |m; t〉 ≡ ∑
n,m

Cnm(t)|n, m; t〉 (17.19)

The configurations {|n; t〉} and {|m; t〉} are either permanents or determi-
nants depending on whether the mixture is a Bose–Bose, Fermi–Fermi or
Bose–Fermi mixture, and can be read directly from Equation (17.4). The sum-
mation over n,m runs, respectively, over all possible configurations (perma-
nents or determinants) generated by distributing NA, NB particles over M, M̄
orbitals.

To derive the equations of motion, we will make use of the reduced den-
sity matrices of the mixture. In a mixture, see Equation (17.18), two types of
reduced density matrices appear:

(i) the intra-species (A and B) reduced one- and two-body density matrices,

ρ(A)(x1|x′1; t), ρ(B)(y1|y′
1; t)

and

ρ(A)(x1, x2|x′1, x′2; t), ρ(B)(y1, y2|y′
1, y′

2; t)

which can be read directly from Equations (17.6) and (17.7), respectively;
and
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(ii) the inter-species (AB) reduced two-body density matrix of Ψ(AB)(t),
which is given by

ρ(AB)(x1, y1|x′1, y′
1; t)

= NANB

∫
Ψ(AB)∗(x′1, x2, . . . , xNA, y′

1, y2, . . . , yNB ; t)

× Ψ(AB)(x1, x2, . . . , xNA, y1, y2, . . . , yNB; t)

× dx2 dx3 . . . dxNA dy2 dy3 . . . dyNB

= 〈Ψ(AB)(t)|{Ψ̂(A)(x′1)}†Ψ̂(A)(x1){Ψ̂(B)(y′
1)}†Ψ̂(B)(y1)|Ψ(AB)(t)〉

=
M

∑
k,q=1

M̄

∑
k̄,q̄=1

ρ
(AB)
kk̄qq̄

(t)φ∗
k (x′1, t)φq(x1, t)ψ∗

k̄ (y′
1, t)ψq̄(y1, t) (17.20)

where

ρ
(AB)
kk̄qq̄

(t) = 〈Ψ(AB)(t)|â†
k(t)âq(t)b̂†

k̄ (t)b̂q̄(t)|Ψ(AB)(t)〉

are its matrix elements in the orbital basis.

17.3.2
Equations of Motion With Intra- and Inter-Species Reduced Density Matrices

The equations of motion of MCTDH-XY – the MCTDH approach for mix-
tures of two kinds of identical particles – utilize the above ingredients and are
straightforwardly derived from the corresponding action functional

S[{Cnm(t)}, {φk(x, t)}, {ψk̄(y, t)}]
and expectation value〈

Ψ(AB)
∣∣∣∣Ĥ(AB) − i

∂

∂t

∣∣∣∣Ψ(AB)
〉

=
M

∑
k,q=1

ρ
(A)
kq

[
h(A)

kq −
(

i
∂

∂t

)
kq

]
+ 1

2

M

∑
k,s,l,q=1

ρ
(A)
kslqW(A)

ksql

+
M̄

∑
k̄,q̄=1

ρ
(B)
k̄q̄

[
h(B)

k̄q̄
−

(
i

∂

∂t

)
k̄q̄

]
+ 1

2

M̄

∑
k̄,s̄,l̄,q̄=1

ρ
(B)
k̄s̄l̄q̄

W(B)
k̄s̄q̄l̄

+
M

∑
k,q=1

M̄

∑
k̄,q̄=1

ρ
(AB)
kk̄qq̄

W(AB)
kk̄qq̄

− i ∑
nm

C∗
nm

∂Cnm

∂t

= ∑
n,m

C∗
nm

[
∑

n′,m′

〈
n, m; t

∣∣∣∣Ĥ(AB) − i
∂

∂t

∣∣∣∣n′, m′; t
〉

Cn′m′ − i
∂Cnm

∂t

]
(17.21)
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Eliminating the corresponding Lagrange multipliers by introducing projec-
tion operators,

μ
(A)
kj (t) =

M

∑
q=1

{
ρ
(A)
kq

[
h(A)

jq −
(

i
∂

∂t

)
jq

]
+

M

∑
s,l=1

ρ
(A)
kslqW(A)

jsql +
M̄

∑
k̄,q̄=1

ρ
(AB)
kk̄qq̄

W(AB)
jk̄qq̄

}

μ
(B)
k̄ j̄

(t) =
M̄

∑̄
q=1

{
ρ
(B)
k̄q̄

[
h(B)

j̄q̄ −
(

i
∂

∂t

)
j̄q̄

]
+

M̄

∑
s̄,l̄=1

ρ
(B)
k̄s̄l̄q̄

W(B)
j̄s̄q̄l̄

+
M

∑
k,q=1

ρ
(AB)
kk̄qq̄

W(AB)
k j̄qq̄

}

P̂
(A) =

M

∑
j′=1

|φj′ 〉〈φj′ |, P̂
(B) =

M̄

∑
j̄′=1

|ψj̄′ 〉〈ψj̄′ | (17.22)

and making explicit use of the differential conditions,

〈φk|φ̇q〉 = 0 (k, q = 1, . . . , M), 〈ψk̄|ψ̇q̄〉 = 0 (k̄, q̄ = 1, . . . , M̄) (17.23)

the final result for the equations of motion of the orbitals {φk(x, t)} and
{ψk̄(y, t)} and expansion coefficients C(AB)(t) = {Cnm(t)} reads, with j =
1, . . . , M and j̄ = 1, . . . , M̄:

i|φ̇j〉 = (1 − P̂
(A))

[
ĥ(A)|φj〉 +

M

∑
k,q=1

{ρ(A)(t)}−1
jk

×
{ M

∑
s,l=1

ρ
(A)
kslqŴ(A)

sl +
M̄

∑
k̄,q̄=1

ρ
(AB)
kk̄qq̄

Ŵ(AB)
k̄q̄

}
|φq〉

] (17.24)

i|ψ̇j̄〉 = (1 − P̂
(B))

[
ĥ(B)|ψj̄〉 +

M̄

∑
k̄,q̄=1

{ρ(B)(t)}−1
j̄k̄

×
{ M̄

∑
s̄,l̄=1

ρ
(B)
k̄s̄l̄q̄

Ŵ(B)
s̄l̄

+
M

∑
k,q=1

ρ
(AB)
kk̄qq̄

Ŵ(BA)
kq

}
|ψq̄〉

] (17.25)

H(AB)(t)C(AB)(t) = i
∂C(AB)(t)

∂t
(17.26)

H(AB)
nm,n′m′ (t) = 〈n, m; t|Ĥ(AB)|n′m′; t〉 (17.27)

where

Ŵ(AB)
k̄q̄

(x, t) =
∫

ψ∗
k̄ (y, t)Ŵ(AB)(x, y)ψq̄(y, t) dy

are one-body potentials that the B species exerts on the A species, and

Ŵ(BA)
kq (y, t) =

∫
φ∗

k (x, t)Ŵ(AB)(x, y)φq(x, t) dx
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are one-body potentials that the A species exerts on the B species. These
inter-species potentials are local (for spin-independent interactions), time-
dependent potentials. We remark that the projection operators (1 − P̂(A)) and

(1 − P̂(B)) are denoted in our Ref. [273] by P̂(A) and P̂(B), respectively.
The coupled equations of motion (17.24)–(17.27) for the A species orbitals

{φk(x, t)}, the B species orbitals {ψk̄(y, t)}, and the mixture’s expansion coef-
ficients {Cnm(t)} (also see [273]) constitute the MCTDH method for mixtures
of identical particles (MCTDH-XY), which may be Bose–Bose (MCTDH-BB),
Fermi–Fermi (MCTDH-FF) or Bose–Fermi (MCTDH-BF) mixtures.

Finally, in the spirit of Refs. [38, 261], the MCTDH-XY equations (17.24)–
(17.27) can be transformed by setting t → −it therein to a multiconfigura-
tional self-consistent theory for time-independent (stationary) mixtures. The
resulting working equations readily read, with k = 1, . . . , M and k̄ = 1, . . . , M̄,
respectively:

M

∑
j=1

[
ρ
(A)
kj ĥ(A) +

M

∑
s,l=1

ρ
(A)
ksljŴ

(A)
sl +

M̄

∑
k̄,q̄=1

ρ
(AB)
kk̄jq̄

Ŵ(AB)
k̄q̄

]
|φj〉 =

M

∑
j=1

μ
(A)
kj |φj〉

M̄

∑̄
j=1

[
ρ
(B)
k̄ j̄

ĥ(B) +
M̄

∑
s̄,l̄=1

ρ
(B)
k̄s̄l̄ j̄

Ŵ(B)
s̄l̄

+
M

∑
k,q=1

ρ
(AB)
kk̄q j̄

Ŵ(BA)
kq

]
|ψj̄〉 =

M̄

∑̄
j=1

μ
(B)
k̄ j̄

|ψj̄〉

H(AB)C(AB) = ε(AB)C(AB)

(17.28)

where ε(AB) = 〈Ψ(AB)|Ĥ(AB)|Ψ(AB)〉 is the eigenenergy of the mixture. The
self-consistent equations (17.28) (also see [273]) generalize to mixtures the
single-species equations (17.16), that is, the self-consistent field theories for
bosons [261] and for fermions [271, 272].

17.4
Higher-Order Forces and Reduced Density Matrices: Three-Body Interactions

In the previous two sections we considered identical particles and mixtures of
two kinds of identical particles interacting via two-body interactions. We note
that the available formulations of MCTDHB [265,266] and MCTDHF [242,247,
267], as well as that of Ref. [268], are for identical particles interacting via two-
body interactions. A two-body interaction is the most basic interaction in an
interacting (quantum) system. When the particles comprising the quantum
system have internal structure, higher-order interactions (forces) may come
into play. For instance, in nuclear physics it has been accepted that three-
body interactions are necessary to fully understand the structure of nuclei (see,
for example, [274]). Much more recently, and in the context of another field,
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the proposition to utilize cold polar molecules to engineer (condensed-matter)
systems with three-body interactions has been put forward [275].

Envisioning the interest in multiconfigurational time-dependent dynamics
of systems with three-body forces, we extend the unified formulation of MCT-
DHB and MCTDHF of Ref. [268] and Section 17.2 to include three-body in-
teractions. Aiming at a short, yet concise account, we present here only the
addition to the single-species, two-body case.

17.4.1
Ingredients for Three-Body Interactions

The many-body Hamiltonian Ĥ describing the N indistinguishable particles
now comprises one-body ĥ(x), two-body Ŵ(x, x′) and three-body Û(x, x′, x′′)
terms. In second quantization it is written as follows [276]:

Ĥ(3B) = ∑
k,q

hkqâ†
k âq + 1

2 ∑
k,s,l,q

Wksql â
†
k â†

s âl âq + 1
6 ∑

k,s,p,r,l,q
Ukspqlrâ†

k â†
s â†

pâr âl âq

Ukspqlr =
∫∫∫

φ∗
k (x, t)φ∗

s (x′, t)φ∗
p(x′′, t)Û(x, x′, x′′) (17.29)

× φq(x, t)φl(x′, t)φr(x′′, t) dx dx′ dx′′

The matrix elements Ukspqlr are generally time-dependent quantities even if
the three-body interaction Û(x, x′, x′′) is time independent. Note also that
the interaction terms Ŵ(x, x′) and Û(x, x′, x′′) are required to be symmetric to
permutations of any two particles, independently of whether the particles are
bosons or fermions.

To derive the equations of motion, we will again make use of the reduced
density matrices of the interacting system. In addition to the reduced one-
and two-body density matrices, the reduced three-body density matrix is
required. The reduced three-body density matrix of the indistinguishable-
particle multiconfigurational wavefunction Ψ(t), see Equation (17.4), reads

ρ(x1, x2, x3|x′1, x′2, x′3; t)

= N(N − 1)(N − 2)
∫

Ψ∗(x′1, x′2, x′3, x4, . . . , xN ; t)

× Ψ(x1, x2, x3, x4, . . . , xN ; t) dx4 · · ·dxN

= 〈Ψ(t)|Ψ̂†(x′1)Ψ̂†(x′2)Ψ̂†(x′3)Ψ̂(x3)Ψ̂(x2)Ψ̂(x1)|Ψ(t)〉

=
M

∑
k,s,p,r,l,q=1

ρksprlq(t)φ∗
k (x′1, t)φ∗

s (x′2, t)φ∗
p(x′3, t)φr(x3, t)φl(x2, t)φq(x1, t)

(17.30)
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where

ρksprlq(t) = 〈Ψ(t)|â†
k(t)â†

s (t)a†
p(t)âr(t)âl(t)âq(t)|Ψ(t)〉

are its matrix elements in the orbital basis.

17.4.2
Equations of Motion With Three-Body Reduced Density Matrix

The equations of motion of MCTDHB and MCTDHF in the presence of three-
body interactions can now be derived, and in a unified form. We start from the
action functional S[{Cn(t)}, {φk(x, t)}], see Equation (17.8), and expectation
value〈

Ψ
∣∣∣∣Ĥ(3B) − i

∂

∂t

∣∣∣∣Ψ〉

=
M

∑
k,q=1

ρkq

[
hkq −

(
i

∂

∂t

)
kq

]
+ 1

2

M

∑
k,s,l,q=1

ρkslqWksql

+ 1
6

M

∑
k,s,p,r,l,q=1

ρksprlqUkspqlr − i ∑
n

C∗
n

∂Cn

∂t
(17.31)

Eliminating the Lagrange multipliers,

μ
(3B)
kj (t)

=
M

∑
q=1

{
ρkq

[
hjq −

(
i

∂

∂t

)
jq

]
+

M

∑
s,l=1

ρkslqWjsql + 1
2

M

∑
s,p,r,l=1

ρksprlqUjspqlr

}
(17.32)

and making use of the differential condition (17.14), the final result for the
equations of motion of the the orbitals {φk(x, t)} and expansion coefficients
{Cnm(t)} read, with j = 1, . . . , M:

i|φ̇j〉 = (1 − P̂)

×
[

ĥ|φj〉+
M

∑
k,s,l,q=1

{ρ(t)}−1
jk

(
ρkslqŴsl + 1

2

M

∑
p,r=1

ρksprlqÛsplr

)
|φq〉

]
(17.33)

H(3B)(t)C(t) = i
∂C(t)

∂t
(17.34)

H(3B)
nn′ (t) = 〈n; t|Ĥ(3B)|n′; t〉 (17.35)
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where

Ûsplr(x) =
∫∫

φ∗
s (x′, t)φ∗

p(x′′, t)Û(x, x′, x′′)φl(x′, t)φr(x′′, t) dx′ dx′′

are local (for spin-independent interactions), time-dependent one-body po-
tentials.

The coupled equation sets (17.33)–(17.35) for the orbitals {φj(x, t)} and ex-
pansion coefficients {Cn(t)} constitute a unified and compact representation
of MCTDHB and MCTDHF for the dynamics of identical particles interacting
via three-body forces.

Finally, by setting t → −it in (17.33)–(17.35), we arrive at a multiconfigura-
tional self-consistent theory for stationary properties of identical-particle sys-
tems with three-body forces. The resulting working equations take on the
form, with k = 1, . . . , M:

M

∑
j=1

[
ρkjĥ +

M

∑
s,l=1

(
ρksljŴsl + 1

2

M

∑
p,r=1

ρksprljÛsplr

)]
|φj〉 =

M

∑
j=1

μ
(3B)
kj |φj〉

H(3B)C = ε(3B)C (17.36)

where ε(3B) = 〈Ψ|Ĥ(3B)|Ψ〉 is the eigenenergy of the system. The self-
consistent equations (17.4.2) generalize the standard self-consistent field the-
ories for bosons [261] and for fermions [271, 272], see Equations (17.16), to
include three-body interactions.

17.5
Illustrative Numerical Examples for Bosons: MCTDHB

MCTDHB [265, 266] has so far been employed to explore several interest-
ing problems dealing with the dynamics of interacting many-boson systems.
These include: splitting of a Bose–Einstein condensate by a time-dependent
barrier [265]; dynamics of fragmented condensates in double-well poten-
tials [266]; formation of many-body fragmented states in attractive one-
dimensional condensates [277]; and demonstration of build-up of coherence
between initially independent subsystems (condensates) [278]. We would
like to stress that MCTDHB has been implemented numerically as a separate
code, independently of the Heidelberg MCTDH package [13]. For more de-
tails, see Ref. [266]. We mention that the MCTDH approach itself has been
employed successfully and fruitfully to study dynamics [279, 280] as well as
statics [281–283] of few-boson systems; also see Chapter 26.

In this section we would like to present two numerical applications of MCT-
DHB to (spinless) bosons in one dimension. It is convenient to choose a
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length scale L and to rescale the problem to dimensionless units. This is for-
mally done by dividing the many-body Hamiltonian (17.3) by the energy unit
h̄2/mL2, where m is the mass of a boson. The one-body Hamiltonian then
reads:

ĥ(x) = −1
2

∂2

∂x2 + V̂(x)

As the two-body interaction, we take the popular contact interaction [260,284]

Ŵ(x, x′) = λ0δ(x − x′)

The first example deals with a comparative study of the dynamics of coher-
ent and fragmented condensates in a double well; also see Ref. [266]. N bosons
are prepared in the ground state of the double-well potential (with σ = 2.6)

V̂0(x) =
x2

2σ2 + 8 exp
(
− x2

2σ2

)
Two systems are considered: the first with N = 100 bosons and interaction
strength λ0 = 9.99/99 ≈ 0.1; and the second with N = 1000 bosons and
interaction strength λ0 = 9.99/999 = 0.01. The two systems are characterized
by the same ‘mean-field’ factor λ0(N − 1) = 9.99, meaning that on the Gross–
Pitaevskii mean-field level the dynamics of both systems are identical [260,
284].

The ground-state wavefunction Ψ(0) is computed by imaginary-time prop-
agation of the Gross–Pitaevskii equation and of the MCTDHB(2) equations
of motion (17.15) (MCTDHB(2) means MCTDHB with M = 2 orbitals). At
the Gross–Pitaevskii mean-field level, the condensate is always coherent, and
all N bosons occupy one and the same orbital. At the many-body level, we
find for both systems that the condensate is fully two-fold fragmented. In
a fully two-fold fragmented system, the bosons occupy two orbitals (frag-
ments). Here, due to the reflection symmetry of the initial potential, there
are 1

2 N bosons in each fragment. At time t = 0 we lower the barrier between
the two wells and translate the whole potential to the left, x → x + 2. The
resulting double-well potential is given by (with σ = 2.6):

V̂(x) =
(x + 2)2

2σ2 + 4 exp
(
− (x + 2)2

2σ2

)
The many-boson wavefunction Ψ(0) is allowed to evolve in time. The dynam-
ics is computed by real-time propagation of the Gross–Pitaevskii and MCT-
DHB(2) equations of motion.

In Figure 17.1 we plot the time-dependent density ρ(x, t) = ρ(x | x = x′; t)
of each system computed from the time-dependent wavefunction Ψ(t), see
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Equation (17.6). Let us analyse the results. At t = 0 the corresponding station-
ary densities coincide because the barrier between the two potentials wells
is initially quite high. At t = 3.0 differences start to mount. The mean-field
density acquires density wiggles as a result of collisions with the double-well
walls. The many-body densities for N = 100 and N = 1000 bosons, on the
other hand, develop almost no density wiggles. Apart from being broader,
the many-body densities at this moment in time resemble in shape the initial
conditions, see Figure 17.1. Finally, at t = 50.0 the three densities are different
from one another and from the initial conditions. In particular, the two sys-
tems with N = 100 and N = 1000 bosons, which at the mean-field level have
the same dynamics, exhibit at the many-body level different time evolution.
For more on the time evolution of fragmented condensates in this problem,
see Ref. [266].

The second example that we present deals with splitting of a condensate by
a time-dependent barrier; also see Ref. [265]. We consider N = 200 bosons
with λ0 = 0.1 initially prepared in the harmonic potential (with σ = 2.6):

V̂0(x) =
x2

2σ2

At time t = 0 we ramp up a Gaussian barrier linearly in time up to a certain
barrier height Vmax = 30.0. The time-dependent trap potential is given by

V̂(x, t) =
x2

2σ2 + Vmax exp
(
− x2

2σ2

)
×

{
t/Tramp t � Tramp

1 t > Tramp

The resulting time evolution of the system is integrated by the MCTDHB(2)
equations of motion. The MCTDHB with M = 2 orbitals was found to de-
scribe accurately the dynamics for the parameters considered here [265]. By
fully optimizing the time-dependent expansion coefficients and orbitals in
the multiconfigurational time-dependent expansion of Ψ(t), we are able to
go much farther in treating the problem of splitting a condensate than in
Ref. [285].

To analyse the results, we resort to the reduced one-body density matrix
of Ψ(t). Diagonalizing the reduced one-body density matrix, we obtain its
natural orbitals and natural occupation numbers:

ρ(x | x′; t) =
2

∑
j=1

ρj(t)φ∗NO
j (x′, t)φNO

j (x, t)

The corresponding time-dependent natural occupation numbers ρ1(t) and
ρ2(t) are plotted in Figure 17.2 as a function of time. Two reference points
of the system under investigation are: (i) the initial state is a slightly depleted
condensate, ρ1(0) = 99.62% and ρ2(0) = 0.38%; and (ii) at full barrier height,
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Figure 17.1 Comparison of the mean-
field and many-body time evolution of two
condensates made of N = 100 and
N = 1000 bosons in a double-well poten-
tial with corresponding interaction strengths
λ0 = 9.99/(N − 1) computed by the
Gross–Pitaevskii and MCTDHB(2) the-
ories. Shown are three time snapshots
of the density ρ(x, t) = ρ(x | x = x′; t),

normalized to 1: N = 100 and N = 1000
mean-field (dashed line); N = 100 many-
body (solid line); and N = 1000 many-body
(dotted–solid line). At t = 0 all densities co-
incide on the scale shown. To guide the eye,
the double-well trap potential in which the
condensates evolve is illustrated in the top
panel (thick solid line). The quantities shown
are dimensionless.

the ground state of the stationary system is a fully two-fold fragmented con-
densate, that is, ρ1 = 50.0% and ρ2 = 50.0%.

The three panels shown in Figure 17.2 represent three numerical experi-
ments for ramping-up times of Tramp = 25, 3000 and 10 000. It is helpful to
compare these ramping-up times with the period of the initial harmonic trap,
which is given by 2πσ = 16.34. Examining Figure 17.2 we see strong oscilla-
tions of the natural occupation numbers in time. The oscillations of ρ1(t) and
ρ2(t) around the fully fragmented value of 50.0% indicate that, even when
the barrier has reached its final height, the system is not in the ground state
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Figure 17.2 How difficult is it to fragment
a condensate fully by ramping up a time-
dependent barrier? Shown are the natural oc-
cupation numbers ρ1(t) and ρ2(t) of N = 200
bosons with λ0 = 0.1 and for three ramp-up
times Tramp. The period of the initial har-
monic trap is 2πσ = 16.34. On increasing
Tramp, the time-dependent many-body state
approaches the ground state of the double-
well potential, which is a fully fragmented

condensate, ρ1 = ρ2 = 50.0%. When the
ramp-up time is longer, the process of split-
ting a condensate can be made more adia-
batic. Still, even for Tramp = 10 000, which is
more than 600 times the period of the initial
harmonic potential (and is of the order of the
lifetime of a condensate), the amplitude of os-
cillations is about 10%. The quantities shown
are dimensionless.

of the double well. Generally, the oscillations of ρ1(t) and ρ2(t) indicate that
the many-body state Ψ(t) involves the ground state and excited state(s) of the
trapped many-body system.

Figure 17.2 tells us how difficult it is to split a condensate adiabatically.
Clearly, when the ramping-up time is longer, the splitting process is made
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‘more’ adiabatic. This is evident from the three panels of Figure 17.2,
which demonstrate that: (i) the amplitude of oscillations becomes smaller
for longer ramp-up times; and (ii) for longer ramp-up times, a single main
frequency contributes to the oscillations, indicating that essentially only the
lowest many-body excited state is coupled to the ground state. Yet, even for
Tramp = 10 000, which is more than 600 times the period of the initial har-
monic potential (and is, in fact, of the order of the lifetime of a condensate),
the final state deviates noticeably from the ground state, and the dynamical
process of splitting a condensate is still not ‘ideally adiabatic’. For more on
the time evolution of a condensate halved by a time-dependent barrier and
the role of excited states in this process, see Ref. [265].

17.6
Discussion and Perspectives

When the permutational symmetry of identical particles is taken into account,
the equations of motion of the MCTDH approach simplify considerably. In
particular, making explicit use of the fact that particle–particle interactions are
commonly two-body interactions introduces into the time-dependent multi-
configurational treatment of the dynamics reduced two-body density matrices.
These developments have allowed us to solve numerically the many-body
dynamics of 1000 identical bosons – a much larger number of particles than
MCTDH is capable of.

We have presented in this chapter, in a unified form, the MCTDH approach
for systems that comprise identical particles – bosons (MCTDHB) or fermions
(MCTDHF). Similarly, the MCTDH approach for mixtures of two types of
identical particles, Bose–Bose (MCTDH-BB), Fermi–Fermi (MCTDH-FF) and
Bose–Fermi (MCTDH-BF) mixtures, has been presented in a unified form.
We have explicitly considered the cases of two-body and three-body particle–
particle interactions, which translate – with the help of second-quantization
formalism – to reduced two-body and three-body density matrices, respec-
tively. Continuing and combining these lines, if one thinks of a general system
of interacting particles as a mixture of different kinds of particles interacting
via several- or even many-body forces, one can reformulate MCTDH itself us-
ing reduced density matrices. Such an extension of the present formulation
is straightforward. In the most general case of N distinguishable degrees of
freedom coupled by N-body forces, the resulting equations of motion contain
reduced N-body inter-species density matrices, such as Equation (17.20).

Returning to identical particles and mixtures thereof, the difference in the
particles’ statistics (Bose–Einstein or Fermi–Dirac) appears explicitly in our
derivation in the first of the above equations, Equation (17.1), namely in the
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commutation or anticommutation relations between the field operators, anni-
hilation and creation operators. The final equations of motion, for example,
Equation (17.15) for identical bosons or fermions, do not depend explicitly
on the particles’ statistics. The difference in the particles’ statistics translate
only implicitly into the matrix elements appearing in the theory, which are:
(i) the matrix elements of the reduced density matrices in the orbital basis;
and (ii) the matrix elements of the Hamiltonian in the configuration basis. It
turns out that even these matrix elements, the matrix elements of the Hamil-
tonian and separately the matrix elements of the reduced density matrices,
can be formulated in a unified manner for bosons and fermions; see Refs. [268]
and [273] for the respective treatment of single-species systems and mixtures.
In particular, the famous Slater–Condon rules for evaluating matrix elements
with determinants [272] and their bosonic analogue for permanents [261] can
be written in a unified form [268].

The above formulations for single-species systems and mixtures of identical
particles were made for particles with spin, that is, in terms of spin orbitals.
This allows us to examine the relation between spin degrees of freedom and
distinguishability, and point out its relevance to multiconfigurational dynam-
ics (also see Ref. [273]). Specifically, it is well known that identical particles
with different spin projections can be viewed and treated as distinguishable
particles [276]. Consequently, and in our context, given a system of identi-
cal spin-S particles interacting via spin-independent forces (for simplicity, the
initial-condition wavefunction should be an eigenfunction of the total spin
operator and total-spin projection operator), we can treat the dynamics of the
system in two different ways:

(i) with MCTDHB or MCTDHF, as a single-species spin-S particle system;
or

(ii) as a mixture of, in general, (2S + 1) spinless species, with the corre-
sponding MCTDH approach for mixtures.

The second possibility employs purely spatial orbitals, which saves unneces-
sary overheads in terms of summation over spin-S degrees of freedom.

The unified formulation of the MCTDH approach for systems of identical
particles goes beyond the appearance and structure of the equations of mo-
tion. Let us concentrate for brevity on the single-species case. As is well
known, the multiconfigurational Ansatz becomes exact when the number of
orbitals M goes to ∞ (the orbitals then become time-independent; see previ-
ous chapters). In practical calculations, one has, of course, to restrict the num-
ber of orbitals included. Suppose that we take M′ virtual orbitals on top of the
minimal number of orbitals needed to accommodate N identical particles. For
bosons M = M′ + 1, whereas for fermions M = M′ + N. With these observa-
tions, it can be shown that the sizes of the multiconfigurational Hilbert spaces
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of MCTDHB(M) and MCTDHF(M) are the same and given by [268, 286]:

number of configurations =
(

N + M′

N

)
(17.37)

Thus, in view of all the above unified properties, it is deductive and even
practical to think of a single multiconfigurational code for systems of identical
particles.

The motivation to devise strategies for Hilbert-space truncation methods
beyond the multiconfigurational Ansatz of the many-body wavefunction,
where all configurations generated by distributing N identical particles over
M orbitals are taken into account, should be obvious. From the methodolog-
ical point of view, configuration-interaction expansions scale very badly with
the number of particles N and number of orbitals M, even when the orbitals
in use are determined variationally or self-consistently. Therefore, devising
strategies for how to go beyond the common multiconfigurational reasoning
and further truncate the unnecessary or less necessary parts of the many-body
Hilbert space is of practical importance as well as of basic interest.

Two natural strategies to devise approximation schemes stem from the
above formulation of the equations of motion (see also [268]). The first strat-
egy is simply to limit the number of configurations taken into account in the
multiconfigurational expansion (17.4). (This strategy applies in particular to
Equations (17.11) and (17.13), before the differential condition (17.14) is ap-
plied.) The second strategy stems from the appearance of reduced density
matrices in the equations of motion, and amounts to replacing the equation
of motion for the coefficients with equations of motion for the reduced den-
sity matrices themselves (in this context, see Ref. [257]), and solving the latter
equations of motion directly with those of the orbitals. When the entire hier-
archy of equations of motion for the reduced density matrices is included,
no additional approximations have been introduced. When truncations of
the equations of motion for the reduced density matrices are employed, one
arrives at a new type of self-consistent-like propagation scheme. The merit
of these propagation schemes can be evaluated by comparison to the ‘exact’
solution obtained within the ‘N particles in M orbitals’ multiconfigurational
subspace.

Finally, in our opinion, the motivation to apply multiconfigurational treat-
ments and Hilbert-space truncation schemes to the identical-particle quan-
tum many-body problem should be high. From the perspective of the under-
lying physics, in particular for bosonic systems, even severe truncations of
the many-body Hilbert space have led to very many valuable and substan-
tial physical results. Gross–Pitaevskii theory, the simplest of such approx-
imations, which employs only a single configuration where all the bosons
of the same kind reside in the same orbital, is the most familiar and best-
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documented example [260, 284]. More recently, going beyond the Gross–
Pitaevskii mean field by allowing bosons to occupy a single, general config-
uration of the many-boson Hilbert space, the multi-orbital (best mean-field)
approach [287–289] has generated several fundamental and interesting phys-
ical results [290–295]. All the above provide a strong and solid ground to
continue attacking the quantum many-boson and many-body problems with
multiconfigurational approaches in combination with reduced density matri-
ces.
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18
Multidimensional Non-Adiabatic Dynamics
Graham A. Worth, Horst Köppel, Etienne Gindensperger and Lorenz S. Cederbaum

18.1
Introduction

A class of problems that have been treated with particular success by the
MCTDH method are those in which a conical intersection between poten-
tial energy surfaces dominates the dynamics. These non-adiabatic systems
– so-called as they cannot be described by a single adiabatic potential energy
surface – are able to undergo radiationless electronic state crossing on an ul-
trafast (femtosecond) time-scale [4, 73]. The signature of conical intersections
is found in many spectra, particularly photoelectron spectra [173, 205, 296],
and they provide important pathways in photochemistry [171,297] in systems
ranging from H3 [298, 299] to biologically active chromophores such as reti-
nal [300, 301] and DNA bases [302, 303].

Wavepacket dynamics simulations have a natural connection to detailed ex-
periments using femtochemistry laser spectroscopy, and simulations are rou-
tinely required to aid the interpretation of these studies. The main hurdles
for simulations are the size of the systems studied. Non-adiabatic phenomena
are inherently multidimensional in nature, often with a number of vibrational
modes coupled strongly to the electronic degree of freedom. A typical exam-
ple is provided by the absorption spectrum of pyrazine (C4N2H4). The conical
intersection connecting the S1 and S2 states strongly couples five vibrational
modes, and weakly couples the remaining 19 [62]. Not only is such a system
too large to simulate using standard wavepacket dynamics methods, but there
is also the problem of obtaining suitable potential energy surfaces.

A powerful, yet simple, description of coupled potential surfaces is pro-
vided by the vibronic coupling model Hamiltonian, which uses the corre-
spondence between the adiabatic and diabatic pictures to full effect [173].
The adiabatic picture is that given by the clamped-nucleus Hamiltonian, with
sets of energy-ordered potential energy surfaces provided by the electronic
states. These surfaces are obtained directly from electronic structure calcula-
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tions. Coupling between these states is provided by nuclear momentum-like
operators. The diabatic picture is one in which couplings are provided by
potential-like operators. The potential energy surfaces can then be related to
an electronic configuration, and so to chemical entities. The surfaces in the
diabatic picture, as they are smooth, can be described by a low-order Taylor
expansion.

The vibronic coupling model is described in Section 18.2. In addition to
its simplicity, it is in the product form vital for the efficient application of the
MCTDH algorithm (Section 3.3). In Section 18.3 details are given of why the
MCTDH method is so suited for solving problems using the model Hamilton-
ian. After that, in Section 18.4 examples are given of problems treated. Finally,
in Section 18.5 an extension of the basic model is provided that shows how to
include a bath correctly as a set of effective modes.

18.2
The Vibronic Coupling Hamiltonian

The vibronic coupling model adopted uses the well-known concept of diabatic
electronic states [304–306]. Contrary to the usual adiabatic electronic states,
they are not – except for isolated points in nuclear coordinate space – eigen-
functions of the electronic Hamiltonian. Adiabatic electronic wavefunctions
may have singular first derivatives of the nuclear coordinates, for example, at
conical intersections of potential energy surfaces [4, 73, 173]. These important
topological features have emerged as paradigms for non-adiabatic excited-
state dynamics [4, 73, 171, 297]. They are thus difficult, if not impossible, to
deal with in a quantum dynamics treatment in the adiabatic basis, because of
diverging non-adiabatic – or derivative – coupling terms.

These singularities are removed by switching to a diabatic electronic basis,
by a suitable orthogonal transformation. This is thus the method of choice
for quantum dynamics calculations. To be sure, the derivative couplings can-
not be entirely removed in this way [307], but the remaining terms are non-
singular and usually considered negligible for practical purposes. Also, for
our purposes they are neglected, which may be considered as part of the
model assumptions adopted. The potential coupling terms appearing instead
in the diabatic basis are expanded in a low-order Taylor series in some suitable
displacement coordinates. This constitutes the multimode vibronic coupling
approach [173], which is used here. For the general case of n interacting elec-
tronic states, we decompose the Hamiltonian into kinetic and potential energy
parts, TN and V0, of some reference electronic state, and an n × n potential en-
ergy matrix W, describing the changes in potential energy with respect to V0
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in the interacting manifold (1 is the n × n unit matrix):

Ĥ = (TN + V0)1 + W (18.1)

The matrix elements of W are written as follows:

Wnn(Q) = En + ∑
i

k(n)
i Qi + ∑

i,j
γ

(n)
ij QiQj + · · · (18.2)

Wnn′(Q) = ∑
i

λ
(nn′)
i Qi + ∑

i,j
μ

(nn′)
ij QiQj + · · · (n �= n′) (18.3)

The truncation of the Taylor series after the first-order or second-order terms
(the latter being shown here) is coined the linear or quadratic vibronic cou-
pling approach (LVC or QVC, respectively) [4, 73, 173]

In typical applications we consider a photoexcitation or photoionization
process where TN and V0 relate to the initial electronic state (usually the
ground state), described in the harmonic approximation. The Qi in Equa-
tions (18.2, 18.3) are then the relevant dimensionless normal coordinates (har-
monic frequencies ωi) and we have

TN = −∑
i

ωi

2
∂2

∂Q2
i

, V0 = ∑
i

ωi

2
Q2

i (18.4)

The quantities En appearing in Equation (18.2) have the meaning of ver-
tical excitation or ionization energies, referring to the centre of the Franck–
Condon zone, Q = 0 (boldface denotes the vector of all coordinates). Because
we take the diabatic and adiabatic basis states to coincide at this geometry, the
En have no counterpart in the off-diagonal elements of Equation (18.3). The
other parameters appearing in these expressions are called linear or quadratic
coupling constants, in an obvious notation, either intra-state (for n = n′) or
inter-state (for n �= n′).

In molecules with symmetry elements, the latter can impose important
restrictions on the modes appearing in the various summations of Equa-
tions (18.2, 18.3). These are relevant, in particular, for the linear coupling
terms, for which they read:

Γn ⊗ ΓQ ⊗ Γn′ ⊃ ΓA (18.5)

Explicitly, a given vibrational mode with symmetry ΓQ can couple electronic
states with symmetries Γn and Γn′ in first order only if the direct product
on the left-hand side of Equation (18.5) comprises the totally symmetric ir-
reducible representation ΓA of the point group in question. The generaliza-
tion to the second-order terms should be apparent, though it is less restric-
tive. From Equation (18.5) one immediately deduces (given an Abelian point
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group) that for n = n′ only totally symmetric modes enter the Hamiltonian in
first order. Thus – for electronic states of different symmetries – the intra-state
and inter-state linear couplings are caused by different sets of modes [173].
This will indeed be the case for the examples below, as far as Abelian point
groups are concerned. For non-Abelian point groups there may be electronic
states degenerate by symmetry, and the above discussion has to be suitably
generalized. That is, the direct product Γn ⊗ Γn has to be replaced by its sym-
metric counterpart, and the indices appearing in Equations (18.2) and (18.3)
should be extended to cover also the various components of degenerate ir-
reducible representations. Consequently, also non-totally symmetric modes
may appear in the diagonal elements of Equation (18.2) in first order. This
amounts to the Jahn–Teller effect, which is dominated by symmetry restric-
tions even more than for the case of Abelian point groups discussed above.
For details, we refer to the large amount of literature in the field [308, 309].

Despite the importance of the diabatic basis for dynamical calculations,
the adiabatic representation is useful at least in two different respects. First,
the key features of the adiabatic potential energy surfaces, such as minima
of crossing seams, double minima occurring at a reduced symmetry, and so
on, are vital to interpreting essential features of the nuclear dynamics such as
spectra and electronic populations [4, 173]. Second, as already mentioned in
the introduction, the adiabatic surfaces are also needed to determine the vari-
ous coupling constants entering Equations (18.2) and (18.3) from ab initio elec-
tronic structure calculations. The latter necessarily give adiabatic quantities,
at least in a direct sense. The comparison of the adiabatic surfaces underlying
Equations (18.2) and (18.3) with ab initio results thus allows the parameters
such as coupling constants to be determined by requiring that the correspond-
ing model surfaces reproduce the ab initio data as well as possible. For the lin-
ear intra-state couplings, particularly simple expressions can be given [173],
since these are just the gradients of the potential energy surface with respect
to the normal coordinates of the modes in question:

k(n)
i = (∂Vn/∂Qi)

∣∣
Q=0 (18.6)

Similarly, for a two-state problem with a non-totally symmetric active mode
(coordinate Qu, frequency ωu), the parabolic plus hyperbolic shape of the re-
sulting adiabatic potential curves V1 and V2 [173]

V1,2 = 1
2 (E1 + E2) + 1

2 ωuQ2
u ±

√
1
4 (E1 − E2)2 + (λQu)2 (18.7)

readily gives the following expression for the inter-state coupling constant:

λ =

√
1
8

∂2(V1 − V2)2

∂Q2
u

∣∣∣∣
Q=0

(18.8)
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In more general situations, such as three states interacting through the
same vibrational mode, the coupling constants may be determined by a least-
squares fit of the model eigenvalues to electronic structure data [310]. A gen-
eral fitting procedure for any size of system is also described below in Sec-
tion 18.4.

We conclude this section by pointing out that the model nature of the Hamil-
tonian, Equations (18.2) and (18.3), and its potential energy surfaces, appar-
ently introduces restrictions on the type of problem to be treated, for exam-
ple, photochemical transformations [171,297]. More recently, an extension has
been proposed and successfully applied, where the model has been used only
for the adiabatic-to-diabatic mixing angle [4]. This so-called concept of regu-
larized diabatic states [201, 202, 311] allows the treatment of general potential
energy surfaces, but at the expense of losing the structural simplicity of the
Hamiltonian. As pointed out above, and will become further apparent below,
it is this structural simplicity, where all operators entering the Hamiltonian
are simple products of the coordinates, which brings the MCTDH algorithm
to full power. This would apparently no longer be the case with general po-
tential energy surfaces appearing within the concept of regularized diabatic
states. Therefore, in the applications presented below, we use the vibronic
model in the original, direct form as expressed by the Hamiltonian (18.1)–
(18.3). Despite the restricted form, it will become clear below that the model
covers a rich variety of phenomena and can be applied to truly multidimen-
sional problems.

18.3
Combining the Vibronic Coupling Model with MCTDH

Perhaps the easiest way to show why MCTDH and the vibronic coupling
model Hamiltonian fit so well together is to look at an example. The calcu-
lation that really proved the potential of the MCTDH method was the calcu-
lation of the absorption spectrum of pyrazine explicitly including all 24 vi-
brational modes [62]. The first two bands of the absorption spectrum of this
molecule provide a classic example of a conical intersection. The lower band
has a well-defined vibrational structure, as expected for a bound state. The
upper band is intense and fairly featureless [312]. This lack of structure was
shown to be due to a conical intersection between the S1 and S2 states, which
results in the short lifetime in the upper electronic state [313].

The pyrazine molecule has 24 vibrational modes. Its equilibrium geometry
has a point group D2h and the coupled S1 and S2 states have B3u and B2u sym-
metry, respectively. Thus the quadratic vibronic coupling model Hamiltonian
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can be written as

Ĥ = ∑
i

ωi

2

(
− ∂2

∂Q2
i

+ Q2
i

)
1 +

(−Δ 0
0 Δ

)
+ ∑
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(
κ

(1)
i 0

0 κ
(2)
i

)
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(
0 λi
λi 0

)
Qi

+ ∑
(i,j)∈G4

(
0 μi,j

μi,j 0

)
QiQj (18.9)

where G1 are the five symmetric modes that appear linearly on the diagonal
and G3 is the b1g mode that provides linear coupling between the two states.
G2 are the pairs of modes whose product is totally symmetric and so appear
with quadratic and bilinear terms on the diagonal, and finally G4 are the pairs
of modes whose product has symmetry b1g and thus provide bilinear coupling
terms.

A four-mode model, including the coupling mode ν10a and three of the a1g
modes, ν6a, ν1 and ν9a, was shown by Domcke and co-workers to be able to re-
produce the features of the S2 spectrum using standard wavepacket dynamics
calculations [313]. The envelope, however, was only reproduced by adding a
phenomenological broadening to the spectrum, damping the autocorrelation
function with a fast relaxation time of 30 fs. This must be due to the coupling
between the four-mode ‘system’ and the ‘bath’ provided by the remaining 20
modes. Thus, a full calculation of the spectrum requires the model to be ex-
tended to second order, including quadratic and bilinear terms, and thus all
24 modes are involved.

The 174 parameters required for the second-order model were calculated by
Raab et al. [62] using the simplest possible method for calculating electronic
states, configuration interaction with single excitations (CIS). The spectrum
was then obtained from the Fourier transform of the autocorrelation function
(see Section 6.2.1), calculated using the MCTDH method. After minor ad-
justment of key parameters, the agreement with the experimental spectrum is
seen to be very good (Figure 18.1(a)). Note that a small, 150 fs, damping has
been added to the autocorrelation function to produce this spectrum to allow
for the finite propagation time of the simulation.

The power of the MCTDH method can be seen in the fact that this calcula-
tion was possible at all using the hardware available at the time. The technical
details of the basis sets used are summarized in Table 18.1. The rows corre-
spond to different models studied: the Domcke four-mode model; a 12-mode
model that augments these four modes with the remaining eight modes with g
symmetry; and the full 24-mode system. Two 24-mode calculations are listed,
with different numbers of SPFs. The second column details how the degrees
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Figure 18.1 The absorption spectrum of pyrazine. (a) The experimen-
tal spectrum (dotted line) compared to that calculated using a 24-mode
vibronic coupling model Hamiltonian and the MCTDH method with
a large basis set (full line). (b) The calculated absolute value of the
pyrazine autocorrelation function from two 24-mode MCTDH calcula-
tions using different basis sizes: large basis set (full line), small basis
set (dotted line). See Table 18.1 for details.

of freedom were combined together to form multidimensional ‘particles’. As
discussed in Section 3.3, this keeps the length of the wavefunction expansion
short. The four-mode calculation used four one-dimensional particles, that is,
four sets of one-dimensional functions were used as the SPFs. The 12-mode
calculation used five particles with, for example, the ν10a and ν6a combined to-
gether to give a two-dimensional particle. The 24-mode calculation used eight
particles.

The wavefunction expansion length is the total single-particle function
(SPF) basis size, given by the product of the number of SPFs per particle,
summed over the two states. The numbers are given in column 3. For the
four-mode and 12-mode calculations, the expansion length is 10 720 and
45 240, respectively. For the two 24-mode calculations, calculation I has a
length of 502 200 and calculation II a length of 2771 440. The four-mode and
12-mode calculations are both converged with respect to the autocorrelation
function, and hence the spectrum. A full test of convergence could not be
made for the 24-mode calculations, but the number of SPFs for 24-mode II
were chosen so that the population of the highest natural orbital was less
than 0.01, suitable for averaged quantities. A comparison with the smaller
24-mode I calculation supports this. The autocorrelation function is shown in
Figure 18.1(b), and the all-important first two peaks are nearly identical.

The SPFs need to be described by a primitive basis set. For this, a harmonic
oscillator discrete variable representation (DVR) basis was used [34], which
has been found to be very efficient for such bound-state problems. The num-
bers of functions required for each degree of freedom are given in column 4.
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Table 18.1 Technical details of the MCTDH calculations of the absorption spectrum of
pyrazine. From Ref. [62]. The round brackets denote the combination of vibrational modes;
the square brackets denote the number of single-particle functions (SPFs) used for the repre-
sentation of the wavefunction in the S1 and S2 states. The number of modes in one combina-
tion defines the dimensionality of the corresponding SPFs. These SPFs are represented on a
grid whose size is given by the product of the number of grid points used for each mode of the
corresponding combination.

Model Combination Number of Number of
of modes SPFs [S1, S2] grid points

4 mode ν10a, ν6a, ν1, ν9a [10, 8], [16, 10], [7, 6], [7, 6] 40, 32, 16, 12

12 mode (ν10a , ν6a), (ν1, ν9a), [14, 11], [10, 8], (40, 32), (20, 12),
(ν2, ν6b, ν8b), (ν4, ν5), [6, 6], [7, 6], (4, 12, 24), (24, 8),
(ν7b, ν8a, ν3) [5, 5] (4, 8, 12)

24 mode I (ν10a , ν6a), (ν1, ν9a, ν8a), [12, 9], [6, 5], (40, 32), (20, 12, 8),
(ν2, ν6b, ν8b), (ν4, ν5, ν3), [4, 3], [5, 3] (4, 8, 24), (24, 8, 8),
(ν16a , ν12, ν13), (ν19b, ν18b), [4, 3], [6, 6] (24, 20, 4), (72, 80),
(ν18a , ν14, ν19a, ν17a), [4, 4], (6, 20, 6, 6)
(ν20b, ν16b, ν11, ν7b) [3, 3] (6, 32, 6, 4)

24 mode II same as I [14, 11], [8, 7], same as I
[6, 5], [6, 4],
[4, 5], [7, 7],
[5, 5],
[3, 4]

Thus 40 DVR functions were used for the ν10a mode, 32 for the ν6a mode, and
so on. The primitive basis size for each particle is given by the bracketed num-
bers. So, for example, the primitive basis size of the two-dimensional particle
containing the ν10a and ν6a modes in the 12-mode calculation is 1280. For effi-
ciency, it is important to keep the primitive basis sizes for the various particles
similar in length.

The total primitive basis, that which would be required in a standard wave-
packet calculation, is given by the product of the number of grid points for
all modes. For the four-mode, 12-mode and 24-mode problems, these were,
respectively, 245 760, 2.6 × 1013 and 6.4 × 1026. The contraction efficiency of
the MCTDH method is then the ratio of the MCTDH wavefunction expansion
length to the primitive basis size. For these large calculations, the expansion
length is clearly a much smaller number than the primitive basis.

Finally, we should mention the resources required for these calculations.
For propagation lengths of 150 fs, the four-mode calculation required only
20 min on an IBM RS/6000 workstation and 16 MB memory. These are very
cheap for a full four-dimensional quantum dynamics calculation. For the 12-



18.4 Examples 219

mode calculation on the same machine, this rose to 10 h and 45 MB memory.
For the large 24-mode II calculation, a CRAY T90 vector machine was used and
485 h of CPU time were required with 650 MB memory. This is a substantial,
but manageable, amount of time. The power of the method again can be seen
in that the smaller, 24-mode I, calculation required only 100 h and 205 MB to
produce a spectrum that is of good quality. Note that these calculations were
performed in 1999. Repeating the 24-mode calculation on a modern PC takes
a couple of days.

18.4
Examples

A number of systems have by now been treated using the vibronic coupling
model combined with the MCTDH method. In the following, a few calcula-
tions are used to demonstrate the work.

18.4.1
Allene Cation

The calculation of the pyrazine absorption spectrum detailed above showed
the importance of including second-order terms for a complete treatment. A
further example where second-order terms must be included into the model to
describe a spectrum correctly is found in the photoelectron spectrum of allene.
The equilibrium structure of allene has the point group D2d. Doubly degener-
ate states of the ion, labelled 2E, are thus subject to E ⊗ β Jahn–Teller coupling,
where the symmetry of the state is lowered by coupling to pairs of modes, one
with B1 and one with B2 symmetry. The Ã2E state is further pseudo-Jahn–
Teller coupled to the B̃2B2 state via the doubly degenerate E modes.

The photoelectron spectrum [314] for this coupled band shows a well-
structured lower energy portion that could be explained by the Jahn–Teller
coupled Ã band with progressions from one symmetric stretch and one Jahn–
Teller active mode [315]. Later work then assigned the diffuse higher part of
the spectrum to the pseudo-Jahn–Teller coupled system [316]. However, the
assignment of the lower part of the spectrum was found to be incompatible
with the coupling when looking at all the possible modes, as there are three
strongly coupled modes with relevant frequencies. The answer was that the
second-order coupling between these modes leads to significant changes in
the frequencies, by what is termed Duschinsky rotation. A simulation with
all 15 modes and three states, while still not in perfect agreement with experi-
ment, supports this [63].

An interesting feature of the allene cation system is that the doubly degen-
erate ground-state wavefunction can be written so that each component has a
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hole at different ends of the molecule. This molecule thus provides a simple
model for charge transfer along a conjugated chain – starting in one compo-
nent of the ground state is equivalent to removing an electron from one end of
the molecule, and population transfer between the components then monitors
the transfer. Owing to the vibronic coupling, this is found to be an ultrafast
process [317].

The problem when including second-order terms is not only the increase in
system size, but also the number of parameters that need to be determined.
The linear model for pyrazine has 13 parameters and the second-order model
has 174. Similarly, the linear model for allene has 25 parameters, and a further
16 second-order parameters, thought to be the most important, were added
from the many possible. In these examples, the parameters were calculated
by hand from information obtained at a few points on the potential energy
surfaces using the formulae given in Section 18.2. This quickly becomes a
very laborious task for more modes, the more so if many states are involved.

To deal with this fitting problem, an automated scheme has been set up
and implemented as the VCHAM program [319], which is distributed with
the MCTDH package [13]. This was first used to calculated the 79 param-
eters in a quadratic model of the butatriene cation [206]. The program sets
up appropriate geometries for calculating the energies along cuts through the
potential surfaces, collates the information, and then fits the parameters so
that the model matches the calculated adiabatic surfaces. In a recent exam-
ple, the VCHAM procedure has been used to obtain parameters for a vibronic
coupling model of the lowest six excited states of benzene at the complete ac-
tive space self-consistent field (CASSCF) level, revealing the different types of
coupling present in these states [320].

The allene radical cation demonstrates the utility of this approach [318]. The
surfaces for the Ã2E/B̃2B2 coupled states, together with the C̃2A1, have been
studied [318]. All four states are required for a good fit. Furthermore, it was
found during the fitting process that satellite states also had to be included
to get the form of the potentials along the low-frequency doubly degenerate
modes that are important in the pseudo-Jahn–Teller coupling. Fourth-order
terms were also required along some modes. The procedure also allowed the
use of electronic structure methods for which analytic gradients are not avail-
able as only single-point energies are required.

The quality of the fits along the most important modes is shown in Fig-
ure 18.2. It is clear that, despite the simplicity of the model, it is able to de-
scribe the anharmonicity of the adiabatic surfaces extremely well. The model
for the related, but larger, pentatetraene system has also been calculated and
used to interpret the experimental spectrum [321].
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Figure 18.2 Cuts through the potential energy surfaces of allene
along normal modes important for the non-adiabatic dynamics. The
potentials show the data from ab initio calculations as points. The lines
are the adiabatic surfaces from the vibronic coupling model Hamilton-
ian. Taken from [318].

18.4.2
Cr(CO)5

By not focusing on just the intersection region, the fitting procedure also al-
lows a better analysis of the global surfaces, and can lead to new findings. For
example, the ground-state adiabatic surface of Cr(CO)5 shows the moat and
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three minima typical of a second-order Jahn–Teller interaction in the ground
state that is doubly degenerate at D3h geometries [185]. On fitting the surfaces
globally, however, the topology was actually found to be predominantly due
to an (E⊕ A)⊗ e pseudo-Jahn–Teller interaction between the ground state and
the lowest singly degenerate excited state [322]. The dynamics in a pseudo-
Jahn–Teller system are distinct from those in a Jahn–Teller system: in the lat-
ter a wavefunction propagated on the lower adiabatic surface is subject to the
geometric phase effect, while in the former it is not [323]. This has conse-
quences for the shape of the evolving wavepacket.

Calculations were performed using the three states and the five most im-
portant vibrations, namely the two doubly degenerate pairs that account for
both the Jahn–Teller and the pseudo-Jahn–Teller coupling in addition to the
symmetric breathing mode. The dynamics after forming the Cr(CO)5 mole-
cule by photodissociation of Cr(CO)6 is shown in Figure 18.3. The results of
two calculations are shown: including just the two strongest coupling modes,
and including the five most important ones. The calculation of the adiabatic
populations of the five-mode model is a huge job – requiring the multimode
transformation operator on the full primitive grid (see Section 6.4), which has
1.02 × 1011 points. A Monte Carlo integration scheme was used for this.

The diabatic populations represent the population of the states with elec-
tronic wavefunctions dominated by chromium d-electron configurations
ΦX̃ = d2

xzd2
yzd2

xy, ΦÃ = d2
xzd2

yzd1
xyd1

x2−y2 and ΦB̃ = d2
xzd2

yzd2
x2−y2 , respec-

tively. The system starts in the diabatic Ã state. In the two-mode calculation,
after 100 fs there is a large transfer of population to both the other states. After
another 200 fs there is a further transfer, after which little is left in the initial
state. The transfer is similar, but less smooth, in the five-mode calculation.
Earlier transfer is also seen, and the second transfer is weaker due to the
spreading of the wavepacket in the larger available space reducing the effect
of the recurrence.

The adiabatic states in this system are effectively Φ̃S1 = ΦX̃ − ΦB̃, Φ̃S2 =
ΦÃ and Φ̃S3 = ΦX̃ + ΦB̃. In these states, the population transfer in the two-
mode model is more dramatic: it is effectively finished after 100 fs, having
transferred 90% of the population to the ground state. In the five-mode model,
the transfer out of S2 is less, and the S3 state becomes more populated.

Figure 18.4 plots snapshots of the adiabatic wavepacket motion over the
ground and first excited states for this system. The plot is in the space of the
doubly degenerate vibrational mode that has the strongest coupling. The po-
tential energy surfaces for the lowest two adiabatic states are shown in the
figure, with three minima on the lower state at C4v symmetry, and three nar-
row minima on the upper state all due to the pseudo-Jahn–Teller coupling
between the three diabatic states. The intersection between the states is at
the centre of the plot at the D3h geometry. This plane corresponds to pseudo-
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Figure 18.3 State populations of Cr(CO)5 after formation in the Ã
state by photodissociation of Cr(CO)6. The model included the lowest
three electronic states and the most strongly coupled modes. (a) The
diabatic state populations and (b) the adiabatic state populations in-
cluding only two modes. (c) The diabatic state populations and (d) the
adiabatic state populations including five modes.

rotation of the molecule: moving from minimum to minimum corresponds to
a rearrangement of the three equatorial carbonyl groups [185].

The dynamics start on the first adiabatic excited state with a C4v structure,
distorted along the Q2 mode. This initial condition is that formed by the sud-
den removal of a single carbonyl group, and the wavepacket at this time is
taken to have the form of the undisturbed ground-state vibrational eigenfunc-
tion for the vibrations. After 80 fs the wavepacket has reached the D3h geom-
etry and population transfer to the ground state takes place. This bifurcates
and returns to the D3h centre after 240 fs. There is a small recurrence to the
upper state seen in the adiabatic populations at this time. Finally, the wave-
packet on the ground state reaches the right-hand side of the well after 340 fs.
This time-scale fits the time-scale of coherent motion measured by Trushin et
al. for this system [324]. Note that the wavepacket on the ground state in Fig-
ure 18.4 is symmetrical, in contrast to the plot in the original paper (Figure 8
in Ref. [322]). This was due to a plotting error in the analysis.
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Figure 18.4 Snapshots of the adiabatic wavepacket of Cr(CO)5 after
formation from the photodissociation of Cr(CO)6. The right-hand panel
shows the upper state, S1, and the left-hand panel the lower, S0. The
dotted lines are contours representing the adiabatic potential energy
surfaces. The full contours represent the wavepacket density. The
coordinates are the strongest coupling doubly degenerate modes.

18.4.3
Benzene Cation

The ability to follow the dynamics in a manifold of coupled states is exem-
plified by calculations on the benzene cation [220, 310]. The photoelectron
spectrum of benzene has a number of bands in the region 9–20 eV [325]. The
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surfaces for the lowest five bands (eight states) have been fitted using the lin-
ear vibronic coupling model [310]. These states are all vibronically coupled
and Figure 18.5 shows the coupling along an effective mode.
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Figure 18.5 A schematic diagram of the lowest eight electronic states
in the benzene radical cation shown as a cut along an effective mode.
Conical intersections between the states are circled.

Large MCTDH calculations have shown that the model is able to reproduce
the experimental spectrum [220]. These then allow a detailed analysis of the
modes important for the system dynamics. Figure 18.6 shows the state pop-
ulations after starting in the non-degenerate C̃ state. The modes required are
the symmetric breathing mode and the doubly degenerate modes with e2g
symmetry that provide the Jahn–Teller coupling within the X̃ and B̃ states.
The pseudo-Jahn–Teller coupling between the B̃ and C̃ states is provided by
modes with e2u symmetry, and that between the X̃ and B̃ states by modes with
b2g symmetry. An effective mode was used to model the coupling provided
by the pair of modes with this symmetry.

The population is seen to decay rapidly from the C̃ state and after 200 fs
the population is shared equally by the B̃ and X̃ states. Initial transfer oc-
curs to the B̃ state, followed by transfer to the ground state. Similar results
were obtained ignoring the degeneracy of the modes (Figure 18.6(b)). These
findings are of relevance for the fluorescence dynamics of the benzene cation.
They provide a pathway for ultrafast C̃ → X̃ non-radiative relaxation, and
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Figure 18.6 The population dynamics of
the X̃–B̃–C̃ system of the benzene radical
cation. (a) The symmetric mode ν2 along
with the degenerate modes ν16, ν18 and ν19
(Herzberg numbering) as well as an effective
mode with b2g symmetry were included along

with all five electronic states. The populations
of B̃ and X̃ are the sum of the two compo-
nents. (b) The same calculation, but treating
all modes and states as non-degenerate (five
modes and three states). Taken from [220]

thus explain the absence of emission in this system. Similar calculations have
also been performed for the higher excited states of Figure 18.5 and have been
related to the fragmentation dynamics of the cation [326]. Finally, the stud-
ies have been extended to the monofluoro derivative [327, 328] and also the
three difluorobenzene isomers [329], and the characteristic changes observed
experimentally for fluorination been reproduced and interpreted in this way.
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18.5
Effective Modes

The vibronic coupling model is well suited for use with MCTDH. One can
successfully treat problems involving roughly up to 30 modes in vibronic cou-
pling situations with two electronic states, and even more when using the ML-
MCTDH variant (see Chapter 14). However, the numerical effort becomes un-
affordable when truly many modes participate in the dynamics, as is the case
in extended molecular species or system–environment complexes subject to
vibronic interactions. A way to reduce this effort is to construct suitable effec-
tive modes out of the original modes. By using only a few of these effective
modes, the problem can be attacked.

The idea of constructing effective modes goes back to the late 1970s to the
study of multimode Jahn–Teller situations [330, 331]. It has been introduced
only recently for the general case of conical intersections [332] and used in
quantum dynamical calculations with MCTDH. While some particular modes
of the molecular complex, hereafter referred to as system modes, may require
a treatment beyond the linear approximation (large-amplitude motion, strong
anharmonicity), the linear vibronic coupling (LVC) model is generally suffi-
cient for the vast majority of the other modes, so-called bath modes. These
many bath modes render the explicit quantum dynamical treatment impossi-
ble and will be transformed to effective modes. The procedure for construct-
ing the effective modes is detailed in Refs. [332–335].

The original Hamiltonian of the molecular complex reads

Ĥ = ĤS + ĤLVC (18.10)

where ĤS stands for the Hamiltonian of the system part not restricted to the
LVC model. The many (N) bath modes are collected in ĤLVC, which has the
form of Equation (18.1), neglecting the second-order coupling terms (the ma-
trix of constant energy splitting is further transferred to the system part.) In
this Hamiltonian, the bath modes tune or couple the electronic states, or may
even do both in the absence of symmetry (assumed in the following). While
the coupling strength varies from one bath mode to the other, they all play
formally the same role and are coupled via the electronic subsystem only.

The idea underlying the effective-mode approach is to define a few modes
that collect cumulative effects due to all the original modes, thus allowing
pertinent approximations. These modes are basically defined by a rotation
of the original modes, and the LVC Hamiltonian is transformed accordingly,
leaving the physics unchanged. This has been done for the two-state LVC
model by showing that only three effective modes participate directly in the
coupling between the electronic states [332, 333]. These three modes can be
shown to couple to three additional effective modes out of the (N − 3) re-
maining modes, which in turn couple to three other effective modes, and so
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on [334]. One can therefore build a hierarchy of LVC effective Hamiltonians, the
members of which are made up of three effective modes only and chained up
by bilinear couplings [334, 335]:

ĤLVC = Ĥ1 +
n

∑
k=2

Hk1̂ (18.11)

with the first effective Hamiltonian

Ĥ1 =
3

∑
i=1

ω̃i

2
(P̃2

i + X̃2
i )1̂ +

3

∑
i=1

(
K(1)

i Q̃i ΛiQ̃i

ΛiQ̃i K(2)
i Q̃i

)
(18.12)

and the higher-order members, k = 2, . . . , n,

Hk =
3(k−1)+3

∑
j=3(k−1)+1

ω̃j

2
(P̃2

j + Q̃2
j ) +

3(k−2)+3

∑
i=3(k−2)+1

3(k−1)+3

∑
j=3(k−1)+1

dij(P̃i P̃j + Q̃iQ̃j) (18.13)

The tildes over capital letters reflect the changes in the quantities upon rota-
tion of the original modes – see Refs. [333–335] for details. Here n is the total
number of effective Hamiltonians. It is readily seen that each effective Hamil-
tonian couples only to the nearest neighbours, like in a chain, in contrast with
the original LVC Hamiltonian. Only Ĥ1 (and ĤS) couples the electronic states;
all the higher members of the hierarchy are scalar operators and do not couple
directly to the system. See also Refs. [336–339] for a closely related perspec-
tive.

Having constructed the complete hierarchy, all modes are still present and
the dynamics still cannot be computed. We shall then neglect some effective
Hamiltonians, and keep only the number we want or can include in the cal-
culation. While the transformation of the Hamiltonian leaves the physics un-
changed, the truncation of the hierarchy apparently constitutes an approxima-
tion. In fact, it is not on a given time-scale! Indeed, it has been shown by a
moment analysis of the autocorrelation function that truncating the hierarchy
at the order k, inclusive, suffices to reproduce numerically exactly all the mo-
ments up to and including the order 2k + 1 [335]. Thus, using only ĤS + Ĥ1
suffices to reproduce the short-time dynamics of the entire complex, that is,
using three modes instead of N for the bath. In the frequency domain, one
gains access to the width and main asymmetry of the spectrum. It is worth
noting that even these low-order moments are not exact if one neglects some
modes in the original LVC Hamiltonian.

If time-scales beyond short times are of interest, one may include a few
more effective Hamiltonians, extending the time-scale of accuracy and the af-
fordable resolution of spectra. Since the dynamics in the presence of vibronic
coupling is typically fast, the use of a few members of the hierarchy will suf-
fice to describe the dynamics correctly. Regarding spectra, they are often so
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dense that they are difficult to resolve, and one mainly observes broad bands.
Again, with only a few members of the hierarchy, these band shapes can be ac-
curately calculated. The properties of the effective-mode approach have been
shown mathematically [333,335], and also exemplified numerically for several
cases [334, 336–338, 340, 341].

The new form of the LVC Hamiltonian is, like the original form, well suited
for calculations with MCTDH. The product form is preserved, although now
bilinear kinetic terms appear between the members of the hierarchy. Com-
bined with the effective-mode approach of the LVC problem, MCTDH allows
the efficient computation of the full quantum dynamics of complexes with
an arbitrarily large initial number of modes over a given time-scale. Finally,
this approach is not restricted to two electronic states, but remains valid when
more states are involved, allowing the treatment of multistate conical inter-
sections and cascading situations [335]. For nel coupled electronic states, a
maximum of nel(nel + 1)/2 effective modes enters in each effective Hamilton-
ian.

18.6
Summary

The vibronic coupling model Hamiltonian is an excellent starting point for the
study of photoinduced dynamics in which non-adiabatic effects play an im-
portant role. In its simplest form, the linear vibronic coupling model, it has
been shown to describe correctly the dynamics of a system as it passes close to
and through a conical intersection connecting different electronic states. Ex-
tensions to higher orders then add more details, important for describing the
dynamics at longer time-scales and at geometries away from the intersection.

Fitting the model to the adiabatic surfaces from electronic structure calcula-
tions provides a suitable way of obtaining the diabatic surfaces and couplings
required without the necessity of defining the diabatic functions themselves.
In fact, the model is a good way of providing these functions. The use of fitting
routines can produce the many required parameters in a semi-automatic way
from a small number of single-point ab initio calculations at suitable points.

Non-adiabatic dynamics is by its nature multidimensional: often the mo-
tion of a number of modes is coupled. Here the MCTDH method has proved
very successful in studying these systems. The form of the vibronic coupling
model is automatically in the form required, and calculations including 10 or
more modes and a number of electronic states are presently feasible. The sys-
tems studied to date have provided an invaluable insight into the dynamics of
these systems. For other systems treated recently along similar lines, see, for
example, singlet excited furan [342], the cyclobutadiene radical cation [343]
and the cyclopropane radical cation [344].
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On-going work will enable more modes to be treated with greater accuracy.
The development of the effective-mode formalism will certainly help by pro-
viding a framework for the reduction of a huge system. By dividing the modes
into a ‘system’ and a ‘bath’, the vibronic coupling model can be reformulated
in a hierarchy of Hamiltonians, enabling an analysis of the important dynam-
ics with a limited effort. A complementary development, not dealt with in this
chapter, is the use of a Gaussian wavepacket basis in place of the flexible SPFs
of the full MCTDH method (see Section 3.5). These are particularly effective
for the bath modes. A recent study on the pyrazine absorption spectrum using
this method shows its potential [194].
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MCTDH Calculation of Flux Correlation Functions:
Rates and Reaction Probabilities for Polyatomic
Chemical Reactions
Fermín Huarte-Larrañaga and Uwe Manthe

19.1
Introduction

Probably the magnitude that interests most chemists when investigating a re-
action is its thermal rate constant, k(T). It is the basic observable linking the
macroscopic variation of partial pressures or concentrations and the micro-
scopic molecular collision domain. For an elementary reaction

A + BC → AB + C

it is found from

d[AB]
dt

= k(T) · [A][BC]. (19.1)

The rate constant of such an elementary reaction can be obtained from first
principles as the thermal average of the cumulative reaction probability, N(E):

k(T) =
1

2πQr(T)

∫ ∞

−∞
dE e−E/kBT N(E) (19.2)

where Qr(T) is the reactant partition function per unit volume (atomic units,
h̄ = 1). The cumulative reaction probability (CRP) is the sum of all prob-
abilities for any energy-accessible reactant state to react and end up in any
energy-accessible product state. This magnitude can generally be obtained
from a complete reactive scattering simulation of the particular reactive pro-
cess. Such a strategy implies performing scattering calculations to obtain the
complete S-matrix for a continuum of energies and then averaging all the
state-to-state probabilities in the CRP. Accurate scattering calculations of the
S-matrix can be a demanding and extremely delicate task, since it requires
solving the Schrödinger equation starting from a situation where reactants are
asymptotically apart and ending in the equivalent situation on the product
side.
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This state-to-state based approach is inefficient if the purpose of the simula-
tion is to obtain N(E) or k(T). In this case, it is the possibility of overcoming
the reaction barrier that matters, and any information about the asymptotic
states is irrelevant. If the reaction occurs through a reaction barrier and no
long-lived complexes are present, the dynamics in the vicinity of the reaction
barrier will determine the value of k(T). Then, a dynamics simulation in this
region can be employed to calculate the rate constant. This can be achieved
by employing flux correlation functions, as will be explained in the following
section. Such an approach requires a much smaller computational effort with
respect to the full scattering calculations. Avoiding the propagation from the
reaction barrier to the asymptotic channels has significant computational ad-
vantages: the region where the dynamics is simulated is significantly reduced
and the simulation time is much shorter.

An example of this fast time convergence is the flux correlation function
for the CH4 + H → CH3 + H2 reaction, shown in Figure 19.1. Regardless of
the computational details, which are not given here, one clearly sees that the
function reaches a plateau at about 20 fs. Thus, dynamical simulations on a
short time-scale in the 10 fs range are sufficient to converge the flux correlation
function rigorously and later to obtain the reaction rate.

Figure 19.1 Time evolution of the flux position correlation function for
the H + CH4 → H2 + CH3 reaction.

This short-time dynamics simulation scheme is particularly well suited for
the MCTDH scheme. If a suitable coordinate system is chosen, the short sim-
ulation time often limits the correlation between the different degrees of free-
dom. In return, the capability of the MCTDH approach to treat multidimen-
sional systems represents a key element in the efficiency of the method, which
is reviewed here.
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These numerical advantages have enabled direct quantum dynamics calcu-
lations of reaction rates to be the first step in the extension of the accurate first-
principles theory of reactions to more complex, even polyatomic, systems. In
this respect, the first quantum dynamics simulation of a four-atom reaction
in its full dimensionality consisted in the direct calculation of the H2 + OH →
H2O + H cumulative reaction probability [345]. Equivalent full-dimensional
initial-state-selected [346, 347] and state-to-state [348] quantum simulations
appeared shortly after. At that time, direct rate constant calculations were
still based on the use of time-independent grids and did not utilize MCTDH
propagation.

The combination with the MCTDH approach allowed a significant step fur-
ther in terms of the complexity of the systems that could be accurately treated.
For instance, this combined scheme enabled the accurate full-dimensional all-
J thermal rate calculation of the H2 + OH benchmark reaction [349]. Proba-
bly the most significant achievement of the methodology reviewed here is the
calculation of thermal rates for polyatomic reactions, such as hydrogen ab-
straction from methane: X + CH4 → CH3 + HX. The dimensionality of these
systems (12 internal degrees of freedom) is still beyond the capability of stan-
dard reactive scattering approaches. While the first accurate full-dimensional
(J = 0) k(T) calculations for H + CH4 were published in 2000 [217], the first
state-specific full-dimensional simulation of a five-atom reaction, H2 + C2H,
did not appear until 2006 [350]. Thus, while the reach of accurate state-
selective quantum simulations is still more limited, alternative approaches
focusing on the accurate calculation of thermal reaction rates have advanced
towards the treatment of more complex systems.

The purpose of this chapter is to give a detailed overview of the theory of di-
rect and accurate reaction rate calculations, to discuss the use of the MCTDH
approach within this context, to present recent applications studying poly-
atomic reactions, and to try to outline results of general relevance.

19.2
Flux Correlation Functions and Quantum Transition-State Concept

19.2.1
Thermal Rates From Flux Correlation Functions

Flux correlation functions represent an attractive, efficient and theoretically
robust means of obtaining directly reaction rate constants or cumulative reac-
tion probabilities, avoiding scattering (or half scattering) calculations. Origi-
nally mentioned by Yamamoto [351], the foundations of the present theory of
flux correlation functions were grounded in 1974 in an article by Miller [352] in
which the flux–position correlation function was derived from scattering the-
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ory and the quantum transition-state concept was discussed. Miller, Schwarz
and Tromp [15] later extended this initial work and introduced a set of differ-
ent flux correlation functions, from which the k(T) of an elementary reaction
can be calculated. Among them, the flux–flux autocorrelation function is par-
ticularly useful:

Cf(t) = tr(F̂ ei(Ĥt+iĤβ/2) F̂ e−i(Ĥt−iĤβ/2)) (19.3)

(with β = 1/kBT). In the equation, Ĥ stands for the Hamiltonian, h is a func-
tion that equals unity on the product side of the dividing surface and vanishes
on the reactant side, and F̂ = i[Ĥ, h] is a flux operator that measures the flux
through the dividing surface.

The thermal rate constant can be calculated from this flux correlation func-
tion as [15]:

k(T) =
1

Qr(T)

∫ ∞

0
dt Cf(t) (19.4)

Here Qr(T) denotes the partition function of the reactants. The connection
between this approach and the transition-state concept can be easily under-
stood by considering the equivalent equation in classical mechanics (see, for
example, [353]).

Combining the expression of k(T) in terms of the energy-dependent N(E)
and Equation (19.4) in terms of the time-dependent Cf(t), one can derive an
expression that allows the direct calculation of the CRP, that is, without any
reference to the asymptotic states [15]. A convenient form of this expression
reads

N(E) = 1
2 eE/kT0

∫ ∞

−∞
dt

∫ ∞

−∞
dt′ e−iE(t′−t)Cf(t, t′; T0) (19.5)

where Cf(t, t′; T0) is a generalized flux correlation function [354]. This function
can be written in its asymmetric form

Cf(t, t′; T0) = tr(F̂T0 eiĤt′ F̂′ e−iĤt) (19.6)

or symmetric form

Cf(t, t′; T0) = tr(F̂2T0 eiĤt′ F̂′
2T0

e−iĤt) (19.7)

In the above expressions F̂T0 is the thermal flux operator [110],

F̂T0 = e−Ĥ/2kT0 F̂ e−Ĥ/2kT0

At this point, it is worth mentioning that F̂ and F̂′ are not necessarily defined
on the same dividing surface. While all the above expressions are rigorously
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valid for any dividing surface chosen, the time required until the integral con-
verges to its t → ∞ limit depends on the choice of the dividing surface. Con-
sequently, the efficiency of a numerical application will vary depending on
this choice. If one is aiming at the calculation of k(T) or N(E), then it is usu-
ally most efficient to employ flux operators defined on one single dividing
surface that includes the transition-state geometry. However, whenever flux
correlation functions are employed to obtain state-selected reaction probabil-
ities and rates, then one of the dividing surfaces is located in the asymptotic
area [355–357].

19.2.2
Thermal Flux Operator: Properties and Physical Interpretation

As we have just shown, the calculation of rate constants via flux correlation
functions requires the evaluation of the trace of some operator or combination
of operators. Consequently, an efficient scheme to evaluate this trace is a pre-
requisite for the actual computation of flux correlation functions, and there-
fore N(E) and k(T). A straightforward computation of the trace employing a
complete basis set is unfeasible even for medium-sized triatomic systems. A
successful strategy most commonly employed in these cases is to employ the
eigenstate representation of an appropriate operator. Here we will focus on a
particular approach provided by the properties of the thermal flux operator.

The work by Park and Light [110] describes some important characteristics
of the flux and thermal flux operators. Given that the flux operator is a singu-
lar operator, we will henceforth focus on its regularized version, the thermal
flux operator. The thermal flux operator in a one-dimensional (1D) system
has only two non-zero eigenvalues. For a 1D system with h = θ(x − xDS) one
finds

F̂T = e−βĤ/2i[Ĥ, θ(x̂ − xDS)] e−βĤ/2

= e−βĤ/2 1
2m

{ p̂δ(x − xDS) + δ(x − xDS) p̂} e−βĤ/2

= e−βĤ/2 1
2m

{ p̂|xDS〉〈xDS|+ |xDS〉〈xDS| p̂} e−βĤ/2 (19.8)

Thus, F̂T is of rank two and its eigenvectors span the two-dimensional space
{e−βĤ/2|xDS〉, e−βĤ/2 p̂|xDS〉}. The eigenvalues have equal size and opposite
sign, fT− = − fT+, and their corresponding eigenvectors are the complex con-
jugate of one another.

Let us next consider a multidimensional system with a separable Hamil-
tonian, Ĥ = ĤR + Ĥ⊥. Here ĤR is a 1D operator that describes the motion
along the reaction coordinate R, and Ĥ⊥ contains the motion in the remaining
(bound) degrees of freedom. The dividing surface in this system will therefore
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be only a function of R, h = θ(R − RDS), and the thermal flux operator can be
factorized into two components:

F̂T = e−Ĥ⊥β F̂T,R (19.9)

with

F̂T,R = e−ĤRβ/2i[ĤR, θ(R − RDS)] e−ĤRβ/2 (19.10)

The operator can thus be seen as the product of a 1D thermal flux operator,
F̂T,R, and the thermal weighting in the degrees of freedom orthogonal to R. In
this separable system, each eigenstate of Ĥ⊥, φi, can be interpreted as a vibra-
tional eigenstate. Moreover, if the dividing surface is set on top of the reaction
barrier, the φi eigenstates can actually be seen as vibrational states of the acti-
vated complex. Each state, combined with the two F̂T,R eigenstates, gives rise
to a pair of non-zero eigenvalues of the overall F̂T , weighted according to the
thermal occupation of the vibrational state: fi± = ± fR,T e−βE⊥,i . Therefore, if
the vibrational spacing is larger than the thermal energy, the exponential term
will rapidly decrease and only a small number of eigenvalues of F̂T should be
relevant.

Although chemical reactions are actually non-separable systems, the pre-
vious statement is qualitatively generally valid. That is, the spectrum of non-
zero eigenvalues of the thermal flux operator is rather small and its eigenstates
have a physical interpretation in terms of vibrational states of the activated
complex. Numerical results for the H + H2 benchmark reaction for vanishing
total angular momentum, J = 0, can corroborate this statement. The eigen-
values of the thermal flux operator for this reaction obtained at a reference
temperature of 1000 K are listed in Table 19.1 (first column).

Table 19.1 Thermal flux eigenvalues (1000 K) for the H + H2 → H2 + H reaction.

fn (a.u.) ln( f0/ fn) β(En − E0) (ns, nb)

±6.78 × 10−5 0 0 (0, 0)
±0.80 × 10−5 2.14 2βωb = 2.59 (0, 2)
±0.40 × 10−5 2.83 βωs = 2.96 (1, 0)
±0.10 × 10−5 4.22 4βωb = 5.18 (0, 4)
±0.05 × 10−5 4.91 β(ωs + 2ωb) = 5.55 (1, 2)
±0.03 × 10−5 5.42 2βωs = 5.92 (2, 0)
±0.01 × 10−5 6.51 6βωb = 7.78 (0, 6)

If a normal-mode analysis is performed at the transition-state geometry, the
contributing eigenstates can be labelled according to the vibrational (ns, nb)
states of the activated complex. Here ns and nb denote the quantum num-
bers of the symmetric stretch mode (ωs = 0.256 eV) and the bending mode
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(ωb = 0.112 eV). The asymmetric stretch corresponds naturally to the reac-
tion coordinate. If the system were strictly separable, one should be able to
obtain all these eigenvalues as a vibrational progression starting from the first
(ground-state) eigenvalue f0, that is, fn = e−β(En−E0) f0, where En is the energy
of the nth vibrational level. This is the same as saying that

ln( f0/ fn) = β(En − E0) (19.11)

These two terms are listed in Table 19.1 for comparison purposes: the
ln( f0/ fn) obtained from the calculated thermal flux eigenvalues are com-
pared to the β(En − E0) obtained from the corresponding vibrational state.
The two columns in the table would be identical for a strictly separable system
and harmonic in the non-reactive coordinates. Although this is not the case,
the values are indeed quite similar, and the idea of a vibrational progression
within the flux eigenvalues is therefore confirmed.

The physical interpretation of the flux eigenstates as vibrational states of
the activated complex can be illustrated by representing the corresponding
wavefunctions. In Figure 19.2 the contour plots of the FT eigenfunctions for
the H + H2 collinear reaction are shown together with the potential energy
surface, using Jacobi coordinates. The first thing that one may notice from
the figure is that the wavefunctions cannot be described as a product of 1D
functions and therefore the H + H2 system is not strictly separable. The as-
sumption of separability is thus not accurate enough to be used in numerical
calculations. However, a picture based on vibrational states of the activated
complex is nevertheless very helpful for interpretation. The upper panel cor-
responds to the FT eigenstate pair with the largest eigenvalue. By looking at
the contour plot, this state can easily be interpreted as a ground wavefunction
since it shows no nodes in either direction. Instead, the function in the lower
panel corresponds to the second eigenpair and shows one node. This function
can therefore be interpreted as a first excited state.

19.2.3
Calculation of N(E) and k(T )

The fact that the thermal flux has a small number of non-zero eigenvalues is
extremely useful in order to evaluate the trace in the flux correlation function
efficiently. Employing the spectral decomposition of the thermal flux operator,
one may straightforwardly transform the expression for the asymmetric flux
correlation function in Equation (19.6) as

Cf(t, t′; T0) = ∑
fT0

fT0〈 fT0 |eiĤt′ F̂′ e−iĤt| fT0〉. (19.12)

The symmetric version of the correlation function (Equation (19.7)) offers the
additional advantage that both flux operators can be expressed in terms of the
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Figure 19.2 F FT eigenstates and potential energy surface for the
collinear H + H2 reaction. The contour plots correspond to the two
eigenpairs with largest eigenvalues (top to bottom, decreasing ab-
solute value).

eigenstates:

Cf(t, t′; T0) = ∑
f2T0

∑
f ′2T0

f2T0 f ′2T0
〈 f2T0 |eiĤt′ | f ′2T0

〉〈 f ′2T0
|e−iĤt| f2T0〉 , (19.13)

then Equation (19.5) can be used to finally compute the corresponding cu-
mulative reaction probability. If the symmetric version is used, the resulting



19.3 Rate Constant Calculations 239

equation takes a particularly simple form [354]:

N(E) = 1
2 eβ0E ∑

f2T0

∑
f ′2T0

f2T0 f ′2T0

∣∣∣∣ ∫ ∞

−∞
dt eiEt〈 f2T0 |e−iĤt| f ′2T0

〉
∣∣∣∣2 (19.14)

Thus, to compute cumulative reaction probabilities, one first has to calcu-
late the eigenstates of the thermal flux operator. Next, these states have to be
propagated, and the resulting matrix elements in the correlation function are
Fourier transformed. In some cases, the numerical stability of the method can
be improved by diagonalizing the flux operator at a higher reference temper-
ature T1 and propagating the resulting thermal flux for the remaining imagi-
nary time until the desired reference temperature value, T0.

19.3
Rate Constant Calculations

19.3.1
Propagating All FT Eigenstates

The previously shown features for the thermal flux operator, namely the
small spectrum of non-vanishing eigenvalues and the correspondence of the
eigenstates to vibrational states of the activated complex, are not restricted
to small prototypical systems. Similar features have been observed for larger
systems [222, 358–360] and vanishing total angular momentum, J = 0. In
these cases, iterative diagonalization techniques will be particularly efficient
for the computation of the thermal flux eigenstates. Calculations employing
the MCTDH approach use the techniques presented in Chapter 9 for this pur-
pose. Some technical aspects of MCTDH calculations of reaction rates may be
mentioned. Typically, the potential energy surfaces employed show a com-
paratively complicated structure and therefore the correlation discrete vari-
able representation (CDVR) scheme (Chapter 10) is employed in the poten-
tial evaluation. The integration schemes employed are based on the constant
mean-field concept [50] and are described in detail in Ref. [51] (see also Chap-
ter 4). To improve numerical stability, F̂T0 ψi functions are propagated instead
of the ψi functions that span the basis set of the F̂T0 representation [354].

19.3.2
Statistical Sampling

In contrast to the previous H + H2 case, whenever a reaction occurs through
a transition state with very low vibrational frequencies or if an accurate treat-
ment of the overall rotation is required, one can no longer assume that the
number of non-vanishing thermal flux eigenstates will be small. Rotational



240 19 MCTDH Calculation of Flux Correlation Functions

and low-frequency vibrational spacings are typically much smaller than ther-
mal energies and an enormous number of rovibrational states need to be con-
sidered. Having to include a huge number of thermal flux eigenstates signif-
icantly complicates the direct calculation of k(T) or N(E). First, the number
of iterations required becomes very large and can converge slowly (more iter-
ations are needed than actually contributing states). Second, a larger number
of eigenstates need to be propagated. Both issues cause a significant increase
in the computational effort involved.

However, these difficulties cannot be ignored if one aims at an accurate de-
scription of reactive processes. In order to obtain experimentally measurable
observables, overall rotation might need to be included explicitly in the sim-
ulation, and a large number of total angular momenta generally have to be
considered in the quantum mechanical calculation of reaction cross-sections,
rate constants, or cumulative reaction probabilities. In addition to this, when-
ever the transition-state geometry presents low-frequency vibrational states,
an accurate treatment will necessarily encounter a large number of contribut-
ing states. This is generally the case for polyatomic reactions involving rather
heavy atoms or transition states with a floppy geometry.

A statistical sampling procedure [361] was devised specifically for situa-
tions in which the number of non-vanishing flux eigenstates is large and it is
clearly inefficient to obtain and propagate them all explicitly. In this scheme,
random sample functions are introduced in the coordinates that correspond
to the degrees of freedom with low energy spacing:

|ψj〉 = ∑
i
(−1)αi(j)|φi〉 (19.15)

with αi(j) being an integral random number and {|φi〉} the basis set for the
respective degree of freedom. These random sample functions satisfy the fol-
lowing completeness relation:

lim
M→∞

1
M

M

∑
j=1

|ψj〉〈ψj| = 1 (19.16)

Given this completeness relation, the thermal flux operator F̂T can be rewritten
as

F̂T =
M

∑
j=1

e−Ĥβ/2
(

lim
M→∞

1
M

|ψj〉〈ψj|F̂
)

e−Ĥβ/2

= lim
M→∞

1
M

M

∑
j=1

F̂Tj

(19.17)

where

F̂Tj = e−Ĥβ/2|ψj〉〈ψj|F̂ e−Ĥβ/2
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can be called a statistical thermal flux operator. Since the operator F̂Tj contains
a projection onto the random sample state, no progression corresponding to
the low-frequency coordinates appears in the spectrum of F̂Tj. The number
of non-vanishing eigenvalues of the statistical thermal flux operator is there-
fore determined exclusively by the coordinates that are not treated statistically
(high-frequency vibrations) and only a small number of states will contribute
to the eigenstate representation of F̂Tj:

F̂Tj = ∑
fTj

| fTj〉 fTj〈 fTj| (19.18)

This decomposition of the statistical thermal flux operator may be used in
Equation (19.12) to calculate a statistical sample of the cumulative reaction
probability, Nj(E). The scheme followed is then analogous to the one just
described in Section 19.3.1, only a projection onto the random sample function
follows the application of the flux operator [349, 362]. The final CRP can be
obtained as the statistical average of the random samples:

N(E) = lim
M→∞

1
M

M

∑
j=1

Nj(E) (19.19)

The scheme described above is formally identical in the case of accurate all-J
and low-frequency vibrational degrees of freedom. The only difference lies in
the primitive basis used in Equation (19.15): for accurate all-J flux correlation
function calculations, the random sample functions are built from Wigner ro-
tation functions (that is, three-dimensional rigid rotor eigenfunctions), while
Hermite associated functions are employed in the case of low-frequency vi-
brational modes [222]. Finally, it should be emphasized that this theoretical
treatment is rigorously correct and does not invoke any approximation.

It is interesting to note that the MCTDH approach is ideally suited to the sta-
tistical sampling scheme. A 1D random function as given in Equation (19.15)
can be represented by one single-particle function (SPF). Moreover, the pro-
jection operator |ψj〉〈ψj| is a one-particle operator. Therefore, the large primi-
tive grids required in the representation of the rotational motion by expansion
in Wigner functions can be used without major computational effort in the
MCTDH approach.

19.4
Application to Polyatomic Reactions

The CH4 + H → CH3 + H2 reaction was the first reaction with more than four
atoms for which accurate cumulative reaction probabilities were calculated
for zero total angular momentum [217, 363]. Thermal rate constants were ob-
tained by employing the method reviewed here and applying the J-shifting
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scheme [364] to account for the overall rotation. The Jordan and Gilbert poten-
tial energy surface (JG-PES), given in [365], employed in these first works has
a reaction barrier that is significantly smaller than suggested by recent high-
level ab initio results. The k(T) values obtained from these first converged
full-dimensional quantum dynamics calculations [217, 360, 363] differed sig-
nificantly from experiment.

Recently, accurate theoretical rate constants could be calculated on a new
accurate PES [225,366] developed using the Shepard interpolation [213,367] of
high-quality ab initio data. In that work, converged values of the thermal rate
constant were obtained for temperatures between 250 and 500 K. Details of
the calculation have been published in Ref. [366], and only the most relevant
computational features are commented upon here in order to highlight the
efficiency of the flux correlation method and the MCTDH approach. But first
it should be mentioned that 12 iterations of the Lanczos-based diagonalization
scheme (Chapter 9) are needed to collect all the non-vanishing contributions
from the flux eigenstates. The resulting eigenstates need to be propagated
over 40 fs to converge the flux correlation function and k(T).

It is important to emphasize the fact that the efficiency of the MCTDH
scheme has been a prerequisite for the 12-dimensional (12D) quantum simula-
tions. A qualitative, though non-rigorous, indication of the saving introduced
by the MCTDH scheme is given in Table 19.2, where the numerical parame-
ters of the MCTDH wavefunction are listed. The simulation was performed
employing normal-mode coordinates defined at the transition-state geome-
try. These coordinates minimize the correlation effects between the nuclear
degrees of freedom in the strong interaction region. Table 19.2 contains the 12
normal coordinates, grouped when they correspond to degenerate modes. For
each coordinate, the number of SPFs and the number of primitive basis func-
tions employed in the calculation are given, as well as the type of primitive
function used. The sizes of the simple direct products of the time-dependent
basis (272 160 functions) and the time-independent basis (∼ 2.9 × 1016) give
a very clear idea of the reduction in computational effort resulting from the
MCTDH contraction.

The calculated k(T) values are compared in Figure 19.3 with experimental
results from different groups [368, 369] in an Arrhenius plot. The agreement
between theory and experiment is significantly improved with respect to the
older JG-PES calculation. However, a rigorous comparison of theoretical and
experimental results is rather difficult due to the spread of the experimental
values. Probably, the availability of room- and lower-temperature experimen-
tal results would be very helpful in assessing the accuracy of the Shepard in-
terpolated PES. However, the fact that the accuracy of theoretical prediction
can now rival the accuracy of measured rate constants, even for reactions in-
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Table 19.2 Parameters for the MCTDH wavefunction in the H + CH4 → H2 + CH3 dynamics
simulation of Refs. [366]. (FFT stands for fast Fourier transform basis and H-DVR for the DVR
functions based on Hermite polynomials.)

Coordinate SPF (ni) Grid points (Ni) Scheme

Q1 7 128 FFT
Q2, Q3 3 25 H-DVR
Q4 3 30 FFT
Q5, Q6 3 25 H-DVR
Q7, Q8 2 10 H-DVR
Q9 5 192 FFT
Q10 2 10 H-DVR
Q11, Q12 10 8 H-DVR
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Figure 19.3 Thermal rate constant of CH4 + H → CH3 + H2 in an Ar-
rhenius plot. The accurate theoretical data are given as a solid line,
and classical transition-state theory results on the same PES are
shown as a dotted line.

volving six atoms, can be seen as a significant step forwards in the area of
theoretical reaction dynamics.

The importance of the tunnelling effect on the CH4 + H → CH3 + H2 reac-
tion rate was examined in the same work. Classical transition-state theory
(TST) results (dotted line in Figure 19.3) are significantly smaller than the ac-
curate quantum dynamics data (solid line) in the lower-temperature range,
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confirming the importance of tunnelling at lower temperatures. However, al-
ready at temperatures of about 500 K, the TST results agree with the quantum
results and tunnelling no longer seems to be particularly important.

Besides the actual agreement of the accurate dynamics with the experi-
ment, an important purpose of accurate benchmark data is testing approxi-
mate models on such complex systems. The reliability of the data produced
by any dynamics approach is intimately bound to the quality of the potential
energy surface employed. Therefore, agreement between approximate theo-
retical data and experimental results may sometimes be fortuitous. The rigor-
ous assessment of the reliability of an approximate method requires compar-
ison not to experiment but to accurate theoretical data obtained on the same
potential energy surface, if these are available.

Prior to the publication of the Shepard interpolated PES, most of the theo-
retical studies of the CH4 + H → CH3 + H2 reaction had been performed on
the JG-PES. In particular, several approximate reduced-dimensionality quan-
tum dynamics methods have been applied, such as the rotating bond umbrella
approach of Yu and Nyman [370] and the semi-rigid vibrating rotor target of
Zhang and co-workers [371]. Although both schemes consider explicitly four
(out of 12) degrees of freedom of the reactive system, dramatic discrepancies
arise between them. This finding points out the fact that the choice of the coor-
dinates explicitly treated in a reduced-dimensionality calculation is of crucial
importance and not an easy subject. While the above-mentioned reduced-
dimensionality results appeared before the 12D MCTDH results were pub-
lished, more reduced-dimensionality quantum calculations have been pre-
sented since then. Wang and Bowman [372] have studied the system on the
same surface employing a six-dimensional model. Zhang and co-workers
[373] have presented very recently seven- (7D) and eight-dimensional (8D)
transition-state wavepacket calculations showing significantly lower rate con-
stant values than the 12D result. A reasonable explanation for these differ-
ences is still a matter of debate. Variational transition-state approach calcula-
tions incorporating tunnelling corrections [374] have also been performed on
the JG-PES, obtaining a good agreement with the accurate results, even at low
temperatures.

Similar studies have been performed for the methane combustion reaction,
CH4 + O → CH3 + OH. Concerning the simulation parameters, the same
techniques were employed as in the H + CH4 reaction. In this case, the con-
tributing eigenstates at a reference temperature of 300 K were converged after
10 Lanczos iterations and later propagated for 120 fs. The presence of the oxy-
gen atom makes the system significantly heavier than the H + CH4 one, and
consequently the energy spacing of the activated complex vibrational states is
comparable to thermal energies. A slightly different approach was employed
in this case, estimating the flux contributions not explicitly included in the di-
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Figure 19.4 Arrhenius plot of computed thermal rate constants
for H + CH4 → H2 + CH3, from the accurate calculation, reduced-
dimensionality calculations (RBU-4D [370], SVRT-4D [371], 6D [372],
7D and 8D TSWP [373]), and improved variational transition state with
tunnelling correction (CVT/μOMT) [374]. Crosses indicate experimen-
tal results taken from Ref. [368].

agonalization by a harmonic progression. For a more detailed discussion, the
reader is referred to Ref. [222].

19.5
The Effect of Rotation–Vibration Coupling on Rate Constants

MCTDH rate constant calculations have also been used to study the effect
of the coupling between overall rotation and the internal degrees of free-
dom in the O + HCl → OH + Cl [362], H2 + Cl → HCl + H [358], H2 + OH →
H2O + H [349], and OH + HCl → H2O + Cl [375] reactions. For these systems,
the importance of rotation–vibration coupling was investigated by compar-
ing approximate results to accurate all-J ones, calculated with the statistical
sampling approach. Here we do not intend to discuss in detail the individual
systems, but rather present the general picture that has emerged from these
studies.
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The rotation–vibration decoupling approximation, most commonly known
as J-shifting, is based on the standard, separable, rigid-rotor analysis of the
transition state. This approximation assumes that the internal motion and the
overall rotation are uncoupled and that the contribution of the overall rota-
tion to k(T) is determined by the rotational partition function of the activated
complex. Such an approximation is only reasonable if the reaction is a direct
process and the transition state (TS) has a well-defined geometry. It also im-
plicitly assumes that the moments of inertia of the complete systems do not
change significantly on the time-scale relevant to the determination of the rate
constant.

An illustrative case can be the comparison of the OH + H2 and OH + HCl
reactions. While the J-shifting approximation provides satisfactory results in
the OH + HCl [375] reaction, comparison with accurate results in the OH + H2
case [349] proved a significant overestimation of the thermal rate constant.
The difference can be explained by the fact that the reaction barrier occurs
later in the OH + HCl case, the H–O–H structure at the TS is therefore more
robust, and the vibration–rotation coupling is consequently smaller. In the
case of OH + H2, the TS normal mode correlating with the product water mol-
ecule bending mode couples rather strongly to the smallest moment of inertia
of the TS, Ia. Moreover, this normal mode presents a small vibrational fre-
quency (572 cm−1) and can therefore be significantly excited at thermal ener-
gies. Neglecting the vibration–rotation coupling will in this case give rise to
inaccuracies in the 30% range. Instead, in the OH + HCl reaction, the same
mode couples less efficiently to the overall rotation and has an oscillatory fre-
quency of 1669 cm−1. The excitation of this mode therefore contributes much
less to the thermal ensemble and the J-shifting approximation is suitable.

Thus it may be inferred that, whenever the reaction occurs through a rigid
TS and all moments of inertia are large at the TS geometry, the J-shifting ap-
proximation is expected to give reliable results. This is the case for the X + CH4
family of reactions, where the TS usually presents large moments of inertia, for
example 21 423 and 57 370(×2) atomic units in the case of H + CH4.

19.6
Concluding Remarks and Outlook

The combination of the flux correlation function formalism with the MCTDH
approach has enabled the calculation of accurate quantum mechanical ther-
mal rates for polyatomic systems. The achievements of the last eight years
open the perspective for future accurate simulations of reactions relevant to
atmospheric chemistry as well as simple organic reactions. Having accurate
theoretical data at hand is extremely valuable in a three-fold way: first, com-
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parison with the experiment gives a rigorous indication of the accuracy of the
PES employed and the quantum chemical calculations on which the PES is
based; second, approximate methodologies can be confronted prior to their
application on larger systems; and, finally, accurate theoretical results might
support, or even replace, experimental data whenever the kinetic measure-
ment faces experimental difficulties.
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20
Reactive and Non-Reactive Scattering of Molecules From
Surfaces
Geert-Jan Kroes, Rob van Harrevelt and Cédric Crespos

20.1
Introduction

Chemical reactions at surfaces are of tremendous practical interest. To give an
example of the practical importance of chemical processes at surfaces, about
90% of the chemical manufacturing processes employed throughout the world
use catalysts in one form or another. Examples of such processes are the
production of ammonia (a raw material for artificial fertilizer) and the cur-
rent commercial process for the production of hydrogen (steam reforming of
methane). In an illustration of the importance of the field, the 2007 Nobel
Price for Chemistry was recently awarded to Professor G. Ertl for unravelling
the reactions producing NH3, involving nitrogen and hydrogen molecules
and atoms, and taking place at an iron surface [376]. In ammonia produc-
tion and steam reforming of methane alike, the chemical reactions are made
up of several elementary steps, one of which is rate limiting (the dissociative
chemisorption of N2 for ammonia production, and the dissociative adsorption
of CH4 on Ni into surface-adsorbed H + CH3 for steam reforming [377]).

Molecule–surface scattering also displays a number of unique phenomena.
The earliest experiments on diffractive scattering of He and H2 from LiF(001)
helped to demonstrate the wave nature of atomic and molecular motion [378].
Compared to gas-phase dissociation, a unique feature of the photodissociation
of molecules adsorbed onto surfaces is that it may display surface-induced
rainbow scattering [379]. The interaction of a molecule with a metal sur-
face may lead to electron–hole pair excitation, to the point that scattering
of molecules from surfaces with low work-functions may even lead to elec-
tron emission [380]. These phenomena serve to make the field of scattering of
molecules from surfaces an interesting playground, but they also pose chal-
lenges. For instance, it is clear that processes in which electron–hole pair ex-
citation plays an important role should take dissipation (of electronic energy)
into account, and this complicates the dynamic treatment of such systems.
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A variety of elementary processes can occur in reactive and non-reactive in-
teractions of atoms and molecules with surfaces. Their detailed understand-
ing through computational and experimental studies can provide a thorough
understanding of several aspects of the interaction of atoms and molecules
with surfaces. Perhaps the simplest scattering process from a surface is atomic
diffraction. This process yields information on the corrugation of the atom–
surface interaction (its dependence on the coordinates of motion of the atom in
the two directions parallel to the surface). In the scattering of a molecule from
the surface, rotationally inelastic scattering of the molecule can also occur. Ro-
tationally inelastic scattering was first verified experimentally in conjunction
with diffractively inelastic scattering for H2 + LiF(001) [381] and for HD and
H2 + Mg(001) [382] in the mid-1970s. Unambiguous experimental evidence
for direct vibrational excitation (whereby energy transfer occurs in essentially
a single gas–surface encounter) in molecule–surface scattering was first re-
ported for NO scattering from Ag(111) [383].

The dissociation of H2 on metal surfaces is relevant to several hetero-
geneously catalysed reactions, and is of fundamental importance as a model
system. Experiments [384, 385] and theoretical work [386] have shown that
phonons do not affect the reaction in a major way, and that the effect of sur-
face temperature on reaction can be easily modelled. Recent calculations on
H2 + Pt(111) have shown that the effect of electron–hole pair excitation on the
reaction of initially non-vibrating hydrogen on metal surfaces can likewise
be ignored [387]. Furthermore, in dynamical studies of dissociation of H2 on
surfaces, it has been possible for some time now to treat the motion in the
six molecular degrees of freedom fully quantum mechanically, without any
approximations [388–390]. This makes the system ideal for testing the quality
of electronic structure theory for predicting molecule–surface interaction en-
ergies. A wide range of experimental results is available for systems such as
H2 + Cu(111) [391, 392] and Cu(100) [393–395] and H2 + Pt(111) [396]. Other
dissociative chemisorption systems of great interest include N2 + Ru(0001),
about which there has been speculation that the reaction should be affected
to a large extent by electron–hole pairs [397], and CH4 + Ni(111), for which
experiments have shown that the pre-excitation of the molecular vibrations
can promote the reaction in a mode-specific way [398, 399].

Most of the molecule–surface scattering processes described above occur
on short time-scales, making them amenable to calculations employing the
multiconfiguration time-dependent Hartree (MCTDH) method.
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MCTDH calculations have addressed:

(i) the rotationally and diffractionally inelastic scattering of H2 from
LiF(001) [400] and from a model rectangular surface [401], and of N2
from LiF(001) [34, 80, 401, 402]; and

(ii) the dissociative chemisorption of H2 on a model transition-metal surface
[403], on Cu(100) [404,405] and on Pt(111) [406], of N2 on Ru(0001) [407],
and of CH4 on Ni [408–411].

MCTDH calculations have also addressed other processes, and the following
have all been studied recently:

(iii) the photodissociation of CH3I on MgO [412–414] and of HCl on ice [415,
416];

(iv) the vibrational relaxation of H adsorbed onto Si(100) and the laser-
induced desorption of H from Si(100) [417, 418];

(v) the vibrational relaxation and the sticking of CO on Cu(100) [97];

(vi) the coherent control of hydroxyl formed due to HCl adsorption onto
MgO(001) [419]; and

(vii) the femtosecond time-scale photoinduced electron transfer from a dye
molecule (coumarin 343) to a semiconductor surface (of TiO2) in the
presence of solvent molecules [229, 232].

Finally, methods from the more general class of time-dependent multiconfig-
uration self-consistent field methods have addressed:

(viii) surface energy transfer in the single-phonon limit in scattering of He
from a Cu surface [29]; and

(ix) ultraviolet laser-induced desorption of CO from LiF(001) [420].

A discussion of the last two papers falls outside the scope of this review; in-
stead, below, this review will focus on papers addressing molecule–surface
scattering and employing the MCTDH method proper.

20.2
Theory

In this section we will discuss some of the salient features of the theory for
molecule–surface scattering, as used in MCTDH applications. We will focus
on the molecule–surface problems to which MCTDH has been most applied,
that is, the reactive and non-reactive scattering of a diatomic molecule from a
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periodic surface. We will formulate the theory for the dissociative chemisorp-
tion problem, treating all six degrees of freedom of the molecule.

Calculations on the scattering of diatomic molecules from surfaces are usu-
ally carried out within the Born–Oppenheimer approximation [387]. Also ne-
glecting the phonons, and using atomic units as done throughout this chapter,
the Hamiltonian may be written [421]:

Ĥ = − 1
2M

∂2

∂Z2 − 1
2μ

∂2

∂r2 − 1
2M sin2 γ

[
∂2

∂x2 − 2 cos γ
∂

∂x
∂

∂y
+

∂2

∂y2

]

+
ĵ2

2μr2 + V6D(Z, r, x, y, z, θ, φ) (20.1)

In Equation (20.1), M is the mass of the molecule, μ is its reduced mass, ĵ is
the angular momentum operator, and V6D is the potential energy of the two
atoms of the molecule interacting with one another and with the surface. The
coordinates are defined as follows: Z is the molecule–surface distance; x and
y are the coordinates for the molecule’s motion parallel to the surface, mea-
suring the distances associated with the projection of the centre of mass of the
molecule on the surface along the lattice vectors x and y spanning the surface
unit cell; r is the intramolecular distance of the molecule; and the polar and
azimuthal angles θ and φ define the orientation of the molecule with respect to
the surface normal and x. Furthermore, γ is the angle between x and y, which
is 90◦ for square and rectangular surface unit cells ((100) and (110) surfaces of
fcc materials) and 60◦ for surfaces with hexagonal symmetry ((111) surfaces
of fcc materials). In calculations on non-reactive scattering, the motion in r
can often be neglected: then, the term involving the second derivative with
respect to r can be omitted from Equation (20.1), and in the rotational energy
operator r is best set to the value corresponding to the molecule’s rotational
constant for its ground vibrational state.

A unique feature of surface scattering is that, owing to the periodicity of the
surface, the translational momentum of the molecule parallel to the surface
can only take on discrete values. To express the implications of this, we first
define the primitive lattice vectors expressing the periodicity of the surface.
Let s1 (in the direction of x) and s2 (in the direction of y) be the primitive vec-
tors in real space spanning the surface unit cell. The reciprocal lattice vectors
are then given by

ki · sj = 2πδij, i = 1, 2 (20.2)

The restrictions on the changes that the parallel translational momentum
of the molecule can undergo can be expressed as follows. If the molecule
comes in with an initial parallel translational momentum defined by the two-
dimensional vector K0, then after scattering the final translational parallel mo-
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mentum obeys

Kf
nm = K0 + nΔk1 + mΔk2 (20.3)

In Equation (20.3), the length of Δki is the minimum amount of momentum
that can be gained or lost in the direction of ki, and is given by

Δki =
2π

|si| sin γ
(20.4)

In view of the above, in time-dependent quantum dynamics calculations, the
initial wavefunction is best expressed as

Ψ0(Z, r, x, y, θ, φ) = φvj(r)Yjmj (θ, φ)
1√
A

exp[i sin γ(K0
1x + K0

2y)]

×
∫

dkz b(kz)
1√
2π

exp(ikzZ) (20.5)

and the primitive basis for motion in x and y is best taken to consist of basis
functions

ηnm(x, y) =
1√
A

exp[i sin γ(K0
1x + K0

2y)] exp[i sin γ(nΔk1x + mΔk2y)] (20.6)

In Equation (20.5), A is the surface of the unit cell, and the prefactor 1/
√

A
normalizes the part of the wavefunction describing parallel translational mo-
tion. Furthermore, φvj(r) is the wavefunction describing the initial vibrational
state of the molecule with vibrational quantum number v and rotational quan-
tum number j, Yjmj

(θ, φ) is the spherical harmonic describing the initial rota-
tional state of the molecule, mj being the projection of j on the surface normal,
and the integral describes a Gaussian wavepacket travelling to the surface
with an appropriate momentum distribution b(kz), kz being the translational
momentum in the direction along Z. Finally, n and m are the quantum num-
bers for diffraction.

As suggested by Equations (20.5) and (20.6), it is best to use a Fourier basis
as primitive functions to represent motion along x and y. Because the motions
in the angles θ and φ are strongly coupled by the rotational energy opera-
tor, it is best to use the spherical harmonics Yjmj(θ, φ) as a primitive basis for
two-dimensional single-particle functions (SPFs) describing the simultaneous
motion in these two degrees of freedom [80]. A convenient choice for the
motion in Z and r is to use a Fourier basis as primitive basis; for long-time
propagations this is best combined with the use of a complex absorbing po-
tential (CAP) to avoid artefacts associated with the periodicity of Fourier basis
functions.

For dissociative chemisorption, initial-state-selected reaction probabilities
can be computed with the help of a CAP located in the exit channel, starting at
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an appropriately chosen value of r = rcut, in combination with a flux analysis
approach [422] (see Section 6.5). State-to-state scattering probabilities for ro-
tationally and diffractionally inelastic scattering, or partial state-to-state scat-
tering probabilities (considering only rotational transitions, or only diffractive
transitions), can be computed by defining a CAP in the entrance channel and
employing projection operators to project onto the final states of interest, as is
also discussed in Section 6.5. Including also the rotational and/or diffractive
energies of the states projected on, it is also possible to compute values of the
average rotational energy transfer (ARET) or the average energy transferred
to motion parallel to the surface (APET) [80].

20.3
Applications of the MCTDH Method to Molecule–Surface Scattering

20.3.1
Rotationally and Diffractionally Inelastic Scattering

The first application of the MCTDH method to rotationally and diffractionally
inelastic scattering concerned the scattering of H2 from LiF(001) [400]. The
goal was to investigate the convergence behaviour of the MCTDH method
with respect to the number of SPFs required to solve this type of problem.
Calculations were performed for a collision energy of 0.2 eV, using a model
potential depending on four degrees of freedom (Z, x, y and θ) of factorizable
form [423]. State-to-state probabilities for rotationally and diffractively inelas-
tic scattering were compared with time-independent (close-coupling, CC) and
time-dependent (close-coupling wavepacket, CCWP) quantum scattering cal-
culations [424]. The comparison showed that, for normal incidence, conver-
gence to within 1% could be achieved using (5, 5, 15, 4) SPFs for (x, y, Z, θ),
employing Fourier primitive basis sets for x, y and Z, and a Gauss–Legendre
polynomial primitive basis set for θ.

In the same year, results of MCTDH calculations on rotationally and diffrac-
tionally inelastic scattering of H2 from a model rectangular surface and of N2
from LiF(001) were published [401]. The calculations used a so-called surface
dumbbell model [425], in a parametrization for H2 interacting with a rectan-
gular lattice [425] and for N2 interacting with LiF(001) [426]. The dumbbell
potential is likewise of factorizable form, and depends on all five molecular
degrees of freedom of the diatom considered as a rigid rotor. The goal was
to examine critically the performance of the MCTDH algorithm with respect
to different primitive basis representations and mode combination schemes.
Rotational excitation probabilities for N2 + LiF(001) were in good agreement
with CCWP results. The paper established that it is useful to mode-combine θ

and φ in one mode, and to mode-combine x and y in one mode.
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The N2 + LiF(001) problem was revisited in subsequent five-dimensional
(5D) MCTDH calculations employing the same potential as used in the previ-
ous calculations [401]. The new work [80] and the work discussed above [401]
have already been reviewed earlier [34], so that we will not discuss it further
here.

The N2 + LiF(001) dumbbell model potential was also used in 5D MCTDH
calculations that served as a benchmark to test the performance of the mixed
quantum–classical Bohmian (MQCB) trajectory method [402]. In the MQCB
calculations, the motion in x and y was treated quantum mechanically, while
the motion in Z and the angles was treated classically. Rotationally averaged
diffraction probabilities computed with the MQCB method were in excellent
agreement with MCTDH results for the collision energy range investigated
(0.1–0.3 eV). The fact that MCTDH results were used as benchmark in this
study may be viewed as signifying that the MCTDH method has matured, to
the point that the scientific community now accepts that it can provide very
accurate and well-converged results.

20.3.2
Dissociative Chemisorption

20.3.2.1 Dissociative Chemisorption of H2 on Metal Surfaces

The earliest application of the MCTDH method to a molecule–surface scatter-
ing problem [403] modelled dissociative chemisorption of H2 on a transition-
metal surface, using model potentials developed earlier for standard wave-
packet studies [427]. The calculations modelled motion in two degrees of free-
dom, that is, r and Z. It was shown that numerically exact solutions could be
obtained with the MCTDH method.

MCTDH calculations modelling motion in all six molecular degrees of free-
dom were recently done for dissociative chemisorption of H2 on Cu(100)
[404, 405]. The potential energy surface (PES) of Ref. [428] was used, which
is based on density functional theory (DFT) calculations. This potential has
the form:

V(r, Z, x, y, θ, φ) =
20

∑
i=1

V(rZ)
i (r, Z)V(xy)

i (x, y)V(θφ)
i (θ, φ) (20.7)

Equation (20.7) has the form of Equation (3.34) if the composite coordinates
QrZ = (r, Z), Qxy = (x, y) and Qθφ = (θ, φ) are used in the MCTDH cal-
culations. The potential then has a form that is suitable for MCTDH calcu-
lations. The rZ/xy/θφ mode combination scheme is also advantageous for
other reasons. For instance, an advantage of combining θ and φ using spheri-
cal harmonics as a primitive basis set is that the use of this basis set avoids the
singularities associated with the ĵ 2 operator that exist for θ = 0◦ and 180◦.
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A converged calculation required 26 SPFs for the rZ mode, 34 SPFs for the
xy mode, and 23 SPFs for the θφ mode. With these numbers of SPFs, for
each mode the smallest natural population (see Section 3.1) is smaller than
the threshold of 10−4, which was found to lead to accurate results, and which
threshold was therefore used in all calculations on H2 + Cu(100).

For normal incidence, Figure 20.1 shows that the reaction probabilities com-
puted with the MCTDH method are in good agreement with symmetry-
adapted wavepacket (SAWP) results [429]. The slight discrepancies that are
observable are presumably caused by resonances. An accurate description of
the details of the resonance structure would require a very large number of
SPFs, which tends to cause technical problems. If smaller numbers of SPFs are
used, then the structures are averaged out.

Figure 20.1 Sticking probability of H2(v=0, j=0) on Cu(100) as a
function of the initial translational energy E, for normal incidence: com-
parison of the MCTDH results [404] (circles) with the results of the
standard wavepacket calculations of Somers et al. [429] (full line).
From Ref. [404].

The MCTDH approach was found to be an efficient alternative for the
SAWP or other wavepacket approaches for this type of six-dimensional (6D)
problem. The calculation for normal incidence took only 19 h on a 500 MHz
EV6 Alpha processor. However, mode combination is essential for the effi-
ciency of the MCTDH approach. This is the consequence of the large numbers
of SPFs required to obtain convergence for this type of problem. The high ef-
ficiency of the calculations is partly due to the special form of the potential
(see Equation (20.7)). In principle, any potential can be fitted to an expression
similar to Equation (20.7), for example using the potfit method, which fits the
PES to an expansion in natural potentials (see Section 11.1). However, the ex-
pansion would generally require many more than 20 terms to represent the
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PES sufficiently accurately. For general PESs, the required CPU time would
probably be a factor of 5–10 larger than for the PES used.

To demonstrate the importance of mode combination, the required CPU
time was investigated for a calculation where r and Z were treated as sepa-
rate modes. As the potential of Equation (20.7) then does not have a product
form compatible with the mode combination scheme, the potfit method was

employed to expand the functions v(r,Z)
i in a set of one-dimensional functions:

v(r,Z)
i = ∑

j
aijv

(r)
ij (r)v(Z)

ij (Z) (20.8)

Details of the potfit procedure used were given in [404]. The calculation not
using mode combination for r and Z required seven SPFs for r and 22 SPFs
for Z, almost as many as needed for r and Z in the calculation in which these
degrees of freedom were mode-combined (26 SPFs). Consequently, the calcu-
lation using mode combination of r and Z used much less CPU time (19 h) and
used a much more compact representation of the wavepacket than the calcu-
lation not using mode combination for these degrees of freedom (110 h on a
500 MHz EV6 Alpha processor).

The calculations on H2 + Cu(100) discussed so far describe collisions with
normal incidence. It is also interesting to study the sticking probability for
off-normal incidence. If the PESs were independent of x and y, then the stick-
ing probability would be independent of the translational energy parallel to
the surface. However, for most PESs the barrier height and position depend
strongly on x and y. Darling and Holloway [430] have shown that in that case
the parallel translational energy can either increase or decrease the sticking
probability, depending on the PES.

Off-normal-incidence calculations require more computational effort than
normal-incidence calculations because of the increase in the total energy. Fur-
thermore, for off-normal incidence the symmetry of the metal surface cannot
be used to the same advantage in the SAWP approach as for normal incidence.
(At normal incidence, the use of symmetry can save a factor of 8 in computa-
tional expense for j = 0; at off-normal incidence, for incidence along a sym-
metry direction of the crystal, this is decreased to a factor of 2). The MCTDH
approach is well suited to off-normal-incidence calculations, because of its
high efficiency. For details of these calculations, see Ref. [405].

Figure 20.2 presents the sticking probabilities for different values of the ini-
tial translational energy for motion along x. For EZ < 0.5 eV, the parallel trans-
lational energy increases the sticking probability. (If the reaction probability
did not depend on the parallel translational energy, but only on EZ, the curves
in Figure 20.2(a) would fall on top of each other; this case is called normal en-
ergy scaling of the reaction.) However, the parallel translational energy is less
effective than the normal translational energy EZ. If it were as efficient, then
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the sticking probability plotted as a function of the total translational energy E
would be independent of Ex (total energy scaling). Figure 20.2(b) shows that
this is not the case. This shows that, according to the theory, and with the PES
used, the reaction does not obey either normal energy scaling or total energy
scaling. Experimentally, the situation is not really clear: for H2 on Cu(100),
the sticking probabilities measured in molecular beam experiments could be
well fitted to contributions from the initial vibrational ground state and the
first excited state, which obey normal energy scaling. However, good fits to
experiment could also be obtained with v = 0 and v = 1 reaction probabilities,
which showed deviations from normal energy scaling [431].

Figure 20.2 The sticking probability of H2(v=0, j=0) on Cu(100) as
a function of (a) the normal translational energy EZ and (b) the total
translational energy E, for different values of the initial parallel transla-
tional energy along x, Ex (Ey = 0). From Ref. [405].

The performance of the MCTDH method compared to that of the time-
dependent wavepacket (TDWP) method was also considered for a different
H2–surface reaction, that is, H2 + Pt(111) [406]. A new aspect for molecule–
surface reactions considered for this system was how potentials should be
handled that are of a general form, that is, that are not expressed as sums of
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products of low-dimensional functions. This limitation can be overcome by
using the potfit method. Four-dimensional (4D) quantum dynamics calcula-
tions were performed on the dissociative chemisorption of H2 on Pt(111) and
the initial-state-resolved dissociation probability of H2 was calculated within
two 4D models.

The first set of calculations on H2 dissociating on the Pt(111) surface was
performed within a 4D model treating explicitly the molecular rotations. The
4D model involved the molecular centre-of-mass motion normal to the sur-
face, the H–H distance r, and the polar and azimuthal angles θ and φ. Two
different 4D PESs have been used for the calculations. These PESs are 4D
cuts through the 6D H2 + Pt(111) PES [432] obtained by interpolation of DFT
points. The first 4D PES was obtained by fixing the centre-of-mass position on
top of a surface atom. The second 4D PES was obtained by fixing the impact
site above a bridge site, that is, between two nearest-neighbour surface atoms.

The H2 dissociation probability was computed for the (v0 = 0, j0 = 0) state.
The MCTDH and TDWP (CCWP) reaction probabilities obtained for the top
site and the bridge site are plotted in Figure 20.3(a) and (b), respectively. In
both cases, the agreement is very good, especially for the bridge site, for which
the curves are almost identical. A comparison between the computer time
required by the MCTDH and TDWP standard methods for both calculations
is made in Table 20.1. The MCTDH calculation for the top site has been split
in two: the first propagation run corresponds to the low-energy range and the
second one to a higher-energy regime. The total propagation time compares
well with the time used in the TDWP standard method (assuming that the
processors used in the MCTDH calculations are five times faster). The same
remark can be made for the bridge site calculation. The overall conclusion for
the 4D fixed site model is that MCTDH can give an accurate description of
the dissociative chemisorption of H2 on a metal surface for a PES of general
form, at a computational cost comparable to that of the TDWP method. For
numerical details, see Ref. [406].

Table 20.1 Comparison between the computer time required by the MCTDH and TDWP stan-
dard methods for 4D calculations within the fixed site model [406].

MCTDH ‘top’ MCTDH ‘bridge’ TDWP ‘top’ TDWP ‘bridge’
(0.02–0.13 eV) /
(0.13–0.41 eV)

Processor 2.67 GHz 2.67 GHz 500 MHz 500 MHz
CPU time 0 h 38 min / 2 h 57 min 4 h 59 min 22 h 13 min

0 h 36 min

In the second 4D model [433], the molecule’s centre-of-mass motion was
fully represented, modelling motion in x, y, Z and r. The 4D PES built in
Ref. [433] was used in MCTDH and in analogous 4D TDWP studies of dis-
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Figure 20.3 The dissociation probability of four-dimensional
(a) ‘on top’ and (b) ‘on bridge’ quantum dynamics calculations for
H2(v=0, j=0) on Pt(111) plotted as a function of the translational en-
ergy Enorm. From Ref. [406].

sociative and diffractive scattering of H2 from Pt(111). One calculation was
performed for the H2(v=0) initial state (Figure 20.4(a)) and a second one for
H2(v=1) (Figure 20.4(b)). The agreement was very good for the v = 0 case,
where the two curves are are almost superimposed. The v = 1 case shows a
small discrepancy at high energy, which is probably a convergence issue. The
CPU time compared well between the two methods for the v = 0 case but
less so for the v = 1 case, where the MCTDH method was a bit slower (Ta-
ble 20.2). The CPU time comparison should be more meaningful for a full 6D
calculation. For numerical details, see Ref. [406].
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Figure 20.4 The dissociation probability of 4D quantum dynamics
calculations for (a) H2(v=0) and (b) H2(v=1) on Pt(111) plotted as a
function of the translational energy, E. From Ref. [406].

Table 20.2 Comparison between the computer time required by the MCTDH and TDWP stan-
dard methods for 4D calculations within the (Z, r, x, y) model [406].

MCTDH (v = 0) MCTDH (v = 1) TDWP (v = 0) TDWP (v = 1)
(0.02–0.18 eV) / (0.02–0.18 eV) / (0.05–0.15 eV) / (0.05–0.15 eV) /
(0.18–0.45 eV) (0.18–0.50 eV) (0.15–0.45 eV) (0.15–0.45 eV)

Processor 500 MHz 500 MHz 500 MHz 500 MHz
CPU time 0 h 17 min / 0 h 37 min / 3 h 29 min / 9 h 59 min /

0 h 22 min 1 h 26 min 2 h 59 min 5 h 15 min
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In summary, the study of the H2 + Pt(111) reaction system has shown that
the MCTDH method is clearly an efficient method for modelling the dissocia-
tive chemisorption of hydrogen on a metal surface within a 4D model. The
quantum dynamics of gas–surface processes involving dissociation is well re-
produced in spite of the strong coupling between all the degrees of freedom
in the dissociation region. The calculations on H2 + Pt(111) have shown that it
is possible to use a generic PES form as the basis of accurate MCTDH calcula-
tions.

20.3.2.2 Dissociative Chemisorption of N2 on Metal Surfaces

The dissociation of N2 on Ru is the rate-limiting step in the industrial synthe-
sis of ammonia on Ru catalysts [434]. As a result, there has been much interest
in this system. The problem has been studied in a number of low-dimensional
dynamics studies, employing model PESs. The results of some of these model
studies suggested that at room temperature the reaction should be completely
dominated by a tunnelling mechanism [435], which of course should be some-
what surprising for such a ‘heavy-atom system’.

Rate constants were computed for N2 dissociating on stepped Ru(0001) us-
ing the MCTDH method [407], on the basis of a PES computed with DFT,
using the revised Perdew–Burke–Ernzerhof (RPBE) generalized gradient ap-
proximation (GGA). A flux correlation approach [436] was used, in which the
cumulative reaction probability was computed by calculating the eigenstates
of the thermal flux operator using diagonalization, and subsequently propa-
gating these eigenstates in time. The MCTDH study, the full details of which
are given in Ref. [407], employed six degrees of freedom, that is, those of the
N2 molecule.

The major outcome of the calculations was the tunnelling correction κ, given
by κ = k(T)/kTST(T), where kTST(T) is the rate constant computed using har-
monic, classical transition-state theory. As Figure 20.5 shows, the tunnelling
correction is quite moderate, being no larger than 1.4 at 200 K. As noted by the
authors, the obstinacy of tunnelling theories in the literature for N2 + Ru(0001)
(see, for instance, Ref. [435]) is probably due to the experimental observation
of significant reaction probabilities at energies well below the reaction barriers
computed for low-index surfaces of Ru. However, it has subsequently become
known that at low energies the reaction is dominated by steps that have much
lower associated barriers [437]. As Figure 20.5 also shows, the PES could be
calculated using only two reference points, where a reference point contained
the energy of that point, the gradient at that point and the Hessian (modified
Shepard interpolation was used to obtain the PES directly from DFT data).
The tunnelling correction was found to be well described with a Wigner tun-
nelling correction factor.
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Figure 20.5 The tunnelling correction computed with MCTDH for the
dissociative chemisorption of N2 on Ru(0001), for modified Shepard
PESs based on different numbers of reference points. From Ref. [407].

20.3.2.3 Dissociative Chemisorption of CH4 on Ni(111)

Jansen and Burghgraef carried out three-dimensional MCTDH calculations on
the dissociation of CH4 on Ni(111) [408]. The methane molecule was treated
as a pseudo-diatomic molecule. The three degrees of freedom modelled were:
the distance of the molecule to the surface, Z; one CH stretching mode, s;
and the angle of the three-fold axis of the CH3 moiety treated as being non-
reactive with the surface normal, τ. A PES was constructed on the basis of DFT
calculations on CH4 interaction with Ni clusters representing Ni(111) surfaces.
The barrier geometry was taken from these DFT calculations, but the barrier
height was adjusted to obtain agreement with experimental measurements of
the reaction probability for a collision energy of 64 kJ mol−1.

The reaction probability computed for the rovibrational ground state of CH4
with the three-dimensional (3D) model as well as a two-dimensional (2D)
model that ignored the rotation of the umbrella rises too steeply with the col-
lision energy when compared to experiment. According to the authors, this
implied that the barrier of the PES used was too wide and too low. The effect
of pre-exciting the CH3–H stretch was also investigated. Owing to the lateness
of the barrier obtained from the DFT calculations, this has the effect of shifting
the reaction probability curve to lower energies by 22–26 kJ mol−1 [408].

Jansen and co-workers also studied the translational to vibrational energy
(T–V) and vibrational to translational energy (V–T) transfers in collisions of
CH4 with Ni(111) employing model PESs [409–411]. These calculations were
motivated by early experiments showing that pre-exciting the ν3 mode with
one quantum leads to a large increase in the reaction probability [398], but
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suggested that the effect of exciting this mode should be too small to account
for the vibrational effects observed in seeded beam experiments on CH4 + Ni
[438], suggesting that pre-exciting other vibrational modes should enhance
the reaction even more effectively.

In the papers, it was argued that the efficiency of energy flow between a
particular vibration and translation should be a measure of how effective pre-
exciting that mode should be in enhancing the reactivity. Although the 10-
dimensional calculations were undoubtedly quite advanced at the time they
were carried out, the results of the calculations were somewhat contradictory.
For instance, in the calculations on the scattering of methane in its initial vibra-
tional ground state, most energy was found to be transferred to the ν3 mode
for geometries where methane had one or two H atoms pointed down to the
surface [410]. In contrast, in calculations on vibrational de-excitation, more
energy was generally found to be transferred from the ν1 mode to transla-
tion than from the ν3 mode to translation [411]. By the reasoning applied in
both papers, then either pre-exciting the ν3 mode should be most effective for
promoting reaction (from the calculations on vibrational excitation) or pre-
exciting the ν1 mode should be most effective for promoting reaction (from
the calculations on vibrational de-excitation). Experiments later found [439]
that pre-exciting the ν1 mode is 10 times more effective for promoting reaction
than pre-exciting the ν3 mode.

20.3.3
Photodissociation of Molecules on Insulator Surfaces

The photodissociation of CH3I on MgO was studied in 2D [412] and 4D [413]
MCTDH calculations. In the 2D calculations, the C–I axis was always taken
perpendicular to the surface, and the degrees of freedom modelled were the
distance of the centre of mass to the surface, R, and the C–I distance, r. The
photodissociation could proceed on two spin–orbit coupled excited states,
that is, the 3Q0+ state corresponding to CH3 and the spin–orbit excited state
of I, I*, and the 1Q1 state. A model PES was used to model the interaction of
CH3I with MgO; see Ref. [412].

The 2D calculations focused on differences in the outcomes between the
initial situations where CH3 initially points up to the gas phase or down to the
surface. These calculations nicely illustrated the importance of going beyond
the time-dependent Hartree (TDH) single-configuration approximation. The
case where CH3 initially points up to the gas phase was well described with
the TDH method (the overlap of the TDH and exact wavefunctions being 95%
at 2000 a.u. of time): the dissociation is direct, because CH3 freely moves away
from I and the surface. The case for CH3 initially pointing down to the surface
is different. Here, the CH3 bounces in between the surface and the heavy
I atom, as the I atom attempts to move away. The difficulty of describing this
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with a single configuration is illustrated in Figure 20.6, where the probability
of finding the system in the electronic state corresponding to I* is plotted as
a function of time. The first transition around 1000 a.u. of time, where the
system first moves through the potential crossing point, is still rather well
described with the TDH method (n = 1), but the second transition is not. The
calculations found that, for an accurate description of the chattering dynamics
and the non-adiabatic photodissociation, four configurations were required.

Figure 20.6 Time-dependent population of the excited 3Q0+ state
of CH3I for the 2D MCTDH calculations. The single-configuration
TDH (n = 1) fails to describe the second transition. A more detailed
comparison for the time period 2800–4000 a.u. is given in the insert.
Reused with permission from Ref. [412]. Copyright 1994, American
Institute of Physics.

In the 4D MCTDH calculations [413], the degrees of freedom modelled were
the Cartesian coordinates x and Z of I and of the CH3 moiety considered as a
pseudo-atom. The calculations only considered the less complicated (but also
less interesting) case where the lighter CH3 moiety of the physisorbed CH3I
initially points up to the gas phase.

Woittequand et al. have used the MCTDH method to model the photodis-
sociation of HCl (X→A) adsorbed onto the (0001) face of ice [415, 416]. In
their first study, motion in two degrees of freedom was studied, that is, the
Z- and x-coordinates of the H atom of HCl, while the Cl atom of HCl and the
water molecules were all kept fixed, the water molecules at positions and ori-
entations corresponding to a perfectly ordered ice surface [415]. The potential
used was a sum of the intramolecular potential of HCl and a somewhat mod-
ified HCl–ice interaction potential based on pair potentials [440]. The results
showed the dynamics to be heavily affected by the fact that in the initial ge-
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ometry the hydrogen-bonded H atom of HCl points down to the surface. The
time evolution of the wavepacket shows a part that collides with the surface
and then reflects from it, while another part of the wavepacket representing
the motion of H was found to move into an ice cavity (about 1%). The HCl–
ice absorption spectrum was found to be shifted to the blue by about 0.36 eV
relative to the gas-phase HCl spectrum. The computed angular distribution
describing the motion of the H atom contains a surface rainbow peak, and is
affected by a shadow effect due to the presence of a Cl atom on top of the
H atom in the initial HCl–ice adsorption geometry.

In their second study [416], Woittequand also took into account motion in
a third molecular degree of freedom (the second coordinate for motion of H
along the surface, that is, y), while the motion of the water molecules was
modelled in an approximate way, that is, by performing the MCTDH calcula-
tions for 25 initial geometries representing different initial HCl–ice configura-
tions. These configurations were obtained by performing molecular dynamics
simulations of HCl interacting with an ice surface at T = 210 K, treating both
the HCl and the H2O molecules as rigid rotors. The MCTDH results obtained
for the 25 initial configurations were then averaged to obtain final results for
photodissociation of HCl on ice at T = 210 K. The same PES was used as in the
earlier calculations. Compared to the earlier 2D calculations, even at 0 K the
3D spectrum was found to exhibit less structure than the 2D spectrum. The
reason for this is that the extra motion in y allowed in the 3D model allows the
H atom to escape from under the Cl atom more easily, leading to less trapping
between Cl and ice. The averaging over 25 initial configurations used to take
surface temperature effects into account served to diminish the structure in
the spectrum even more.

20.3.4
Molecule–Surface Dynamics With Dissipation

In molecule–surface dynamics problems, there will usually be an effect of ei-
ther the phonons or electron–hole pair excitations (for metal surfaces) on the
dynamics one is interested in. However, if one is only interested in the dynam-
ics of the molecule interacting with the surface, then a logical and convenient
way to proceed is to divide the system up into a small system of interest (the
primary system, often taken as the molecule only) and a so-called bath (the en-
vironment, often taken as the surface). Such a formalism allows one to ‘trace
out’ the bath. The equation of motion to be solved is

ρ̇ = L(ρ) (20.9)

where ρ is the reduced density, that is, the density associated with the primary
system.
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An MCTDH formalism to deal with so-called open systems (consisting of a
primary system coupled to an external heat bath) was developed by Raab and
Meyer [95] and applied by Cattarius and Meyer [97]. In the formalism, the
assumption is made that the correlation times of the external heat bath system
are small compared to those of the primary system. In this case, the Markov
approximation, which neglects memory effects and is therefore local in time,
is valid. The linear super-operator L was taken to be of the so-called Lind-
blad form, such that there can be an energy flow from the system to the bath,
but not the other way around. The MCTDH method for wavefunctions was
reformulated as a method for propagating the density of the system, using
single-particle density operators rather than SPFs. Full details of the method
used are presented in Ref. [97].

The MCTDH density-operator formalism was subsequently applied to the
vibrational relaxation of CO on Cu(100) and the sticking of CO on Cu(100),
using six and three degrees of freedom for these problems, respectively. The
calculations presented served mainly to show that the newly developed for-
malism was functioning correctly.

Saalfrank and co-workers have studied the vibrational relaxation of H ad-
sorbed on Si(100) using both the MCTDH [417] and the time-dependent self-
consistent field (TDSCF) [418] methods. Their MCTDH calculations divided
up the system of interest into two vibrations involving H (the primary system)
and up to 50 phonons (the bath). An MCTDH wavefunction-based approach
was taken similar to that described in Ref. [441]. The two H–Si vibrations
considered were the H–Si stretching vibration and Si–Si–H bending vibra-
tion. The phonon coordinates and frequencies were obtained from a normal-
mode calculation for a Si cluster covered by hydrogen atoms, consisting of
144 Si atoms and 36 H atoms. The normal-mode analysis employed a semi-
empirical potential to describe the Si–Si bonds. Pairs of phonons were in-
cluded in the calculation if the sum of their frequencies nearly coincided with
differences in primary system energy levels, and if the phonon modes were
strongly coupled to the primary system vibrations. In the system–bath cou-
pling term of the Hamiltonian, it was necessary to include both single-phonon
and two-phonon coupling terms.

The lifetime of the first excited Si–H stretching vibrational state, which is
of the order of nanoseconds, was outside the realm that could be simulated
with the MCTDH method. The decay of the Si–Si–H bending excited states
was found to be non-exponential, but the half-life T1/2 could be computed.
The computed T1/2 values (3.54, 1.13, 0.87 and 0.73 ps, for vibrational quan-
tum numbers of the bending mode of 1, 2, 3 and 4, respectively) were too
large compared with those obtained from perturbation theory (0.94, 0.48, 0.33
and 0.26 ps, respectively) [442] by factors in the range 2–4, which was attrib-
uted to the finite bath size (only 50 phonons were considered). However, a
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semi-quantitative agreement with the results of perturbation theory was ob-
served, in the sense that simple scaling laws observed with perturbation the-
ory concerning the dependence of the half-life on the bending quantum num-
bers were also found to be obeyed in the MCTDH calculations. Later TD-
SCF calculations by the same group that considered a much larger number of
phonons (534 instead of 50) obtained very good quantitative agreement with
the results of perturbation theory, suggesting that for this kind of problem it
is more important to include a large amount of bath modes than to include
correlation using the MCTDH approach [418].

Perhaps the most impressive MCTDH calculations on a molecule–surface
dynamics problem incorporating dissipation have been performed on pho-
toinduced, ultrafast electron transfer between a dye molecule, coumarin 343,
and a semiconductor surface, TiO2 [229, 232]. To model the electron trans-
fer following photoexcitation, a Hamiltonian was used that was represented
in charge-localized diabatic electronic states, that is, one electronic state |φd〉
representing the photoexcited dye molecule interacting with the electronic
ground-state TiO2 surface (the donor state), and a quasi-continuum of accep-
tor states |φk〉 representing the situation where an electron has been trans-
ferred from the dye molecule (which has become a cation) to a level in the
conduction band of the semiconductor. In the first calculation [229], a semi-
empirical method based on the Newns model of chemisorption [443] and
parametrized using a tight-binding model [444] was used to calculate donor
and acceptor electronic energies and coupling matrix elements.

In the second calculation [232], some details of which are given below,
an approach was taken based on electronic structure calculations and moti-
vated by a projection operator approach previously used to describe resonant
electron–molecule scattering [445]. A partitioning scheme was used based on
DFT calculations on a complex of the dye molecule with a TiO2 cluster. The
scheme for describing the |φd〉 and |φk〉 states was based on the following
three steps: (i) using localized basis sets, the Hilbert space was partitioned in
a donor and acceptor group; (ii) the Hamiltonian was partitioned according
to the donor–acceptor separation; and (iii) the donor and acceptor blocks of
the partitioned Hamiltonian were diagonalized separately. More details are
provided in Ref. [232].

To simulate the quantum dynamics associated with the electron transfer, the
multilayer (ML) formulation [119, 228] of the MCTDH method was used (see
Chapter 14). More specifically, the calculation [232] was done by modelling
the vibrational motion in 39 vibrational modes of the coumarin 343 molecule,
1184 acceptor electronic states, and 20 oscillators to simulate the effect of the
solvent molecules. The time-scale of the electron transfer predicted by the cal-
culations (about 13 fs, see Figure 20.7) was faster than the experimental results
for the system investigated, which were in the range 20–200 fs. The calcu-
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lations predicted a slower injection component (by about a factor of 2) than
the previous calculations based on the semi-empirical Newns model (see Fig-
ure 20.7). Furthermore, the first-principles model for the donor and acceptor
energies and coupling strengths was found to lead to electronic coherences
not observed in the calculations based on the semi-empirical model (see Fig-
ure 20.7), because the donor–acceptor coupling strengths depend significantly
on the energy of the acceptor states. Finally, the comparison showed that the
effect of the coupling to the nuclear degrees of freedom on the electron injec-
tion time is more pronounced in the semi-empirical model than in the more
sophisticated electronic structure model (see Figure 20.7).
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Figure 20.7 The population of the donor
state after photoexcitation as a function of
time, for the coumarin 343–TiO2 system. In
the calculations represented by solid lines,
donor and acceptor energies and coupling
strengths were calculated explicitly using
an electronic structure approach detailed
in [232]. In the calculations represented by
dashed lines, donor and acceptor energies

and coupling strengths were calculated by
a semi-empirical theory explained in [229].
The thick lines present results of calculations
including vibrational modes of coumarin 343,
while the thin lines are results of purely elec-
tronic calculations. Reprinted with permission
from Ref. [232]. Copyright (2007) American
Chemical Society.

20.4
Summary and Outlook

Many molecule–surface scattering processes occur on short time-scales, allow-
ing successful studies of these processes using the MCTDH method. MCTDH
calculations have successfully addressed the rotationally and diffractionally
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inelastic scattering of H2 from LiF(001) and from a model rectangular surface,
and of N2 from LiF(001). For the last system the MCTDH method was even
used as a benchmark method to test an approximate mixed quantum–classical
method, illustrating the maturity of the MCTDH method. The MCTDH
method has also been using to study the dissociative chemisorption of H2 on a
model transition-metal surface, on Cu(100) and on Pt(111), of N2 on Ru(0001),
and of CH4 on Ni. In the most challenging applications, six-dimensional cal-
culations were carried out of the reaction probabilities of H2 dissociating on
Cu(100), and of rate constants for N2 dissociating on a stepped Ru surface.
MCTDH calculations have also addressed the photodissociation of molecules
on insulator surfaces, for example, CH3I on MgO, and HCl on ice(0001).

The MCTDH method has also been applied successfully to molecule–
surface scattering problems affected by dissipation. Examples include the
vibrational relaxation of H adsorbed onto Si(100), the vibrational relaxation
and the sticking of CO on Cu(100), and the femtosecond time-scale photoin-
duced electron transfer from a dye molecule to a semiconductor surface in the
presence of solvent molecules.

While applications of the MCTDH method to molecule–surface scattering
problems have been quite successful, there is no reason for complacency. For
instance, the MCTDH method has been used successfully in 6D quantum dy-
namical calculations of probabilities for the dissociation of H2 on Cu(100).
However, the PES employed was ideally suited to the MCTDH method, con-
sisting of an expansion of products of two-dimensional functions containing
only 20 terms. The form used cannot provide a very accurate fit describing
dissociative chemisorption of a diatomic molecule on a metal surface [446].
Accurate reaction probabilities can be obtained using PESs fitted with the
corrugation-reducing procedure [447] (available for H2 + Pt(111) as well as
Cu(100) [432]) and using PESs interpolated with the GROW method [204, 448]
(available for N2 + Ru(0001) [397]). However, accurate 6D MCTDH calcula-
tions on these systems employing these PESs or refitted forms of these PESs
using the potfit method have yet to be demonstrated. The present situation is
brighter for the computation of rate constants. It was recently demonstrated
that accurate quantum mechanical values of rate constants can be obtained
using an approach based on Shepard interpolation of the PES in the vicinity
of the reaction barrier for the dissociation of N2 on stepped Ru, employing
just a few data points (see Section 20.3.2.2).

A new challenge to theorists working on the dynamics of molecule–surface
reactions is to treat the dissociative chemisorption of polyatomic molecules
on metal surfaces using quantum dynamics and describing the motion in all
molecular degrees of freedom. For instance, many interesting experiments
have been done on the dissociative chemisorption of methane on metal sur-
faces. Statistical theories have been used to argue that this reaction should
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be equally affected by energy in the molecule’s translational motion towards
the surface, in its vibrations (with no distinction between the different normal
modes), and in the surface phonons [449]. This view has recently been contra-
dicted by experiments on CH2D2 [399] and CH4 [439,450,451] dissociating on
Ni surfaces, as explained below.

In experiments on the dissociation of CH4 on Ni(111), the reaction probabili-
ties were measured for methane initially in its 3ν4 state (containing 47 kJ mol−1

of vibrational energy) and for methane initially in its ν3 state (containing
36 kJ mol−1 of energy). Based on statistical theories, one would expect the
former state to be most reactive, but experiment shows that the latter state
is more reactive [451]. This is shown in Figure 20.8. In an even more dra-
matic example, the reactivity of the ν1 and ν3 states (which have comparable
energies, the energy of the former state however being somewhat lower) of
methane on Ni(100) was measured. The reactivity of the ν1 state was found
to be higher than that of the ν3 state by an order of magnitude, even though
statistical theory predicts them to be about the same! See Figure 20.9 [439].

Figure 20.8 State-resolved experimental
reaction probabilities for dissociation of CH4
incident on Ni(111) in v = 0 (circles), ν3 (tri-
angles) and 3ν4 (squares). Arrows indicate
the shift in the reaction probability measured
for the 3ν4 state relative to that measured for
v = 0. The dashed line indicates the reaction

probability that would be expected for the 3ν4
state if vibrational energy in the ν4 mode were
as effective in promoting reaction as vibra-
tional energy in the ν3 mode. Reprinted with
permission from Ref. [451]. Copyright (2005)
by the American Physical Society. See also
http://link.aps.org/abstract/PRL/e208303.

It would be nice if MCTDH calculations could reproduce the trends in
Figures 20.8 and 20.9, explain them, and make predictions about the reac-
tivity of methane in excited states not yet investigated experimentally, such
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Figure 20.9 State-resolved dissociation probabilities for CH4 in the ν1
(filled triangles), ν3 (empty inverted triangles), 2ν3 (empty squares) and
ground (filled circles) vibrational states incident on Ni(100). The error
bars represent 95% confidence intervals. Reprinted with permission
from Ref. [439]. Copyright (2005) by the American Physical Society.
See also http://link.aps.org/abstract/PRL/v94/e246104.

as states involving excitation of the ν2 mode only. So far, calculations us-
ing the MCTDH method and explicitly modelling dissociation of CH4 have
only treated up to three degrees of freedom [408], while calculations using the
standard wavepacket method have modelled up to four degrees of freedom
[452, 453]. Nevertheless, MCTDH calculations on the dissociative chemisorp-
tion treating all molecular degrees of freedom are likely to become possible
in the near future, given recent developments of parallel computer hardware
and recent improvements of the MCTDH method [119,228]. Such calculations
should be able to explain the mode selectivity of the reaction of methane on
Ni surfaces (the trends in Figures 20.8 and 20.9). A major challenge that will
have to be met concerns the representation of the PES, as a potfit representa-
tion in 15 degrees of freedom is unlikely to be effective or even feasible. Recent
6D calculations on H2 + Pt(111) suggest that the use of n-mode potentials may
represent a route to success [454], but further tests on late barrier systems (like
H2 + Cu) and ultimately polyatomic molecules reacting with surfaces are nec-
essary to confirm this.

Computing accurate reaction probabilities for CH4 + Ni is also a challenge
for MCTDH calculations also modelling dissipation: recent 4D calculations
on CH4 + Ni(111) predict that during reaction the Ni lattice reconstructs, effec-
tively lowering the barrier [453]. Another observation requiring explanation
is the loss of energy observed in rotationally inelastic scattering of H2 from
Cu(100) [395], which could be due either to phonons or to electron–hole pair
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excitation. Other observations requiring accurate modelling with dissipation
to electron–hole pairs include the observation of multi-quantum vibrational
relaxation of NO on metal surfaces [455], and of electron emission from a sur-
face with low work-function due to scattering of highly vibrationally excited
NO from it [380]. In conclusion, the future for the MCTDH method looks
bright in applications to molecule–surface scattering problems, with ample
scope for exciting and challenging applications in this area.
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21
Intramolecular Vibrational Energy Redistribution and
Infrared Spectroscopy
Fabien Gatti and Christophe Iung

21.1
Introduction

Knowledge about the competition and the time-scales of intramolecular
vibrational energy redistribution (IVR) of selectively vibrationally excited
molecules on a molecular level is important for the understanding of rates,
pathways and efficiencies of chemical transformations [456–460]. IVR studies
aim to answer questions such as: Starting from a well-defined initial excita-
tion of a molecule, where does the energy go? How long does it take? In the
statistical theories of Rice and Marcus [461], IVR is assumed to be rapid and
complete. It is indeed sometimes observed that the IVR time-scale is linked to
the state density according to the Fermi golden rule and that the energy will
be rapidly redistributed in a statistical way through all vibrational modes.

However, since then, our understanding of IVR has been substantially re-
fined by the success of numerous experimental investigations. New tools
(among which are lasers, molecular beams and double-resonance techniques)
have indeed allowed the difficulties that plagued early experiments to be
overcome, most notably the impossibility of preparing and studying a well-
defined initial state [462, 463]. Short-pulse lasers can directly follow this flow
of energy by exciting a specific vibrational motion and monitoring the tran-
sient response of the molecule. In the light of the many experimental findings
for various molecules in the gas phase, it appears that neither the fast nor the
statistical character of the IVR process should be taken for granted [464–467].
It can even happen that IVR proceeds via very specific pathways. If these
specific channels lead to important processes, it then opens the way to the
induction of chemical reactions by means of lasers. Indeed, one dream of
chemists [468] is to employ laser sources to drive selective chemical reactions
in such a way that only the desired products occur. This approach is appar-
ently becoming a reality [469–472]. This field also offers new possibilities for
the understanding of biological phenomena such as the elementary steps of
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vision and photosynthesis [468]. Indeed, life seems to exploit extremely effi-
cient and selective pathways to induce the conversion of light into chemical
energy.

Much theoretical effort must thus be directed towards the development of
more refined models to study systems with less drastic approximations than
before. Such general methods of molecular quantum dynamics coupled with
quantum chemistry calculations could predict the vibrational states leading
to a desired reaction path. Pioneering works were carried out in the 1990s
and are technically based on the determination of an active space in which
the dynamics is studied. The active space is extracted from an underlying
primitive space by the wave operator method based on the Bloch formalism
[456,473,474]. This approach has been applied by Wyatt, Iung and co-workers
[475–483] to perform full nine- and 30-dimensional studies of the spectroscopy
and the IVR of HCF3 and benzene, respectively.

More recently, it was demonstrated in several examples that the Heidelberg
package [13] of the multiconfiguration time-dependent Hartree (MCTDH) al-
gorithm [30, 34, 37, 38] is an efficient tool to investigate IVR. Here, we con-
fine ourselves to IVR studies in molecules in their ground electronic state. In
order to begin a systematic study of the IVR process, there are reasons for
focusing on the electronic ground state [484]. First, more spectroscopic data
for an individual molecule are, in general, available than for electronic excited
states, and these data are very important to interpret the IVR process correctly.
Second, in electronic excited states, there are several other competing pro-
cesses in the overall energy redistribution (involving the internal conversion
to other states), which drastically complicates the interpretation of the IVR
simulations. Moreover, in the ground state, certain vibrations can be related
to specific chemical bonds (in particular, the stretching modes of vibration), in
contrast to the vibrational modes in excited states, which involve the motion
of many atoms and so already start out spatially delocalized. For all these
reasons, it is more reasonable to start a systematic prospect of laser-enhanced,
mode-selective chemistry with molecules in their electronic ground state.

As mentioned above, high-resolution vibrational spectroscopy is essential
for understanding flow in molecules. Consequently, IVR studies are directly
linked to the simulations of infrared (IR) spectra. The natural way to generate
eigenvalues from the knowledge of a propagated wavepacket is to Fourier-
transform the autocorrelation function. However, this approach is useful
when a high resolution of individual lines is not desired. When individual
lines are to be resolved, the energy levels may be converged with MCTDH
by analysing the autocorrelation function with the aid of the filter diagonal-
ization method [53–55, 64, 485]. Recently, a very important advance has been
made with the development of the improved relaxation method (Chapter 8). The
latter allows convergence with a high accuracy of the eigenvalues and eigen-
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states for rather large systems. For instance, a comprehensive calculation of
an IR spectrum by improved relaxation has recently been achieved for six-
dimensional (6D) problems, namely H2CS [101] and HONO [65, 107]. Several
15-dimensional eigenstates have also been converged for the Zundel cation
H5O2

+ [59, 156, 486].
Consequently, the Heidelberg MCTDH package [13] could offer a precious

framework for a synergy between experimenters and theoreticians in the field
of IVR and IR spectroscopy. The goal of the present chapter is to review some
applications in this domain.

21.2
Local-Mode Excitation of the CH Stretch in Fluoroform and Toluene

Molecules containing a light-atom (XH) stretching vibration are ubiquitous.
For such XH vibrations, the oscillator strength is almost exclusively carried by
the light-atom local stretching motion. Numerous experimental studies have
shown that, if some energy is deposited in this XH bond, the IVR of the system
is not statistical: see, for instance, CF3H [487–491], HNCO [492], HOCl [493],
CH3OH [494], H2O2 [495] and benzene [496–498]. Since the XH local mode
of vibration is close to a normal mode of vibration, it is natural to discuss the
physics of the system in terms of the number of quanta in this bond.

A very popular system has been the CH ‘chromophore’, since it can be
probed in a large variety of molecular environments and has pronounced ab-
sorption signals. In our studies with MCTDH, we have considered [499] the
CH overtones of fluoroform, which exhibit distinct spectral features indicat-
ing a pronounced separation of the IVR time-scales and therefore multiple IVR
pathways. The dominant feature in the CH overtone spectra of fluoroform is
the strong Fermi resonance (νCH stretch = 2νFCH bend) between the CH stretch
and the two FCH bends. This characteristic was recognized in 1948 by Bern-
stein and Herzberg [500]. The CH stretch and the two FCH bends constitute
the so-called three-dimensional (3D) CH chromophore and, in high-resolution
overtone spectroscopy [487, 491, 501–505], several polyad band structures ap-
pear.

In Ref. [499], we have simulated the dynamics during several picoseconds
after excitation of a local mode of the CH stretch. The system was described by
means of nine rectilinear normal coordinates, and we have used the potential
surface of Maynard et al. [506]. For vCH = 1, we observe, first, a rapid and
reversible exchange between the CH stretch and the two FCH bends, and,
second, a reversible exchange of the energy between the chromophore and
the other modes of vibration on a longer time-scale. The positions of the main
bands of the fundamental and the first CH overtone are shown in Table 21.1.

In order to avoid very long propagations, we have obtained these levels by
filter diagonalization [53, 64, 507]. For vCH = 1, we see in Table 21.1 that two
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Table 21.1 Energies (in cm−1) of those eigenstates whose projections on |1νCH〉0 (or
|2νCH〉0) are larger than 0.05.

Line WOSA [482] MCTDH Expt [487–491, 501]

1νCH 3050 3050 3035
2νbend 2750 2750 2710

Satellite lines 3046 3046 3031
— 3069 3068 3040

2νCH 5986 5989 5959
1νCH + 2νbend 5760 5759 5710

4νbend 5438 5436 5337

main levels crop up corresponding to the Fermi resonance between the CH
stretch and the FCH bends. Moreover, two satellite lines appear correspond-
ing to background resonances between the CH stretch and the other modes
of vibration. The comparison between our values and those obtained with
the wave operator sorting algorithm (WOSA) method [482] demonstrates the
reliability of both calculations. For vCH = 2, we observe the same exchange
of energy between the CH stretch and the two FCH bends, but the energy
flow to the other modes of vibration is irreversible and very slow. The other
vibrational modes now play the role of a ‘bath’. IVR is not statistical and
it is likely that a full equilibrium of the energy between the chromophore
and bath modes takes at least 100 ps. For vCH = 3, 4, we observe similar
trends: there is a very fast exchange of energy between the CH stretch and
the two FCH bends. However, the coupling with the bath modes accelerates
this energy redistribution. More importantly, a large part of the energy re-
mains in the chromophore. Consequently, and as expected experimentally,
the CH chromophore acts as an energy reservoir, especially the FCH bends,
although the state density becomes very large. Very recently, we have im-
plemented the nine-dimensional (9D) Hamiltonian operator in polyspherical
coordinates using a kinetic energy operator coming from Equation (12.41) in
Section 12.4.2 and a new and more accurate potential surface from Ramesh
and Sibert [508, 509]. We hope that we will be in a position to investigate the
dynamics higher in energy. HCF3 was the first application of MCTDH in the
field of IVR and was chosen as benchmark results were available (with the
WOSA method of Ref. [482]). These results were important, as they proved
that MCTDH can be very accurate in this new domain of applications.

Moreover, we have also investigated [152] IVR in the rotating methyl group
in toluene C6H5CH3, which can be viewed as a model study on methyl
groups, which are ubiquitous in organic molecules. Experiments [510–517]
have shown that the excited CH stretching spectra of toluene exhibit a com-
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plex structure. However, it is not clear whether this structure can be ascribed
to a coupling between the CH stretching and the almost free internal rota-
tion of the methyl group, or to a perturbation of these spectral profiles by the
CH stretch–bend Fermi resonances [518]. The work in Ref. [152] was impor-
tant because it was the first calculation with the improved relaxation method
(Chapter 8) and also the first application of potfit to a 9D potential energy sur-
face (PES). However, the empirical potential surface used [518] is not likely to
be accurate enough to reproduce correctly all the details of the investigated
energy transfer. A new PES should be calculated and could be very important
for fully understanding the relative importance of the rotation of the CH3 sub-
system and of the Fermi resonances between the CH stretching and the HCH
bending modes.

21.3
Study of Highly Excited States in HFCO and DFCO

We focus now on HFCO and DFCO, which display a relatively low disso-
ciation threshold (about 14 000 cm−1 above the ground state). Sophisticated
experiments developed by Moore and co-workers [519–523] seem to indicate
that the IVR dynamics in DFCO is very different from the strong mode-specific
IVR in HFCO when the out-of-plane mode is highly excited in the range
13 000–23 000 cm−1. HFCO is an excellent prototype to study mode specificity
in unimolecular dissociation, since the out-of-plane bending mode is weakly
coupled to the reaction coordinate, which lies entirely in the molecular plane
(the transition state is planar, with an energy of approximately 17 900 cm−1

above the minimum). According to the experimental study [519–521], the
characterized states for HFCO in the range 13 000–23 000 cm−1 are extremely
stable with respect to state mixing, in contrast to the general belief that the
vibrational quantum states above the dissociation threshold are chaotic. The
experimental studies have stimulated Kato and co-workers [524] to determine
a sophisticated ab initio global 6D PES that includes the dissociation pathway
(HFCO → HF + CO). An energy cut-off at 3.5 eV (about 28 230 cm−1) has been
introduced in this PES. Hence the isomerization HFCO → tFCOH is not de-
scribed by this surface. The high quality of this PES has recently been demon-
strated by comparing experimental and numerical energies up to 9000 cm−1

in DFCO [525].
IVR in HFCO [154] and DFCO [155], whose out-of-plane mode is highly ex-

cited, has been the subject of numerical simulations using the MCTDH pack-
age to answer the following questions:

(i) How efficient is the MCTDH package in providing highly excited en-
ergies of a system described by a global PES whose expression is not
factorized and not ideally suited to an MCTDH calculation?
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(ii) What are the main features (selectivity, time-scale of the energy flow) of
IVR in XFCO (X = H or D) whose out-of-plane mode is initially excited
by n quanta (n = 2, . . . , 20)?

(iii) How different is the energy flow in DFCO and HFCO?

First, the efficiency of MCTDH coupled to a filtered diagonalization and a fit
of the PES has been established by calculating for HFCO [154] the energies
of the out-of-plane overtones |nν6〉 (n = 2, . . . , 18) and by comparing MCTDH
data with some energy levels obtained by a time-independent approach based
on a Davidson algorithm [526–529] and with the available experimental data
[519–521]. Comparison with experimental data and time-independent data
for HFCO is provided in Table 21.2.

Table 21.2 Energies (in cm−1) of HFCO out-of-plane overtones.

|nν6〉 Time- MCTDH [154] Experiment [519] MCTDHcorr b

independenta

n = 1 1019 1019 1011 1011
n = 2 2031 2031
n = 4 4036 4034
n = 6 6018 6012
n = 8 7985 7968
n = 10 9949 9906
n = 12 11 826
n = 14 13 723 13 622 13 611
n = 16 15 609 15 486 15 481
n = 18 17 477 17 319 17 333
n = 20 19 240 19 125 19 080

a These values have been obtained by a time-independent approach based on a Davidson scheme,
which provides selectively eigenstates and eigenvalues [526–528, 530].
b These corrected values have been obtained using a potential that was modified to correct for the
error observed in the fundamental frequency (1νout-of-plane).

The last column of Table 21.2 gives corrected values of the energies by tak-
ing into account the error generated by the PES for the fundamental transition.
An error of about 8 cm−1 is observed for 1ν6. Consequently, the corrected val-
ues for the out-of-plane mode overtones (nν6) given in column 5 are obtained
by subtracting n × 8 cm−1 from the MCTDH energy. A recent study [525]
shows that such a correction provides energies with a very good accuracy.
Comparison between columns 4 and 5 demonstrates the great quality of the
PES used [524] even for describing highly excited states. For the lower lev-
els, a comparison has been performed between the MCTDH energies and the
values provided by a time-independent approach [528, 529]. The difference
between columns 2 and 3 is generated by the fact that the existence of an en-
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ergy cut-off introduced in the PES (for E = 3.5 eV) has not been treated in the
same way in these two studies [154, 528]. In the Davidson calculation [528],
the potential is considered as infinite for energies larger than 3.5 eV, whereas
the MCTDH study [154] assumes a constant potential energy equal to 3.5 eV. It
is important to note that such a difference for energies larger than 3.5 eV gen-
erates some small but not negligible differences for the first overtones and for
the low excited part of the spectrum. This remark shows how the calculation
of the energy levels is very sensitive to the features of the PES even when the
difference occurs for very high excited energies. Consequently, MCTDH is an
excellent tool for extracting some highly excited states with a very good accu-
racy. Time-independent methods are not, at the moment, able to provide such
highly excited overtones using a global PES. This study demonstrates also the
quality of the PES used [524].

Let us focus now on the very beginning of the IVR in an XFCO (X = H or D)
molecule whose out-of-plane mode is initially excited by n quanta. Using the
MCTDH package, the evolution of the wavepacket, Ψ(t), has been calculated
and analysed. The fraction of energy in the normal mode Qi of the molecule
whose out-of-plane mode has been initially excited by n quanta is denoted
Fn

i (t) and is estimated by:

(i) for in-plane modes

Fn
i (t) =

Ei(t) − Ei(t=0)
En

ϕ − E0
ϕ

(ii) for the initially excited out-of-plane mode

Fn
ϕ (t) =

Eϕ(t) − E0
ϕ

En
ϕ − E0

ϕ

with Ei(t) = 〈Ψ(t)|h0
i |Ψ(t)〉, where h0

i is a 1D anharmonic zero-order Hamil-
tonian describing mode Qi and En

ϕ is the energy of the nth excited state of h0
ϕ.

Figures 21.1 and 21.2 provide the time evolution of the fraction of energy
for three different modes and for different excitation energies from 2000 to
20 000 cm−1 in HFCO and DFCO, respectively. The three modes have been se-
lected for the following reasons: the out-of-plane mode is the initially excited
mode, the CO stretch exhibits a Fermi resonance in DFCO (νCO � 2νϕ), while
the FCO bend has a dynamical behaviour similar to the other in-plane modes.
Figure 21.1 shows that IVR in HFCO is not strongly affected by the increase in
the state density. The structure of the IVR during the first step of the dynamics
is very stable with respect to the number of quanta in the out-of-plane mode
from 2ν6 up to 20ν6. This means that no new efficient couplings crop up when
n increases and that the effect of the huge increase in the state density is very
limited.
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Figure 21.1 Evolution of the fraction of the energy in different modes
in an HFCO molecule whose out-of-plane mode has been excited by
n quanta (n = 2–20). The figures correspond to (a) the out-of-plane
mode, (b) the CO stretch and (c) the FCO bend. The trends of the
figures that provide the fraction of energies in the other in-plane modes
(CF and CH stretches and HCO bend) are similar to (c).

What happens in DFCO, in which a Fermi resonance exists between the out-
of-plane mode and the CO stretch (Table 21.3)? Figure 21.2(a) and (b) convey a
very different message from the similar figures for HFCO (Figure 21.1(a) and
(b)). They show a reversible exchange between the out-of-plane mode and the
CO stretch, disclosing a strong Fermi resonance. Moreover, the remarkable
quasi-stability of the short-time dynamics initiated by the out-of-plane mode
excitation observed for HFCO is totally destroyed. This is in perfect agreement
with the experimental predictions. Moreover, the global qualitative behaviour
of the exchange of the energy between these two modes is strongly affected by
the increase of the excitation energy. The structure of the energy flow quickly
disappears and becomes hardly visible for 14ν6. Finally, the Fermi resonance
seems to become less effective for high-energy excitation. Figure 21.2(c) shows
that the dynamical behaviour of the in-plane modes (which are not the CO
stretch) is similar to their behaviour in HFCO (Figure 21.2(c) reproduces only
the FCO bend behaviour but a similar trend is obtained for the CD and CF
stretches and the FCO bend). This means that the existence of the Fermi reso-
nance does not significantly modify the dynamical behaviour of the molecule.
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Figure 21.2 Evolution of the fraction of the energy in (a) the out-of-
plane mode, (b) the CO stretch and (c) the FCO bend in a DFCO
molecule whose out-of-plane mode has been excited by n quanta
(n = 2–14). The trends of the figures that provide the fraction of en-
ergies in the other in-plane modes (CF and CD stretches and DCO
bend) are similar to (c).

Table 21.3 Energies (in cm−1) of HFCO out-of-plane overtones |nν〉.

HFCO DFCO
X = H X = D

ν1 (CX stretch) 2981 2262
ν2 (CO stretch) 1837 1797
ν3 (XCO bend) 1343 968
ν4 (CF stretch) 1065 1073
ν5 (FCO bend) 662 657
ν6 (τ, out-of-plane) 1011 857

Figure 21.3 provides the fraction of energy in the different normal modes af-
ter an initial excitation energy of about 8000 cm−1 (Figure 21.3(a) and (c)) and
18 000 cm−1 (Figure 21.3(b) and (d)) for HFCO (Figure 21.3(a) and (b)) and
DFCO (Figure 21.3(c) and (d)). The structure of the energy flow to the other
modes in DFCO is not very different from HFCO. For instance, the energy
flow to the modes that are linked to the dissociation, such as the CF stretch
and the DCO bend, is still very small. The XCO bend and CX stretch (X = H
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Figure 21.3 Evolution of the fractions of energy in the different modes
when the initial excited state is (a) 8ν6 in HFCO, (b) 10ν6 in DFCO
(about 8000 cm−1 of excitation), (c) 18ν6 in HFCO and (d) 22ν6 in
DFCO (about 18 000 cm−1 of excitation).

and D) are the modes that receive most of the energy from the out-of-plane
mode at the beginning of the dynamics. It is remarkable that the CX (X = H or
D) stretch plays a similar role in these two molecules, while ωCD in DFCO is
much smaller than ωCH in HFCO. Interestingly enough, no strong resonance
between the CO stretch and the DCO bend occurs in DFCO, whereas the ex-
perimental work supposed that such resonance might play an important role.
Our results seem to indicate a rather different behaviour: the periods of the
energy flows into the CO stretch and the DCO bend are totally different. We
do observe an increase of the energy flux from the out-of-plane bend to the
DCO bend with the number of quanta. However, this increase is due to a di-
rect coupling with the out-of-plane mode exactly like in HFCO and is not due
to an indirect coupling through the CO stretch. Such a conclusion does not
agree with the experimental predictions, which consider that the Fermi reso-
nance should drastically modify the DFCO dynamical behaviour. Our simu-
lation shows that the CO stretch is not efficiently coupled with the other in-
plane modes. Consequently, the dynamical behaviours of HFCO and DFCO
are rather similar in this respect.

For the sake of completeness, it could be important in the future to study
the effect of rotational motion on the mode specificity of HFCO. It is indeed
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possible that the Coriolis forces can couple the out-of-plane motions to the
reaction coordinate, leading to dissociation. We are now adding the dipole
moments to carry out simulations in the presence of an external field. Our
preliminary [531] results show that the time evolution of an XFCO molecule
excited in the out-of-plane mode by an external field is very similar to the
results provided by Figures 21.1 and 21.2.

21.4
Selective Population of Vibrational Levels in H2CS in the Presence of an
External Field

In previous work, the initial states were chosen to be excitations of local modes
and the energy redistribution was investigated up to a few picoseconds. These
preliminary studies are essential to highlight the IVR selectivity and the qual-
itative features of the processes. However, these excitations of local modes
are somewhat artificial, since they can be different from those which are ob-
tained by irradiation with laser light, the standard way to excite molecules
experimentally. The next step is thus to explicitly implement the dipole mo-
ment surfaces and the external fields in the quantum mechanical simulations.
We have used H2CS as a first application because an accurate potential func-
tion is available for the electronic ground state [532] as well as the dipole mo-
ment function [533]. Moreover, previous calculations of eigenvalues, tran-
sition moments and selective population of the vibrational levels have been
reported [533] using a different approach, that is, a development of the time-
dependent wavefunction in stationary vibrational eigenstates.

In order to mimic a laser pulse, we used pulse parameters similar to those
investigated by Leonard et al. [533] (non-chirped pulse):

E(t) = E0 cos (ωt) sin2
(

πt
tp

)
θ(t)θ(tp − t) (21.1)

where E0 is the field strength, ω the field frequency, tp the pulse duration and
θ the step function. We use the Loudon [534] presentation, which describes
the molecule quantum mechanically, the electric field classically and their in-
teraction by first-order perturbation theory, that is,

Ĥtot(t) = Ĥ0 + ĥ(t) (21.2)

where Ĥ0 is the Hamiltonian of the H2CS molecule without an external field,
and ĥ(t) is the interaction between the molecule and the electromagnetic field,
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which reads

ĥ(t) = −μ · e E(t)

= −μ cos (θ)E0 cos (ωt) sin2
(

πt
tp

)
θ(t)θ(tp − t) (21.3)

In this equation, μ is the total dipole moment vector of the molecule, e is a uni-
tary vector parallel to the electric field polarization, and θ is the angle between
the electric field polarization and the dipole moment vector. We consider the
molecule as oriented and assume that the direction of the dipole moment vec-
tor does not change during the interaction with the laser field.

A comprehensive calculation of an IR spectrum by improved relaxation was
achieved for the first time for H2CS [101]. Moreover, we have selectively
populated given vibrational eigenstates with the parameters optimized by
Leonard et al. [533] using the downhill simplex method. Table 21.4 gives the
final populations and compares them with the results of Ref. [533]. We recall
that, in Ref. [533], the approach to propagate the wavepacket is totally dif-
ferent since the latter calculation used an expansion of the wavefunction in a
basis set of bound eigenstates.

Table 21.4 Comparison of the populations reached at the end of the pulse for selected target
states. E0, ω and tp are the three parameters of the optimized pulses as in Equation (21.1).
When the maximum of the population with MCTDH is reached before tp, this time is given in
parentheses. ΔE is the difference between the eigenenergy of this work and that of Ref. [533]
with MULTIMODE.

Target Energya ω (cm−1) E0/Eh
b tp (fs) Pol.c Pop.d Populationa ΔE

1ν2 1457.4 1457.58 0.00455 2419 z 1.00 1.00 −0.2
2ν2 2876.0 1441.84 0.0086 3437.2 z 0.97 0.97 −0.8

ν1 + ν2 4441.9 1471.3 0.01477 1355.6 z 0.37 0.09 (740 fs) −6.7
2ν3 2101.8 1056.73 0.00455 2007.0 z 0.82 0.83 −0.6
2ν3 3128.3 1052.1 0.00856 1123.86 z 0.72 0.58 −1.0
2ν5 6013.8 6011.8 0.010 6000 z 1.00 0.14 (3075 fs) +1.8
2ν6 1979.1 1974.76 0.01396 2209.45 z 0.84 0.31 −0.3
2ν1 5789.0 2904.49 0.03179 220.63 z 0.66 0.16 (135 fs) −20.8
2ν1 5789.0 5804.26 0.03952 1829.1 z 1.00 0.52 (1115 fs) −20.8
1ν4 990.5 996.61 0.00485 2816.87 x 0.91 0.69 (2010 fs) −1.2
2ν4 1939.5 965.05 0.00260 2775.43 x 0.76 0.23 (2060 fs) −4.5
1ν6 1979.1 988.22 0.00207 5435.15 y 0.75 0.53 (6540 fs) −0.3

a From MCTDH. b Energy in hartrees. c Polarization. d Population from Ref. [533].

For some of the calculations, the agreement with the MCTDH calculation
and the value obtained in [533] is excellent. However, for other calculations,
the deviation is rather large. This difference is not due to a lack of conver-
gence in either of the two dynamical approaches but must be traced back
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to the great sensitivity of the dynamics with respect to the eigenstates: the
pulses (above all, the frequencies) are optimized for the eigenstates calculated
in [533]. If these eigenstates are not perfectly converged, the MCTDH calcula-
tions with these pulses partially miss the targets. It should be emphasized that
this sensitivity is aggravated for multiphoton excitations (see, for instance,
Ref. [535, 536] for a discussion regarding this point). This tendency directs us
towards using shorter pulses in our IVR simulations in the future.

21.5
Cis–Trans Isomerization of HONO

HONO is one of the smallest molecules that exhibits a cis–trans conformational
equilibrium, and the corresponding isomerization possesses a strong mode
selectivity. Consequently, it constitutes an ideal prototype for theoreticians to
investigate IVR leading to a chemical process.

A new six-dimensional cis–trans double-minimum PES of the electronic
ground state was determined using a coupled cluster approach [537]. More
recently, we have calculated a six-dimensional dipole moment function [107].
The calculated and experimental transition energies and moments for the cis
geometry are given in Table 21.5. They are in good agreement with the exper-
imental values especially for the 000100 level corresponding to the ON central
stretching mode, which is the most important one for our studies, as explained
below.

Table 21.5 Comparison of calculated and experimental transition energies in cm−1 for the cis
geometry of HONO (τ is the torsional angle). Given in parentheses are the transition moments
in km mol−1.

νexp
a Calc.b Calc.c Calc.d Var.e CCSD(T)/DFT f

000010 (ONO) 609 606(42) 592(37) 584(40) 616.3 616.7(33.7)
000100 (ON) 852(291) 854(296) 830(346) 841(214) 849.7 850.1(281)

001000 (HON) — 1336(9) 1269(15) 1308(88) 1312.6 1311.6(7.5)
010000 (N=O) 1641 1641 (157) 1576(195) 1694(77) 1639.5 1632.0(177)
100000 (OH) 3426 3653(38) 3404(69) 3405(6) 3438.5 3438.1(18.0)

000002 (τ) — — 1130(9) 1219(18) 1213.4 1212.7 (0.2)
a From Ref. [538]. b CCSD(T) calculations from Ref. [539].
c (MP2/CC-VSCF)/HF 2D anharmonic calculations from Ref. [540].
d DFT, 6D anharmonic calculations from [541].
e From [537]. f Our MCTDH results.

The interconversion barrier was found to be relatively low at 4105 cm−1

above the trans ground state. Even though the cis ground state lies only
94.0 cm−1 above the trans one, the two conformers present a very different
behaviour due to Fermi resonances, which are more efficient in the cis con-
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former than in the trans one. In particular, in agreement with previous exper-
imental [538, 540, 542–547] and theoretical work [548–553], our first MCTDH
calculations (without a laser field) [65] show that the cis → trans process pro-
ceeds much faster than in the opposite direction. Moreover, we have shown
that there are very large differences between the energy redistributions after
different excitations of the local modes [65], stressing the strong mode selec-
tivity of HONO.

In Ref. [107], we triggered isomerization via a laser field. Since the cis →
trans isomerization is much faster than in the opposite direction, we started
from the cis ground state. A preliminary study showed that an efficient lo-
cal mode for triggering cis→ trans isomerization is the ON middle stretching.
Following the analysis in [537], the isomerization after ON stretching mode
excitation is essentially driven by an efficient potential coupling with the tor-
sional angle. It was indeed shown that the barrier height is considerably low-
ered when the ON stretching mode is allowed to adjust. We have used an
external field parallel to the ON bond. A more precise analysis of the process
has shown that an efficient selective IVR pathway leading to the cis → trans iso-
merization is expected when a wavepacket motion is induced by introducing
a simultaneous increase of the central ON stretching and the ONO bending.
This exactly corresponds to an excitation of the eigenstates corresponding to
the 000n000 series and to a laser with a frequency of about 850 cm−1. Con-
sequently, we have used a z-polarized laser field with a frequency of about
850 cm−1, the z-axis being parallel to the ON bond. The irradiation duration
was 500 fs.

Figure 21.4 summarizes the whole process. We have plotted a two-dimen-
sional section of the potential hypersurface of HONO, including the two min-
ima and the saddle point. The abscissa corresponds to τ (the torsional angle)
and the ordinate to R3 (the central ON distance). The lowest contour line cor-
responds to 0.017 eV and the highest one to 2.0 eV. Also depicted are snapshots
of the evolution of reduced-dimensionality probability densities of HONO be-
tween 290 and 400 fs after excitation. Figure 21.4 shows that the wavepacket
performs a localized motion in the initial phase of the excitation with the laser
pulse (t = 290 and 305 fs): excitation along the z-axis leads to regular oscilla-
tions along the optimal direction. The averaged value of R3 is smaller than the
value at the equilibrium geometry for 290 fs and larger for 305 fs. When the
averaged value of R3 becomes larger, the wavepacket starts to delocalize in
the τ direction towards the trans geometry (t = 315 fs). The absorbed energy
is thus sufficient to allow motion of the wavepacket over the inversion barrier
(t = 325 and 350 fs). After 350 fs, the system has absorbed a larger amount
of energy and the population in the trans grows considerably (t = 370 and
400 fs). The part of the wavepacket in the trans potential well is spread out
and several maxima of probability appear.
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Figure 21.4 Reduced density logarithmic contour plots of the wave-
packet in the R3, τ plane during laser excitation using a carrier fre-
quency corresponding to 850 cm−1, a maximal field strength of
0.0035 a.u. and a sin2 pulse envelope with a duration of 500 fs. Un-
derlaid is the PES with the other coordinates fixed at cis equilibrium.
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After 500 fs the laser is off but the induced process continues during the IVR.
We have estimated the trans probability after 2.5 ps in Table 21.6 for different
laser intensities. The final trans probability PF

trans increases roughly linearly
with increasing absorbed energy within the energy range considered. Higher
yields are likely if higher intensities or longer irradiation times are used. We
have also observed that the process is relatively robust against variation of
the excitation frequency. To give an estimate of the expected final trans prob-
ability for an experiment with free orientation, we have also propagated for
orientations other than z. We found no isomerization for x and y polarizations
for 0.0035 a.u. field strength. Orientation of 45◦ between the x- and z-axes
yields about the half of the final Ptrans of the z-polarized case. Thus, assum-
ing isotropic orientation during the laser irradiation, one can roughly estimate
that one-third of the calculated Ptrans will be observed.

Table 21.6 Comparison of the different values of the final trans probability PF
trans for different

total energies and laser intensities. The laser frequency is equal to 850 cm−1.

Laser intensity (a.u.) Total energy (eV) PF
trans (t = 2500 fs)

0.0035 1.045 0.17
0.004 1.128 0.22
0.005 1.260 0.28
0.006 1.363 0.34

21.6
Conclusion

In this chapter, we have shown how it is possible with MCTDH to develop a
systematic study of the IVR and laser control for several molecular systems.
This could offer an efficient framework for a synergy between experimenters
and theoreticians in this field. HONO is a good example of what could be fea-
sible to spur new experimental investigations. Such an approach is similar to
‘intelligent control of reactivity’ by laser pulses in organic chemistry as devel-
oped by Robb and co-workers [199,554], in which excited electronic states cou-
pled by conical intersections are involved. Such joint experimental–theoretical
studies are essential to establish unambiguously the connection between the
experimental signals that are measured and the molecular dynamics that is to
be observed.

For the sake of completeness, it could be important to study in future the ef-
fect of Coriolis coupling on the mode specificity of the IVR. It is indeed some-
times observed experimentally that the Coriolis forces can influence the dy-
namics in molecular systems. Finally, it should also be emphasized that the
present IVR studies must be seen as complementary to the MCTDH studies fo-
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cusing on the vibronic coupling problems involving conical intersections. The
latter provide the microscopic mechanism for ultrafast relaxation processes
in polyatomic molecules and are particularly relevant for our understanding
of mechanisms of photochemistry. Consequently, both of them (IVR and vi-
bronic coupling studies) can provide a better understanding of very complex
processes involving competition between pure IVR and transfer of the energy
between different electronic states.
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22
Open System Quantum Dynamics With Discretized
Environments
Mathias Nest

22.1
Introduction

In most chemical reactions, it is possible to discriminate between a small num-
ber of degrees of freedom that are important for the process, and a large num-
ber of environmental degrees of freedom that have only a weak effect. This
is the case, for example, for reactions in condensed-phase, catalytic and enzy-
matic reactions, and many more. In particular, the example of catalytic reac-
tions shows that the influence of the environment cannot entirely be neglected.
This discrimination of primary modes of interest and secondary modes that
can be described in an approximate fashion leads to the notion of system–bath
type quantum dynamics. In this section, recent developments in the quantum
dynamical description of this kind of situation will be presented.

Formally, we assume that the Hamiltonian of the full system can meaning-
fully be divided into three parts, which describe the system, the environment
(bath) and the interaction between the two:

H = HS + HI + HB (22.1)

We will use the terms ‘environment’ and ‘bath’ in the following mostly inter-
changeably. Details of the three Hamiltonians will be discussed later, after the
general subject of this section has been outlined.

During the 1990s, attempts were made to treat situations of this kind with
methods of open system quantum dynamics. The system degree of freedom,
usually the reaction path coordinate plus one or two other important modes,
were described accurately with a reduced density matrix, ρ. The environmen-
tal degrees of freedom were integrated out. This approach leads to an equa-
tion of motion for the reduced density matrix, a so-called generalized master
equation,

ρ̇ = −i[Hren
S , ρ] + LD[ρ] (22.2)
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Here, Hren
S is the (possibly renormalized) system Hamiltonian, which gener-

ates the system dynamics in the absence of the environment. The second term
on the right-hand side is the so-called dissipative Liouvillian, which is sup-
posed to describe the net effect of the environment on the system. A very
large number of dissipative functionals have been developed over the years –
Refs. [555–563] give a small and certainly biased overview.

However, this approach has not been as successful as hoped. The problem
is that the derivation of the dissipative Liouvillian often requires drastic ap-
proximations. Briefly, the main problems have been as follows:

(i) Strong coupling. Often, reduced equations of motion are derived using
perturbation theory. This prohibits the treatment of medium and strong
interactions.

(ii) Non-Markovian effects. Real environments have non-vanishing response
and memory times, which makes a Markovian description questionable.

(iii) Nonlinearity. Nonlinearity and anharmonicity in the bath or interaction
Hamiltonian are difficult to include.

(iv) Non-equilibrium states. Many finite environments do not behave like an
ideal bath, which is always in the same equilibrium state.

(v) Initial correlation. Most derivations assume factorizing initial conditions
for the system and bath degrees of freedom. But if both parts are already
in contact when the propagation starts, this is unphysical.

Even if some of these problems can be solved, it is impossible to solve all
of them in a single generalized master equation. Therefore, a different ap-
proach to system–bath type quantum dynamics has appeared in recent years.
The idea is simply to include the environmental degrees of freedom in the
wavepacket dynamics. The resulting wavefunction is very large, but can be
treated with the MCTDH method. The earliest calculations of this kind have
been on pyrazine [221,564]. One way to explain the efficiency of MCTDH is to
describe it as a scheme to restrict the amount of correlation that can be repre-
sented with the Ansatz for the wavefunction. A single Hartree product is, by
definition, an uncorrelated wavefunction, while more and more correlation is
included when the expansion length is increased. Because the bath degrees of
freedom are usually mostly uncorrelated, at least at time t = 0, this approach
works especially well for system–bath type wavefunctions.

In the following section, some more details of the system–bath Ansatz are
given, and some general properties of the systems to be studied later are dis-
cussed. Section 22.3 introduces the basic effects due to an environment, and
provides comparisons between reduced equations of motion (REOMs) and
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exact dynamics. Section 22.4 extends the treatment to finite temperatures. Fi-
nally, Section 22.6 summarizes and provides a brief outlook to ongoing and
future work.

22.2
The System–Bath Ansatz

We can now give the general forms of the three Hamiltonians, Equation (22.1),
without selecting a specific physical problem yet. The system will be de-
scribed by a Hamiltonian of the form

HS =
p2

2M
+ V(z) (22.3)

with a general potential V(z), which is typically, but not necessarily, a Born–
Oppenheimer potential energy surface. If the environment constitutes a true
bath, then it is fully defined by its spectral density, and can thus be modelled
by a collection of harmonic oscillators:

HB =
N

∑
κ=1

p2
κ

2m
+

1
2

mω2
κ x2

κ (22.4)

This replacement of the actual, but often unknown, Hamiltonian of the en-
vironment is called the surrogate Hamiltonian approach [565, 566]. The choice
of mass m will be discussed later. The interaction between the system and
the bath is described by HI. If this is taken from ab initio data, it can take
on arbitrarily complicated functional forms, with very different physical in-
terpretations. In the following, we will restrict our attention to interaction
Hamiltonians of the form

HI =
N

∑
κ=1

cκ f (z)xκ (22.5)

Linearity in the bath coordinate can be assumed if the effect of the system on
the bath is only small, and only small deviations from the bath equilibrium
state occur. The function f (z) already provides significant flexibility to de-
scribe a large number of different situations.

The bath that has just been defined can be characterized by a spectral func-
tion [567, 568]

J(ω) =
1
2

π
N

∑
κ=1

c2
κ

mωκ
δ(ω − ωκ) (22.6)

which is related to the damping kernel γ(t) by

γ(t) =
2

Mπ

∫ ∞

0

J(ω)
ω

cos(ωt) dω (22.7)
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The latter appears, for example, in the generalized Langevin equation of clas-
sical mechanics [88, 568, 569],

Mz̈(t) + M
∫ t

−∞
γ(t − t′)ż(t) dt +

dV
dz

= ζ(t) (22.8)

where ζ(t) is a fluctuating force related to the damping kernel by the
fluctuation-dissipation theorem [555, 568]. If γ(t) is local in time, that is,
γ(t) = γδ(t), then the system is called Markovian. Otherwise, the damping
kernel contains memory effects of the environment. Its cosine transform gives
the frequency-dependent damping rate

γ(ω) =
∫ ∞

0
γ(t) cos(ωt) dt (22.9)

In this chapter, we will focus on frequency-independent damping γ(ω) =
γ, which is obtained for

J(ω) = Mγω (22.10)

The above spectral density would lead to an ‘ultraviolet catastrophe’, so that
it has to be truncated at a suitably chosen final frequency ωN (see discussion
below). A comparison of Equations (22.6) and (22.10) leads to an expression
for the coupling constants cκ that appear in the interaction Hamiltonian, HI:

cκ = κ

(
2mMγΔω3

π

)1/2

= κΔc (22.11)

Here we have assumed that the bath is discretized with harmonic oscilla-
tors of equidistant frequencies, ωκ = κΔω. It is not strictly necessary to
do so, but it offers the following advantage. A set of harmonic oscillators
with equidistant frequencies has a well-defined recurrence time, or Poincaré
time, Trec = 2π/Δω. A propagation to times longer than that would resolve
the bath spectrally, and lead to artefacts due to the discretization. A non-
equidistant bath would show partial recurrences at earlier times.

Now that the full Hamiltonian has been specified, it is time to comment on
the choice of mass for the bath oscillators: The replacements

xκ → 1√
mωκ

Xκ and pκ → √
mωκPκ (22.12)

lead to expressions for HI and HB that are independent of the mass m. Thus,
the bath is indeed specified by the spectral density alone, and the Ansatz for
the full Hamiltonian models a ‘true’ system–bath situation.
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22.3
Static and Dynamic Effects of the Bath

The previous section gave the general formulation of a system coupled to an
environment. Now, we will proceed to discuss the static and dynamic effects
of the environment.

22.3.1
Static Effect: Lamb Shift

Static effects are due to a distortion of the system potential V(z) through the
interaction Hamiltonian HI. If we have a look at the full potential energy,

V(z, x1, . . . , xN) = V(z) +
N

∑
κ=1

cκ f (z)xκ +
N

∑
κ=1

1
2

mω2
κx2

κ (22.13)

then the minimum of the potential, with respect to the bath degrees of free-
dom, is given by

dV
dxκ

= 0 ⇔ x(0)
κ = − cκ

mω2
κ

f (z) (22.14)

Insertion into Equation (22.13) gives

V(z, x(0)
1 , . . . , x(0)

N ) = V(z) −
N

∑
k=1

c2
k

2mω2
k

f 2(z) = V(z) − ΔV(z) (22.15)

The coupling results in a distortion of the system potential, which is linear in
the coupling strength parameter γ (see Equation (22.11)). This distortion is
equivalent to the Lamb shift [555, 570–572] in spectroscopy, where the envi-
ronment is made of the quantized modes of the electromagnetic field.

From Equation (22.15) it also follows that the distortion does not change the
shape of the potential, if f 2(z) is proportional to V(z), which is surprisingly
often the case. Typical examples are:

(i) a harmonic oscillator coupled bilinearly, f (z) = z, to a bath;

(ii) a Morse oscillator, with a coupling function f (z) = 1 − e−αz; and

(iii) a quartic double-well potential, with a coupling function that reduces to
the bilinear case in each of the wells.

This appealing feature and the simplicity of the above formulae are a conse-
quence of the linearity of HI in xκ. If the exchange of two quanta (for example,
phonons) were taken into account, that is, if HI depended on terms such as
xκxκ′ , then these relations would be much more complicated.
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22.3.2
Small-Amplitude Motion

Dynamic effects of the coupling can best be illustrated by a suitable exam-
ple [441]. We choose the problem of the interaction between an atom and a
surface, where the surface degrees of freedom (phonons, electron–hole pairs)
constitute the bath. The system coordinate z is the surface–atom distance, and
the system potential

V(z) = D(1 − e−αz)2 (22.16)

is a Morse oscillator, which is a typical choice for covalent bonds [573]. The
well depth is chosen to be D = 49 meV, the mass M = 50 000 me, and the char-
acteristic length α = 2 a−1

0 . From this, a harmonic frequency of the potential
well of Ω = α

√
2D/M = 1.2 mEh/h̄ can be computed (mEh, millihartrees). If

small-amplitude motion is studied, this also sets the relevant frequency range
for the bath oscillators. We found that ωN = 2.5Ω is sufficient to obtain a
fast-acting bath. In all the calculations that are reported in the following, the
number of bath oscillators has been adjusted to ensure a sufficiently large re-
currence time. In the interaction Hamiltonian we choose

f (z) =
1 − e−αz

α
(22.17)

because it reduces to the (bi)linear coupling limit in the potential well, and
decays for large z. The latter will become important for gas–surface scattering
later in this section.

We will begin with a rather simple case: the surface (bath) is at 0 K and the
system is initially slightly displaced, causing small-amplitude motion. The
latter is modelled by a Gaussian wavepacket, while the bath modes are in
their ground states. Figure 22.1 illustrates this paradigmatic case, by energy
and position expectation values parametrized with time. The thin line in Fig-
ure 22.1 shows energy dissipation and damped oscillations of the system, as
expected for true system–bath dynamics. Note that the energy relaxation rate
is generally highest around z = 0, that is, when the kinetic energy is highest,
indicating a damping similar to the classical case, proportional to ż (see also
Equation (22.8)).

How is this reproduced by reduced equations of motion? For small-
amplitude motion, it is possible to use a harmonic dissipative Liouvillian,
namely the 0 K Lindblad functional [89, 90, 574, 575], with harmonic rais-
ing/lowering operators [441, 556, 567]. In the following, we will call this
REOM 1. Figure 22.2 compares the time-dependent position expectation
value for the full-dimensional wavepacket propagation with open system re-
sults, with and without the counter term ΔV (Equation (22.15)). The coupling
strength γ has a moderate value of 150 fs−1, comparable to the typical time-
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Figure 22.1 Illustration of damped oscillations and energy relaxation
in a Morse oscillator coupled to a 0 K bath. The relaxation stops at the
ground-state energy.

0 300 600 900
time [fs]

-0.1

0

0.1

0.2

po
si

tio
n 

[b
oh

r]

Full-dim WP
REOM, no ΔV
REOM, with ΔV

Figure 22.2 Damped oscillations in a Morse oscillator, coupled to a
0 K bath. Only if the counter term ΔV is included in the reduced den-
sity matrix propagation is the agreement with exact, full-dimensional
calculations very good.

scale of the system. The agreement between the exact solution and REOM 1
with the counter term is very good, but a phase shift occurs without it.

A comparison of energy relaxation scenarios is more complicated. While the
system energy expectation value is uniquely defined in the reduced density-
operator formalism, this is not so for the full-dimensional case, because the
full Hamiltonian H (Equation (22.1)) contains the non-separable interaction
energy HI. In [441] we could show, by a time-averaged version of the virial
theorem, that for harmonic baths, and a coupling linear in the bath coordinates,
the interaction energy should be split ‘democratically’,

ES = 〈HS〉+ 1
2 〈HI〉 EB = 〈HB〉 + 1

2 〈HI〉 (22.18)

in order to compare well with reduced dynamics. Ref. [441] discusses results
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for Redfield-type open system dynamics, too. These are not reported here,
but they did not differ much from the Lindblad results in the case of small-
amplitude motion.

22.3.3
Inelastic Surface Scattering: Adsorption

The inelastic scattering of atoms and molecules at surfaces has attracted con-
siderable attention in the theoretical and physical chemistry community, be-
cause it presents an elementary step in heterogeneous catalysis [576–580], and
provides a useful testing ground for methods of open system quantum dy-
namics. For sticking or adsorption to be possible, it is necessary that the sur-
face is non-rigid, and can serve as an energy sink. In this model computation,
where we want to compare with a reduced equation of motion, we assume a
bath (that is, the spectrum of the surface phonon modes) as in the previous
section. This has the advantage that the system frequency is in the middle of
the bath spectrum, which leads to somewhat simpler dynamics. In the simu-
lation of a real system, the spectrum would, of course, be taken from ab initio
information or experimental data [417, 442].

The incident atom can be modelled by a wavepacket, which at time t = 0
is at some distance from the surface, and has a net momentum towards the
surface. In order to have a qualitatively realistic scenario, we have chosen γ =
1 ps−1, which is a typical vibrational lifetime of adsorbates on metal surfaces.

It should be noted that the parameter γ has this meaning strictly only in
the harmonic–bilinear case. For the microscopic Hamiltonian and scattering,
the nonlinearity becomes important. A golden rule expression can be derived
nevertheless, because many properties of the Morse oscillator can be calcu-
lated analytically [581–583]. For the anharmonic case, the golden rule gives a
lifetime of

γa =
πΔc2

2mMΔω3

(
1 − 2χ

h̄Ω

)(
1 − 3χ

h̄Ω

)
(22.19)

where χ = h̄2α2/(2M) is a measure for the anharmonicity. Obviously, for
χ → 0, the harmonic result is obtained again.

Having established the initial state, we then solve the time-dependent
Schrödinger equation, and calculate the sticking probability according to

Pstick(t) = Tr
{(

∑
n
|n〉〈n|

)
|Ψ(t)〉〈Ψ(t)|

}
(22.20)

The sum is over all bound states |n〉 of the Morse potential.
We compare the exact wavefunction results with reduced density-operator

results, where the dissipative Liouvillian consists now of Lindblad operators
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that are generalized Morse raising or lowering operators (REOM 2) [441, 563,
584, 585]. The resulting energy-resolved sticking probability is shown in Fig-
ure 22.3. As expected for this simple model, the sticking probability decreases
for higher energies. What is surprising is that the results for both computa-
tional methods are so very similar. The reasons for this are the very weak
coupling (γ = 1 ps−1), and the absence of non-Markovian effects in the full
wavepacket calculation.
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Figure 22.3 Sticking probability as a function of initial kinetic energy
of the incident atom: upper curve, reduced density matrix calculation;
lower curve, full-dimensional wavepacket calculation.

Differences can be found, however, when one looks at details of the calcula-
tions. Figure 22.4 shows the ‘flow’ of energy, that is, the change of the various
energy expectation values with time, during such a collision event. While the
atom is far from the surface, the system energy is constant (solid lines). Closer
to the surface, first the interaction energy rises (dashed line), before energy is
transferred to the bath (dotted line). Of course, the latter two quantities are
only accessible in the wavepacket picture. For longer times, the interaction
energy falls again, but not to zero, because some part of the wavepacket is
trapped, and continues to interact with the surface. A qualitative difference
between the system energy expectation values 〈HS〉 and Tr{Hρ} shows up af-
ter 600 fs. There is a small maximum in the wavepacket results, indicating a
small energy transfer from the bath back to the system. As the bath has been
assumed to be at T = 0 K, this effect cannot be described within a reduced
density matrix picture.
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Figure 22.4 Energy flow during a scattering event. The energy differ-
ence relative to the initial value is shown as a function of time. Curves:
thick solid line, wavepacket subsystem energy; dashed line, wave-
packet interaction energy; dotted line, wavepacket bath energy; thin
solid line, Morse–Lindblad REOM system energy.

22.4
Finite Temperatures

22.4.1
Random-Phase Wavefunctions

Environments at finite temperatures can be simulated with wavefunction-
based methods of open system quantum dynamics, too, if the Boltzmann op-
erator

�(β) =
1
Z

e−βH0 (22.21)

of the system and bath can be sampled. Here, β is as usual the inverse temper-
ature, Z is the partition function, and H0 is a Hamiltonian whose relation to
the full, microscopic Hamiltonian H is discussed below. Generally, the eigen-
functions of H0 are not known, except for a few model systems. But even if
they were known, they would not be helpful because there are too many of
them to allow an explicit summation. For example, if in a 20-dimensional sys-
tem on average five states per dimension are occupied significantly, there are
around 1014 relevant states, which is numerically intractable.

As an alternative, more practical approach, we suggest using the random-
phase thermal wavefunction (RPTWF) method [566,586], which has been used
in a similar fashion before in the context of reaction rates in gas-phase reac-
tions [587–589] (see Section 19.3.2). Briefly, the idea is as follows. Given a
complete set of basis functions |φl〉, and a vector of random phases θ, one can
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construct infinite-temperature wavefunctions according to

|Φ(θ)〉 =
1√
L

L

∑
l=1

eiθl |φl〉 (22.22)

and resolve the identity according to

1 = lim
K→∞

1
K

K

∑
k=1

|Φ(θk)〉〈Φ(θk)| (22.23)

so that the Boltzmann operator can be decomposed into

�(β) =
1
Z

e−(β/2)H0 I e−(β/2)H0

= lim
K→∞

1
Z

1
K

K

∑
k=1

∣∣Φ(β/2, θk)〉〈Φ(β/2, θk)
∣∣ (22.24)

The random-phase thermal wavefunction |Φ(β/2, θk)〉 is obtained by prop-
agation in imaginary time up to β/2. The error of this statistical sampling
scheme decreases, like every Monte Carlo method, as σ ∝ 1/

√
K with the

number of wavefunctions, K.
Thus, in order to obtain a thermal average with the RPTWF method, one

has to do the following:

1. Construct a wavefunction with equal amplitude and random phases in
the bases of your choice (Equation (22.22)).

2. Propagate in imaginary time up to β/2.

3. Propagate in real time, so as to simulate the physical process of interest.

4. Repeat steps 1–3 until statistical convergence is achieved.

22.4.2
Inelastic Surface Scattering: Adsorption

We will now take up the problem of inelastic scattering again, and turn to the
question of how the temperature of the surface effects the sticking probability
[586]. We use basically the same Hamiltonian as in Section 22.3, but with
parameters M = 25 000 me, D = 50 meV and NΔω = 0.005 Eh/h̄.

When the RPTWF method is applied to this situation, one has to keep in
mind that only the surface is in a thermal state and not the incident atom,
which is in a ‘microcanonical’ state with definite kinetic energy. Therefore,
one has to determine the surface Hamiltonian at time t = 0, which is equiv-
alent to saying for a scatterer at position z = +∞. Inserting this into the full
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Hamiltonian (Equation (22.1)), one finds that

H0 =
N

∑
κ=1

p2
κ

2m
+

1
2

mω2
κ x2

κ −
cκ

α
xκ (22.25)

is the relevant Hamiltonian in the Boltzmann operator, Equation (22.21).
For the application in this subsection, it is necessary to give some more de-

tails of the underlying MCTDH wavefunction. Our standard configuration
has eight single-particle functions (SPFs) for the system degrees of freedom,
with only the first,

ϕ
(1)
1 (z, t=0) =

1√
σ
√

π
exp

[
− (z − z0)2

2σ2 + ip0z
]

(22.26)

initially populated. The centre of the wavepacket is z0 = 5 a0, the width
σ = 1 a0, and the momentum is chosen such that the kinetic energy is D/10.
The bath was modelled with 20 harmonic oscillators, which were grouped
into five combined modes. The number of SPFs for these combined modes
were 5, 5, 5, 4 and 3, with increasing bath mode frequency. In order to build
the initial infinite-temperature wavefunction, random numbers of modulus 1
and random phase are assigned to the coefficients A1j2...j6 .

After propagation in imaginary time to achieve the desired temperature,
and propagation in real time for the scattering event, we can extract the stick-
ing probability for this realization of the thermal ensemble. Figure 22.5 shows
the convergence of Pstick with increasing number of realizations. After 99 re-
alizations the difference between consecutive points is about a factor of 20
smaller than at the beginning. Achieving another factor of 10 in precision
would require 100 times as many realizations, because our scheme converges
with the square root of K.

Figure 22.6 shows the results for the temperature-dependent sticking prob-
ability. It drops from 20.5% for a surface at 4 K to 10.3% for a surface at 500 K.
This temperature range has to be compared to the translational temperature
of the incoming particle of Ekin/kB = 580 K. Over this range the sticking prob-
ability decreases to about half of its value for a cold surface. However, also
the accuracy of our values for Pstick decreases, because higher temperatures
require also a larger number of SPFs. This is indicated by the dashed line,
where we used one SPF more for each combined mode of the bath. The stick-
ing probability for the highest temperature is clearly only semi-quantitative.
The inset of Figure 22.6 shows the relation between the energy loss of the scat-
tering atom and the sticking probability. For most of the temperature range,
it is linear, but at very low temperature, where Pstick is almost constant, more
energy is transferred to the bath.
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Figure 22.5 Convergence of the sticking probability with the number
of realizations of the RPTWF approach, for a surface at T = 300 K.
Other temperatures, except T = 0 K, show a similar pattern. The error
decreases as 1/

√
K, as for any method of the Monte Carlo family.
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Figure 22.6 The main graph shows the sticking probability as a func-
tion of surface temperature. Solid line with diamonds: results of our
standard configuration of SPFs. Dashed line with circles: one more
SPF per combined mode has been used. The inset shows that the re-
lation between the amount of dissipated energy and sticking probability
is largely linear.

Apart from this net energy exchange, one can take a more detailed look
at the kinetic energy distributions of the incoming and reflected wavepackets.
Figure 22.7 compares the initial (black solid line) and final energies, for scatter-
ing at a cold (dashed line) and a hot (dotted line) surface. The area under the
final distributions is smaller, because only the unbound part of the wavepack-
ets, which is reflected back into the vacuum, has been considered. Notably,
probability density is missing from the low-energy region (30–50 meV). At en-
ergies below about 30 meV, where there is almost no density initially, we find
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Figure 22.7 Kinetic energy density of the scatterer: at the beginning
of the propagation (solid line), and after reflection from a 4 K surface
(dashed line) and from a 500 K surface (dotted line). The onset of ther-
malization can be seen.

a stronger increase for the T = 4 K case, while the hot surface redistributes
density to higher energies. This is the onset of thermalization, although the
contact with the surface is rather short, and the coupling is weak.

22.4.3
Initial Slip and Coupling to Photons

Very often, the initial state of a propagation is assumed to factorize into a
system and a bath part,

Ψ(0) = ΨS(0) · ΨB(0) (22.27)

implying that no correlation between the two is present. If such a state devel-
ops with the full Hamiltonian, including HI, then this state is non-stationary,
and on an ultrashort time-scale some violent dynamics can take place before
the proper behaviour sets in. This has been a source of trouble for the reduced
dynamics community for some time, especially when the Redfield-type mas-
ter equations [557, 558] have been used. There, this phase of the dynamics is
known as initial slip [590, 591], and it can lead to negative values for popula-
tions or the probability distribution of certain measurements.

Although this initial slip has usually been looked at as an artefact arising
from an approximation to the initial state, it also conveys some physics if the
interaction between system and bath is switched on suddenly [592]. This is
the case, for example, when a gas-phase molecule from a jet expansion enters
a cavity, so that the photon modes, understood as harmonic oscillators [555],
act as a bath.

To model this effect, we chose a two-level system (TLS), represented by the
two lowest vibrational levels of a double-minimum potential. The coupling
constants cκ are chosen with a Lorentzian, rather than linear, distribution, but
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the photon modes are still equidistant. For ease of interpretation, we report
temperatures here in units of h̄ΔE/kB, where ΔE is the tunnel splitting. Here,
we report results for TTLS = 0.5, where the second and higher excited states
of the double well are not significantly occupied. Figure 22.8 shows the pop-
ulation of the first excited state after the interaction to the photon modes is
switched on. Although the temperatures of the two parts are the same (black
solid line), the sudden perturbation causes an exchange of energy. In fact, even
if the temperature of the radiation (TB) is larger than the system temperature
(dashed line), the oscillations are strong enough to cause a transient energy
transfer opposite to what is expected. None of this of course contradicts the
laws of thermodynamics, which are recovered at long enough times as steady-
state solutions. The effect is damped if the interaction is switched on slowly,
but remains present for a large range of parameters. It should be noted that in
this study we employed our largest standard MCTDH wavefunction yet, with
101 degrees of freedom.
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Figure 22.8 Evolution of the population of the excited state, after
the interaction between system and bath is switched on. Black line,
TTLS = TB: although system and bath are at the same temperature,
energy is exchanged. Dashed line, TTLS < TB: at short times, around
t = 100 fs, there is a transient energy transfer from the colder TLS to
the hotter bath.

22.5
Derivatives of MCTDH

Very high-dimensional calculations, which are possible with MCTDH, are re-
quired in order to simulate the system and the bath with a wavefunction-
based method. Even though highly sophisticated methods and integrators
are available, these calculations still take of the order of days or weeks. There-
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fore, methods have been developed that are adapted to the very large size
and/or the system–bath character of the problem. Two possibilities will be
mentioned here, briefly. One example is the multilayer MCTDH technique,
Chapter 14. In [228] Wang and Thoss used the ML-MCTDH approach to eval-
uate the thermal Boltzmann operator, in the context of electron transfer reac-
tions in the condensed phase. In contrast to the random-phase thermal wave-
function technique outlined in Section 22.4, they used standard Monte Carlo
importance sampling.

Another method that tries to make larger systems accessible is the local
coherent-state approximation (LCSA) [593]. It can be seen as a selected config-
uration MCTDH [42], with the further approximation of single-particle func-
tions being restricted to coherent states. The result is a method that shows
linear scaling with respect to the dimensionality of the bath. Wavefunctions
with several thousand degrees of freedom (comparable to ML-MCTDH) can
be propagated. First tests have shown that LCSA can reproduce MCTDH
benchmark calculations on energy dissipation very well [593]. As an exam-
ple, Figure 22.9 shows the damped small-amplitude motion as predicted by
LCSA and MCTDH, with very good agreement.

Figure 22.9 Comparison of MCTDH (thick line) and LCSA (dashed
line): the position expectation values for γ = 1/50 fs−1 agree very
well. The inset shows a small amplitude mismatch at late times.

22.6
Summary and Outlook

The previous studies have shown that it is possible to model the basic effects of
an environment on a system. These effects include a distortion of the reaction
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path/Born–Oppenheimer surface, energy gain or loss, and phase fluctuations.
To this end, the spectral density of the environment is discretized, so that it
can be replaced by a large number of harmonic oscillators. We could show
that this procedure allowed us to reproduce realistically the behaviour of open
quantum systems, as long as the total propagation time is too short to resolve
the spectral spacing Δω. The limitation that wavefunctions cannot describe
finite temperatures can be overcome if the Boltzmann operator is sampled.
We have shown that the random-phase technique, applied to the intermediate
basis of the Hartree products, is a very efficient sampling scheme. However,
the computational effort becomes challenging for high temperatures, because
more and more SPFs are required.

All the calculations reported, except the LCSA ones, were performed with
the Heidelberg MCTDH package [13].
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23
Proton Transfer and Hydrated Proton in Small Water
Systems
Oriol Vendrell and Hans-Dieter Meyer

23.1
Introduction

Proton translocation processes are ubiquitous in nature and, together with
electronic transfer, constitute the basis of charge transfer mechanisms in chem-
istry and biology. Let us just mention a few examples: Inter-membrane pro-
teins mediate proton transfer between the two sides of a cellular membrane
to generate a potential gradient [594–596]. In fuel cells protons must traverse
artificial membranes to generate charge gradients [597, 598]. Several proteins
rely on proton wires (chains of hydrogen-bonded water molecules) to trans-
fer a charge in the form of an excess proton between acidic and basic cen-
tres [599]. In bulk water protons transfer through variants of the Grotthus
mechanism [600–602], which lies at the core of acidic chemistry. Proton trans-
fer can also be a photoinitiated process, in which a photoexcited molecule is
able to transfer a proton (or a hydrogen atom) to either a neighbouring mole-
cule or a different location in the same molecular unit [603–607].

The fundamental structural unit in which a proton transfer occurs in com-
mon chemical and biological systems is the hydrogen bond. A proton is co-
valently bonded to a donor atom and electrostatically bonded to an acceptor
atom. Eventually, the proton is transferred between the two atoms, which
then invert their roles as acceptor and donor. Also hydrogen bonds may not
be involved in proton transfer but may play a structural role in shaping ma-
terials or biomolecules. It is obvious that proton translocation and the hydro-
gen bond play a central role in many important areas. However, their study
appears as a challenging task, owing to the inherent quantum nature of the
lightest stable nucleus. In addition, proton motion is usually strongly cou-
pled to the displacements of surrounding atoms. Although classical [602] or
mixed quantum–classical [608] methodologies have been applied to the study
of systems containing protons, spectroscopical accuracy in comparing with
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experiment and a detailed view of the underlying dynamics requires that full-
quantum methods be used [226, 486, 609].

MCTDH is able to treat relatively large systems in terms of coupled nu-
clear degrees of freedom. It has been quite naturally the method of choice in
a number of studies related to proton transfer and hydrogen-bonded systems.
Examples can be found of the application of MCTDH to the study of infra-
red (IR) spectroscopy [59,486,610], intramolecular vibrational energy redistri-
bution (IVR) [610], quantum control [611] or excited-state dynamics [612] of
hydrogen-bonded systems. Also, problems of tunnelling splitting in double-
well systems have been addressed by MCTDH [226, 609, 613].

In this chapter we will try to illustrate the power of MCTDH in dealing
with proton transfer processes and hydrogen-bonded systems from two very
distinct perspectives. In Section 23.2 we discuss how MCTDH was used to
simulate a model of the transfer of an excess proton along a chain of hydrogen-
bonded water molecules [614]. In this respect, MCTDH constitutes a power-
ful tool to study model Hamiltonians describing relatively complex processes
and to obtain a fundamental insight. Such models are formulated from the
beginning such that the required product structure of the potential function
(Equation (3.34)) is retained.

The rest of the chapter is devoted to the full-dimensional simulation of the
protonated water dimer, a 15-dimensional (15D) problem. In this cationic clus-
ter, a proton is shared between two water molecules forming a strong hydro-
gen bond. The IR spectroscopy and dynamics of the system are investigated,
and results are compared with experiment. This problem, namely the simu-
lation of a high-dimensional system as accurately as possible and in its full
dimensionality, requires a quite different approach. Sections 23.3.1 and 23.3.2
discuss briefly how the system Hamiltonian is constructed, especially the con-
struction of a representation of the potential energy surface (PES) for such
a high-dimensional problem that can be both accurate and efficient. In Sec-
tion 23.3.4 the computation of the IR spectrum is described. We also describe
here how the assignment of spectral features can be done without relying on
the computation of the corresponding vibrational states (which is impractica-
ble for such large systems) but by resorting to time propagation and Fourier
analysis.

Finally, Section 23.3.5 discusses the assignment of the spectral features, lead-
ing to a concise picture of the dynamics of the cluster and of the hydrated
proton in general.
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23.2
Proton Transfer Along a Chain of Hydrogen-Bonded Water Molecules

As discussed in Section 23.1, chains of hydrogen-bonded molecules (pro-
ton wires) mediate proton transfer over large distances in various contexts,
from biological systems to bulk water or materials. Such processes have
been extensively simulated by methodologies relying on classical approaches
[600, 608, 615, 616]. A purely quantum simulation was, however, missing. In
this context, the study of a model of a proton wire was undertaken using
MCTDH [614].

23.2.1
Model for the Simulation of a Proton Wire

A minimal model for a proton wire that is able to capture the physics of a
multiple-proton translocation between donor and acceptor atoms should con-
tain as dynamical variables the position of each proton with respect to its
donor and acceptor atoms and the distance between each donor and acceptor.
In our model, these coordinates are ri, the position of the proton with respect
to the midpoint between both heavy atoms, and Ri, the donor–acceptor dis-
tance. Such a model is depicted in Figure 23.1. Only the particles depicted
with circles are explicitly in the model, while the rest are intended to clarify
the meaning of the scheme.

Figure 23.1 Schematic representation of the proton transfer chain
model system with three units. The hydrogens denoted by H are only
depicted for clarification and do not appear as dynamical variables in
the model.

When an excess proton attaches to the leftmost oxygen atom, the excess
charge can advance through the chain by successive hops of the protons be-
tween each pair of oxygens. At the end, the excess charge can be expelled by
proton detachment of the rightmost proton of the chain. The operation of the
chain must fulfill certain requirements that will guide the definition of a real-
istic expression of the PES. For example, the proton denoted x4 in Figure 23.1
can only transfer to oxygen x5 as long as x2 has been transferred to x3. Other-
wise, we would generate a localized positive charge on x5 (holding an excess
proton) and a localized negative charge on x3 (holding a proton hole). Such
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considerations lead to the definition of an interaction model in which the local
potential felt by each proton, represented by coordinate ri, is influenced by the
position of the two surrounding protons ri−1 and ri+1. The definition of the
internal coordinates in terms of the Cartesian ones is formulated as:

Ri = x2i+1 − x2i−1 (23.1a)

ri = x2i − 1
2 (x2i+1 + x2i−1) (23.1b)

rn+1 = x2n+2 − x2n+1 (23.1c)

In order to define the total potential, we introduce the concept of a unit. A
unit is formed by ri and Ri, the coordinates giving the position of a proton and
the distance between its surrounding atoms, respectively, and the position of
the two surrounding protons ri−1 and ri+1. In this way, each unit is interlaced
with each other unit, and the interaction between neighbouring protons can
be accounted for. The definition of the potential of a unit is

Vunit(ri, Ri, ri−1, ri+1) = Vexc(ri, Ri)[1 − ls(ri−1)][1 − rs(ri+1)]

+ Vl
wat(ri, Ri)ls(ri−1) + Vr

wat(ri, Ri)rs(ri+1)
(23.2)

The definition of the PES then follows as the sum of the unit potentials:

Vtot(r1, . . . , rn, rn+1, R1, . . . , Rn) =
n

∑
i=1

Vunit(ri, Ri, ri−1, ri+1) (23.3)

The function Vexc(ri, Ri) describes the interaction potential of a unit in the
case that both ri−1 and ri+1 are bonded to donor and acceptor atoms, respec-
tively, while the functions Vl,r

wat(ri, Ri) describe the asymmetric situation of a
proton covalently bonded to either donor or acceptor and forming a hydrogen
bond with the other atom. The functions ls(ri−1) and rs(ri+1) are switch func-
tions that control the active potential in each unit as a function of the neigh-
bouring protons’ positions. The parametrization of the functions involved in
Equation (23.2) as well as their definition is discussed in Ref. [614]. We only
mention here that these functions were parametrized with respect to ab initio
calculations performed on different proton wires. If it is assumed that donor
and acceptor atoms and transferring protons lie on a straight line, it is straight-
forward to obtain the kinetic energy operator (KEO) for this model by using
standard differential calculus. More details are found in Ref. [614].

23.2.2
Dynamics of a Proton Wire

The model presented permits the simulation of chains of various sizes and
the investigation of the basic mechanisms of operation of a proton wire in a
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systematic way. Its purpose is oriented more towards obtaining physical in-
sight than to comparison with experimental observations, which is beyond
the scope of such an approximation. Various chains have been analysed, and
details can be found elsewhere [614]. Here we briefly summarize the results
obtained. After protonation of the wire, each proton hop occurs in about 50 fs.
This is roughly the time needed for a period of oscillation of the oxygen–
oxygen distance Ri. The Ri distances decrease from 2.7 Å to around 2.2 Å dur-
ing the transfer. Around three transfer events can occur in a row, so that the
third proton starts moving 150 fs after the protonation of the first unit of the
chain. After that, the fourth proton needs more time to start being transferred
since the probability of four transfers in a row is low.

Two important issues were investigated on this model, namely, the corre-
lation between light and heavy particles, and the effect that deuteration has
on the operation of the wire. The simulations discussed here correspond to
a chain with three units. In order to monitor the rate of transfer under dif-
ferent conditions, a complex absorbing potential (CAP) was set up to absorb
the wavefunction as soon as the fourth proton is released from the chain, thus
monitoring the amount and rate of overall transfer over time. The results for
three cases are depicted in Figure 23.2. The deuterated simulation refers to
the substitution of the proton in the second unit (r2) by a deuterium. When
comparing protonated and deuterated chains, it can be seen how, in the first
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Figure 23.2 Norm-squared of the wavefunction, that is, the survival
probability, as a function of time. The wavefunction is absorbed by a
CAP as the last proton is released from the chain. The simulations
correspond to a chain with three units and a fourth proton that can be
expelled from the wire. Protonated, fully correlated chain (full line),
deuterated second unit, fully correlated chain (dashed line) and uncor-
related simulation (dotted line) are shown.
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stages of the process, up to 250 fs, the transfer rates are quite similar. This
corresponds to the impulsive phase, in which the transfer occurs above the
potential barriers. Afterwards, the transfer in the protonated case continues
over time at a lesser pace, while the transfer in the deuterated chain is almost
completely blocked.

This regime corresponds to leaking under the potential barriers, and the
transfer occurs mostly by tunnelling. In what are termed ‘uncorrelated’ simu-
lations, the wavefunction is forced to take the form

Ψ = Ψr(r1, . . . , rn, t)
n

∏
i=1

ΨRi (Ri, t) (23.4)

which means that the correlation between light and heavy atoms is only taken
into account at the mean-field level. The amount of transfer in the uncor-
related case is dramatically reduced with respect to the correlated case, as
depicted in Figure 23.2. This is indicative of the importance of correlated mo-
tions in the operation of the wire and of the fact that short-distance and long-
distance regimes in the Ri coordinates coexist, rather than the Ri coordinates
oscillating between them as a more classical picture would suggest.

This is seen by inspecting Figure 23.3, in which snapshots are depicted of
the probability density along coordinates (r2, R2). In the case of the fully corre-
lated dynamics (left panel in Figure 23.3), one part of the wavepacket evolves
towards short Ri and proton transfer takes place, but an important part stays
at long distances. When proton and oxygen motions are correlated only at the
mean-field level (wavefunction given by Equation (23.4)), the transfer loses
efficiency since the Ri is not able to reach the short-distance regime.

We have shown is this section how a model for a physically complex pro-
cess such as multiple-proton transfer along a chain of water molecules can
be constructed and investigated in detail. The model has been devised from
the beginning to be described by a Hamiltonian that has the product structure
necessary for efficient MCTDH computations.

23.3
Dynamics and Vibrational Spectroscopy of the Zundel Cation

The Zundel cation (H5O2
+) is the smallest protonated water cluster in which

an excess proton is shared between different water molecules. This species
has been the target of much research effort in the past owing to its key role as
a limiting structure of the hydrated proton in bulk water. The development
and improvement of new techniques designed to measure accurate IR spec-
tra of ionic species in the gas phase has led to an accurate characterization of
the IR spectrum of H5O2

+ from the experimental side [617–621]. Several the-
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Figure 23.3 Snapshots of the (r2,R2) probability density for the fully
correlated dynamics (upper four panels) and of the uncorrelated dy-
namics (lower four panels).

oretical studies that appeared in parallel provide the necessary basis for the
rationalization and understanding of the measured spectra.

The IR spectrum of the Zundel cation recorded with the messenger atom
technique features a doublet structure in the spectral region around 1000 cm−1

with a splitting of about 120 cm−1. Although it was already clear that the
asymmetric proton stretching fundamental (proton transfer motion along the
oxygen–oxygen axis) absorbs in that region, the origin of the doublet re-
mained an unsolved issue that could neither be reproduced nor explained
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by a wide range of computational approaches [210, 620, 622–625]. Moreover,
the lowest-frequency region of the spectrum below 800 cm−1, where the fun-
damental states of the most anharmonic motions are found, has not yet been
accessed experimentally, and the assignment of the band at around 1750 cm−1,
presumably related to the ungerade bending motion of the flanking water
molecules, was not completely clear. These difficulties are due to the floppy,
anharmonic nature of the inter-atomic potential governing the motion of the
cation, in which internal rotation and long-range angular motions take place
at relatively low vibrational energies. In this context the study of the IR spec-
troscopy and dynamics of the Zundel cation was undertaken by the MCTDH
method [59, 156, 486].

23.3.1
Set-Up of the Hamiltonian Operator

The simulation of floppy systems like the Zundel cation requires the use of
a proper set of coordinates that is able to describe largely anharmonic, angu-
lar motions, for example, torsions or internal rotations. To this end a set of
polyspherical vectors is used to describe the configuration of the system. The
reader is referred to Chapter 12 for further reference on the derivation and
usage of KEOs within the polyspherical approach, and more specifically to
Section 12.4.2, where the application to semirigid systems is covered. For a
detailed derivation of the KEO for H5O2

+, see Ref. [156].
The set of polyspherical vectors that are used to describe the H5O2

+ cation
are shown in Figure 23.4. This is a semi-rigid system (at least in the range
of vibrational energies involved in the linear IR spectrum), that is, no sin-
gularities in the kinetic energy exist for the configurations accessible to the
system. This allows the use of standard one-dimensional discrete variable
representations (DVRs) (see Appendix in Ref. [156]). The 15 coordinates are
defined as follows: the distance between the centres of mass of the two water

Figure 23.4 Jacobi description of the H5O2
+ system. The vector R

connects the two centres of mass of the water monomers.
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molecules (R); the position of the central proton with respect to the centre of
mass of the water dimer (x, y, z); the Euler angles defining the relative orien-
tation between the two water molecules (waggings, γa, γb; rockings, βa, βb;
internal relative rotation, α); and the Jacobi coordinates that account for the
particular configuration of each water molecule (R1(a,b), R2(a,b), θ(a,b)), where
R1x is the distance between the oxygen atom and the centre of mass of the cor-
responding H2 fragment, R2x is the H–H distance and θx is the angle between
these two vectors.

The representation of the potential energy operator (PEO) for a 15D system
is a rather challenging task on its own. In fact, the straightforward use of the
PES in the 15D product grid, which would have of the order of 1015 points, is
today just unthinkable (and probably will be so for quite a long time). How-
ever, there are ways to obtain usable representations of such high-dimensional
objects. It will not concern us here how the potential energy for each distinct
geometry is obtained: this is discussed in the next section. Nonetheless, the
availability of a PES fit that is able to provide energies using little computer
time will determine to a great extent how and to what degree of precision an
accurate PEO can be obtained for the problem at hand.

A way of representing such high-dimensional surfaces is the so-called
Cartesian reaction surface (CRS) approach, in which a small number of co-
ordinates (typically two) are selected as defining the reaction surface, while
the potential for the rest of the coordinates is given as a second-order Taylor
expansion whose coefficients are dependent on the position of the coordinates
in the first group. The CRS approach has the required product form, Equa-
tion (3.34), meaning that it is an efficient alternative for MCTDH, and in fact it
has been used in a number of MCTDH applications [613]. Since the approach
is based on orthogonal, rectilinear coordinates, the KEO is simply diagonal.
Such an approximation can be used if a large number of coordinates behave
almost harmonically and are only weakly coupled among themselves and to
the reaction coordinates. Such an approximation breaks down, however, for
loosely bonded systems that feature relatively soft, anharmonic potentials.
Protonated water clusters belong to this kind of system, and the relatively
straightforward CRS is therefore not applicable.

Another possibility to represent our 15D PES V(Q) efficiently is the high-
dimensional model representation (HDMR):

Ṽ(Q) = V0 + ∑
i

V(1)
i (Qi) + ∑

ij
V(2)

ij (Qi, Qj) + ∑
ijk

V(3)
ijk (Qi, Qj, Qk) + · · · (23.5)

In this approach the PES is given as a sum of terms of increasing order. Each
new order n contains corrections to the potential at order n − 1 with respect to
the true potential, that is, correlations between coordinates that had not been
accounted for at order n − 1.
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A variant of HDMR that is especially appealing for the straightforward
evaluation of the V(n) expansion terms in Equation (23.5) is the so-called cut-
HDMR representation [129] – also called n-mode representation [626] – which
has already been used to compute accurately the vibrational energy levels of
molecular systems [127, 128] and the reaction rates for molecule–surface scat-
tering [454]. In order to define the expansion terms, we first introduce the
vector a, which represents some reference geometry in the 15D space. In addi-
tion, aα is the same reference geometry but with the αth coordinate removed,
while aαβ has α and β components removed, and so on. The expansion terms
up to order 2 are then defined as:

V(0) = V(a) (23.6a)

V(1)
i (Qi) = V(Qi; ai)− V0 (23.6b)

V(2)
ij (Qi, Qj) = V(Qi, Qj; aij)− V(1)

i (Qi)− V(1)
j (Qj)− V0 (23.6c)

where higher orders follow trivially. In a similar way to the definition of the
MCTDH Ansatz, Equation (3.1), it is advantageous here to work with com-
bined coordinates instead of single (uncombined) coordinates in order to de-
fine the PES expansion. Then the Qκ coordinates refer to composite coordi-
nates of one or more single coordinate(s):

Qκ = [qa, qb, . . . ] (23.7)

In this case we call the V(n) terms combined clusters (CC) and aα is simply
a vector in which all single coordinates of mode α have been removed from
the reference geometry. The numerical advantage in the representation of the
PES obtained when using combined coordinates instead of single coordinates
is analysed in Ref. [156]. The definition of meaningful mode combinations
should be possible in most cases. Highly correlated coordinates should be
grouped together so that their correlation is taken into account already by the
first-order CCs. Such a definition would be based on chemical commonsense,
for example, coordinates belonging to the same chemical group or to the same
molecule in a cluster are good candidates to be combined.

The application of this scheme does not only lead to numerical advantage
in the representation of the PES with respect to the uncombined scheme. Its
application in MCTDH will be (much) more efficient if the mode combination
used to define the PES is the same as that used in defining the wavefunction.
In such a case, the first-order CCs V(1)(Qi) are full product grids defined in
the space of the Qi combined coordinate. The higher-order terms are given by
potfit representations of the total product grids V(n>1)(Qi, . . .). A potfit repre-
sentation can be defined in terms of combined modes (see Equation (11.1) and
surrounding text) and in such a case the single-particle potentials (SPPs) are
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product grids in the space of each Qi. This strategy can be applied efficiently
as long as the full product grid of the nth-order cluster fits into memory. In
practice, this means around seven single coordinates, roughly corresponding
to CCs of third order.

As a final remark, the convergence of the n-mode representation is highly
dependent on the set of coordinates used and the grouping of coordinates into
modes. With our set of polyspherical coordinates, which correctly account for
the fundamental motions of the cation in terms of rotations, torsions, and so
on, and a clever grouping of the coordinates, we obtain a relatively good po-
tential already with a second-order expansion. Details are given in the follow-
ing section.

23.3.2
Representation of the Potential Energy Surface for H5O+

2

The PEO for the H5O2
+ system is constructed using the full-dimensional PES

developed by Bowman and co-workers. This is based on several tens of
thousands of coupled cluster energy calculations, which are combined with
a clever fitting algorithm based on polynomials that respect the total permu-
tational symmetry of the system [210]. In order to construct an efficient repre-
sentation of that PES for the H5O2

+ cation employing the approach described
above, one must start by defining the combined modes that are going to be
used. In the present case, the following five multidimensional modes are se-
lected: Q1 = [z, α, x, y], Q2 = [R, uβa , uβb

], Q3 = [γa, γb], Q4 = [R1a, R2a, uθ1a ]
and Q5 = [R1b, R2b, uθ1b

], where ux = cos x. It is convenient that coordi-
nates x, y and α are grouped together for symmetry-conserving reasons [156].
Modes Q2 and Q3 contain the rocking and wagging coordinates, respectively.
Modes Q4 and Q5 contain the Jacobi coordinates representing the internal con-
figuration of each water molecule. The definition of the underlying 1D grids
is provided in Table I of Ref. [156]. Coordinates z and R would be good candi-
dates to be combined together since they are the two coordinates involved in
the description of the intermolecular hydrogen bond. They are not combined
here since this would require the definition of a sixth mode.

As a remark, at the time of writing, we have started to do some tests with
a six-particle mode combination in which z and R are together in the same
mode. This leads to more balanced simulations since all modes are of a sim-
ilar size. Also the parallel version of the MCTDH performs better with a six-
mode set-up since the propagation of the A-vector is efficiently parallelized
(Chapter 15).

Following the procedure outlined above, one may select a reference point
in coordinate space and proceed straightforwardly to the computation of the
clusters defining the cluster expansion. Instead of this, the PES expansion is
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defined in terms of M = 10 reference points whose cluster expansions are
averaged with equal weights [156]. The reference points al are located on or
very close to stationary points in the lowest energy regions of the PES. The
PES expansion is then given by

Ṽtot(Q) =
1
M

M

∑
l=1

Ṽl(Q) (23.8)

The Ṽl(Q) terms are given by Equations (23.5) and (23.6). The specific form of
Ṽl(Q) that has been used here is given by

Ṽl(Q) = V(0)
l +

5

∑
i=1

V(1)
l,i (Qi) +

4

∑
i=1

5

∑
j=i+1

V(2)
l,ij (Qi, Qj) + V(3)

l,z23(z, Q2, Q3) (23.9)

where the modes Q1 to Q5 have been defined above.
The V(0)

l term is the energy at the reference geometry l. The V(1)
l,i terms are

the intra-group potentials obtained by keeping the coordinates in other groups

at the reference geometry l, while the V(2)
l,ij terms account for the group–group

correlations. The potential with up to second-order terms gives already a very

reasonable description of the system. The V(3)
l,z23 term accounts for three-mode

correlations between the displacement of the central proton, the distance be-
tween the two water molecules, and the angular wagging and rocking mo-
tions. Note that the primitive grids in each coordinate are the same irrespec-
tive of the reference point used to expand the potential. This means that the
average, Equation (23.8), can be carried out before the dynamical calculations
by summing over all the generated grids of the same coordinates for each ref-
erence geometry, involving no extra cost for the dynamics.

The justification for the multi-reference approach lies in the nature of
H5O2

+. The protonated water dimer is a very floppy system featuring several
equivalent minima and large-amplitude motions that traverse barriers of low
potential energy. Thus, the amount of configurational space available to the
system at low vibrational energies is already large and therefore not well cov-
ered by a single reference point. One should note that, for a single reference
point, the PES expansion is exact at the reference point and hypersurfaces
involving the displacement of up to hm modes (where m is the expansion
order). This property is lost after averaging over several reference geometries.
However, the overall mean error is reduced by the averaging.

As well as the fact that the configurational space available to the Zundel
cation, even at low energies, is quite large and therefore several reference
points are necessary to cover it, there are also symmetry-conservation reasons
that force us to use several reference geometries. The H5O2

+ system features
eight equivalent absolute minima on the PES that have C2 symmetry. The sys-
tem has however (in the range of energies relevant to the IR linear absorption
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spectrum) G16 symmetry [627]. This symmetry group contains the D2d group
as a subgroup and permits additionally the permutation of the two hydrogens
of one of the water monomers (internal rotation). If only one of the minima
of the C2 structure is used as a reference, the total symmetry of the PES is bro-
ken. This is due to one C2 point being exactly described while the others are
given only approximately within the corresponding n-mode representation.
To avoid this, in fact, for every arbitrary reference geometry, all symmetry-
equivalent points generated by the permutations and inversions of the G16
group must also be considered. In the case of taking a C2 point, this leads to
the total eight equivalent absolute minima. Additionally, we also take the two
equivalent D2d points in which both water molecules are planar and located
90◦ with respect to each other (α = 90◦ and 270◦). These are the 10 reference
points used in the construction of the PEO.

The quality of the PES expansion can be assessed by monitoring the expecta-
tion values of the different terms of the n-mode representation with respect to
the ground vibrational state |Ψ0〉. These values are given in cm−1 in Table 23.1.
The sum of the first-order 〈Ψ0|V(1)(Qi)|Ψ0〉 terms is close to 6800 cm−1, half
the zero-point energy (ZPE), indicating that they carry the major weight in the

Table 23.1 Expectation value of the different terms of the potential expansion (central column)
and square root of the expectation value of the potential squared (right column). All energies
in cm−1. The combined modes read: Q1 = [z, α, x, y], Q2 = [R, uβa , uβb

], Q3 = [γa, γb],
Q4 = [R1a, R2a, uθ1a ] and Q5 = [R1b, R2b, uθ1b

]. In addition, ux = cos x; λ refers to wagging
and β refers to rocking motion; and Q4 and Q5 contain the Jacobi coordinates of the water
molecules.

〈Ψ0|V|Ψ0〉 〈Ψ0|V2|Ψ0〉1/2

V(1)(Q1) 1293.6 1807.7

V(1)(Q2) 750.6 966.9

V(1)(Q3) 171.5 266.9

V(1)(Q4) 2293.2 3062.8

V(1)(Q5) 2293.1 3062.8

V(2)(Q1, Q2) −526.9 1037.2

V(2)(Q1, Q3) −78.8 290.2

V(2)(Q1, Q4) −27.5 231.8

V(2)(Q1, Q4) −27.4 231.7

V(2)(Q2, Q3) −10.5 37.6

V(2)(Q2, Q4) −24.7 117.5

V(2)(Q2, Q5) −24.7 117.9

V(2)(Q3, Q4) −18.8 180.9

V(2)(Q3, Q5) −18.8 180.9

V(2)(Q4, Q5) 1.2 9.9

V(3)(z, Q2, Q3) 1.0 50.4
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description of the PES. The second-order clusters introduce the missing corre-
lation between modes. They have expectation values one order of magnitude
smaller than the first-order terms, with one exception, the matrix element aris-
ing from the V(2)(Q1, Q2) potential. This can be easily understood by noting
that modes Q1 and Q2 contain coordinates z and R, respectively. These two
coordinates are strongly correlated, and indeed they would be good candi-
dates to be put in the same mode in an alternative mode combination scheme.
The only third-order term that was introduced presents a rather marginal con-
tribution to the potential energy of the system. These values prove that the
PES representation used is of a good quality and rather well converged with
respect to the reference PES, at least for the energy domain of interest. The
square root of the expectation value of the potential squared is depicted in the
third column. It is a measure of the dispersion around the expectation value
and should also ideally vanish. The values indicate that the PES representa-
tion is good, albeit not yet fully converged.

23.3.3
Ground Vibrational State and Eigenstates in the Low-Frequency Domain

The ground vibrational state and some eigenstates of the vibrational Hamil-
tonian have been computed using the improved relaxation algorithm (Chap-
ter 8). The comparison between the largest, converged MCTDH calculation
and other reported results on the same PES is given in Table 23.2. As a refer-
ence, we take the given diffusion Monte Carlo (DMC) result [628], which has
an associated statistical uncertainty of 5 cm−1. The most comprehensive cal-
culations on the vibrational ground state based on a wavefunction approach
to date are those of Bowman and co-workers [628] using the MULTIMODE

program [127]. The vibrational configuration-interaction (VCI) results, both
using the single reference (SR) and reaction path (RP) variants, are found in
Table 23.2. These calculations use a normal-mode-based Hamiltonian. They

Table 23.2 Comparison of the zero-point energy (ZPE) of the H5O2
+ cation calculated by

various approaches on the PES of Huang et al. [210]: diffusion Monte Carlo (DMC), normal-
mode analysis (harmonic), vibrational CI single reference (VCI-SR) and reaction path (VCI-
RP) as published in [628] and MCTDH results. Δ denotes the difference from the DMC result.
The converged MCTDH result is obtained with 10 500 000 configurations. (See Table 23.3).

Method ZPE (cm−1) Δ (cm−1)

DMC 12 393 0

Harmonic 12 635 242

VCI-SR 12 590 197

VCI-RP 12 497 104

MCTDH 12 376.3 −16.7
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incorporate correlation between the different degrees of freedom due to the
cluster expansion of the potential [127] and the use of a CI wavefunction. The
best reported VCI result for the ZPE still lies 104 cm−1 above the DMC value.
It is worth mentioning that, before switching to a Hamiltonian based on poly-
spherical coordinates, we tried a Hamiltonian expressed in rectilinear coordi-
nates and obtained results similar to those of Bowman and co-workers. The
MCTDH converged result for the ZPE is given in Table 23.2. The obtained
value for the ZPE is 12 376.3 cm−1, 16.7 cm−1 below the DMC value.

Table 23.3 contains ZPE values obtained using an increasing number of con-
figurations. According to these results, the MCTDH reported values are as-
sumed to be fully converged with respect to the number of configurations.
The deviation from the DMC result must be attributed to the cluster expan-
sion of the potential in Equation (23.5). Table 23.3 illustrates an interesting
property of MCTDH, namely its early convergence. The difference in energy
between the computation on the top and the most expensive one below is only
about 7 cm−1, yet the first calculation can be performed on a laptop while the
most expensive one needed several days on a workstation. The variational
optimality of the MCTDH equations, in particular the optimality of the SPFs,
leads to qualitatively correct results as soon as there are enough SPFs to de-
scribe the physics of the problem at hand, while more accurate results can be
obtained at the cost of increased computational resources.

Table 23.3 Comparison of the zero-point energy (ZPE) of the H5O2
+ cation for different

MCTDH calculations with ascending number of configurations. The Δ values are given with
respect to the diffusion Monte Carlo result, 12 393 cm−1 [628].

SPFs per mode No. configs. ZPE (cm−1) Δ (cm−1)

(20,20,12,6,6) 172 800 12 383.7 −9.3

(35,25,15,8,8) 840 000 12 378.5 −14.5

(40,40,20,8,8) 2048 000 12 377.8 −15.2

(60,40,20,8,8) 3072 000 12 376.7 −16.3

(70,50,30,10,10) 10 500 000 12 376.3 −16.7

The probability density of the ground-state wavefunction with respect to
some selected coordinates and integration over the remaining coordinates is
given in Figure 23.5. Figure 23.5(a) shows the density along the proton trans-
fer coordinate z. The probability density is not negligible in a range span-
ning about 1 bohr. Figure 23.5(b) depicts the density along the α internal rota-
tion coordinate. Along this coordinate the system interconverts between two
equivalent regions of configurational space. The barrier corresponds to planar
configurations of the whole system and is about 300 cm−1 high depending on
the configuration of the rest of the coordinates. The system can interconvert
between both halves even when in the ground vibrational state. The dotted
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curve in Figure 23.5(b) depicts the density at a 10 times enlarged scale and
clearly shows a non-vanishing density for α = 0, π. The splitting state aris-
ing from the barrier along α has also been computed, and the splitting energy
has been found to be 1 cm−1. Figure 23.5(c) shows the probability density
along the wagging coordinates. It consists of four equivalent maxima, each
of them centred at around ±30◦ from the planar water configuration, so that
both water molecules are in pyramidal configuration. The probability den-
sity corresponding to one of the two water molecules in a planar configura-
tion is however quite large and indicates a high probability of exchange be-
tween equivalent configurations of the system in which the water molecules
switch between pyramidal geometries. Each of these four density maxima
corresponds roughly to one of the C2 equivalent minima on the PES. A total
of eight equivalent C2 minima are present since the barrier along coordinate
α divides the configurational space into two equivalent halves. When both
monomers are in planar configuration, the system interconverts between both
D2d and D2h configurations by rotation along α.
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Figure 23.5 For the ground vibrational state, probability density along
selected coordinates and integration over the rest: probability density
(a) along the z proton transfer coordinate, (b) along the α internal ro-
tation coordinate and (c) on the 2D space spanned by the wagging γa
and γb coordinates. The dotted line in (b) corresponds to a 10 times
enlarged scale. It indicates that the probability density at α = π is
non-vanishing.

In the following we analyse the excited vibrational states related to the wag-
ging motion due to the relevance of some of these modes in shaping the IR
spectrum. Further details on the internal rotational motion can be found in
Ref. [156]. Figure 23.6 depicts the probability density projected onto the wag-
ging coordinates of the four lowest excited states related to the wagging mo-
tion. The shapes of these density plots together with Figure 23.5(c) make it
clear that the wagging motion takes place in a very anharmonic region of
the PES. State w1a,b, which is a doubly degenerate state of an E irreducible
representation, is responsible for the absorption at about 100 cm−1 in the IR
spectrum. When the system is considered in its full G16 symmetry, the ro-
tational motion around α is also involved in the state corresponding to such
absorption [156]. However, in this chapter we consider the symmetry labels
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as corresponding to the more familiar D2d point group. The energies of the
next three wagging-mode states (w2, w3 and w4) are, respectively, 232, 374 and
422 cm−1 and they are shown in Figure 23.6(b), (c) and (d), respectively. These
three states correspond to two quanta of excitation in the wagging motions
and they can be represented in ‘ket’ notation by |11〉, (|20〉 − |02〉)/

√
2 and

(|20〉 + |02〉)/
√

2, respectively, where the |ab〉 notation signifies the quanta of
excitation in the wagging motions of monomers A and B. These states have
symmetries B1, B2 and A1, respectively. In the harmonic limit, these three
states would be degenerate. The w3 state has four probability density maxima
along the 2D space spanned by γa and γb. They correspond to geometries
in which one of the water molecules adopts a pyramidal geometry (H3O+

character) and the other adopts a planar geometry (H2O character). This state
transforms according to the B2 symmetry representation, which is also the
symmetry of the proton transfer fundamental. State w3 will play a major role
due to its strong coupling to the proton transfer mode.

(a)

150 210γa
−3030γb

(b)

150 210γa
−3030γb

(c)

150 210γa
−3030γb

(d)

150 210γa
−3030γb

Figure 23.6 Reduced probability density on
the wagging coordinates γa and γb of (a) the
first excited (w1a,b) wagging-mode state and
(b), (c), (d) the excited states w2, w3 and w4,
respectively, characterized by two quanta of
excitation. In ‘ket’ notation these four states

can be represented as w1a,b = |10〉 ± |01〉,
w2 = |11〉, w3 = |20〉 − |02〉 and
w4 = |20〉 + |02〉, respectively, where the
numbers represent the quanta of excitation in
the wagging motion of each water molecule in
a harmonic limit.

23.3.4
Infrared Absorption Spectrum

The IR absorption cross-section is given by [58]:

I(E) =
πE

3cε0h̄ ∑
n
|〈Ψn|Ψμ,0〉|2 δ(E + E0 − En) (23.10)
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where |Ψμ,0〉 is the dipole-operated initial state, that is, |Ψμ,0〉 ≡ μ̂|Ψ0〉, and E0
is the ground-state energy. The IR spectrum may be equivalently computed
in the time-dependent picture. Using a Fourier representation of the delta
function it follows that

I(E) =
E

3cε0h̄2 Re
∫ ∞

0
exp

(
i(E + E0)t

h̄

)
aμ(t) dt (23.11)

where aμ(t) = 〈Ψμ,0|e−iHt/h̄|Ψμ,0〉 denotes the autocorrelation function.
Whether a time-dependent or a time-independent approach is more efficient
depends on the problem at hand. A time-independent approach relies on the
accurate computation of the eigenstates of the Hamiltonian, |Ψn〉, which may
be accomplished by iterative-diagonalization methods of the Hamiltonian
matrix expressed in some basis, obtaining all the eigenstates up to some de-
sired energy, and then using Equation (23.10) to compute the IR spectrum. A
comprehensive calculation of an IR spectrum by improved relaxation has re-
cently been performed for six-dimensional (6D) problems, namely H2CS [101]
and HONO [107]. The lowest 184 states of A′ symmetry of the latter molecule
were calculated. The improved relaxation approach, however, is not practica-
ble with the current computational capabilities to obtain the whole spectrum
for a molecule of the size of H5O2

+, since the density of states at already
moderate vibrational energies becomes enormous, while each state must be
obtained from a separate calculation. Moreover, the improved relaxation ap-
proach contains convergence problems in spectral regions with a high density
of states, which makes it unusable for H5O2

+.
Propagation of a wavepacket by MCTDH, on the other hand, is always

feasible. A small set of SPFs makes a propagation less accurate, but not im-
possible. Therefore, the full IR spectrum is efficiently calculated in the time-
dependent representation. The resolution at which different peaks of the spec-
trum are resolved is given by the Fourier transform (FT) of the damping func-
tion g(t) [34] by which the autocorrelation aμ(t) is to be multiplied when
performing the integral (23.11c) to minimize artefacts due to the Gibbs phe-
nomenon. We choose g(t) = cos(πt/2T) and set g(t) = 0 for t > T, where
T denotes the length of the autocorrelation function. Since we make use of
the T/2 trick, Equation (6.7), T is twice the propagation time. The FT of g(t)
is known, Equation (6.11), and its full width at half-maximum (FWHM) is
27 300 cm−1 fs/T.

The IR spectrum calculated with MCTDH is shown in Figure 23.7. The
MCTDH spectrum in the full range 0–4000 cm−1 is depicted in the left panel
and compared with the recent experimental results of Ref. [621] in the right
panel. The dipole-moment-operated ground state μ̂|Ψ0〉 was propagated for
500 fs, yielding an autocorrelation of 1000 fs. The spectrum was calculated ac-
cording to Equation (23.11) and the FWHM resolution of the spectrum is about
30 cm−1.
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Figure 23.7 Left panel: Simulated MCTDH
spectrum in the range 0–4000 cm−1. Exci-
tation in the z-direction (top), perpendicular
to the O–H–O axis (middle), and total spec-
trum, that is, 1

3 z + 2
3 perpendicular (bottom).

Note the different scale of intensities in the
perpendicular-component plot. Autocorrela-
tion time T = 1000 fs. Right panel: Compari-
son between the MCTDH spectrum (top) and

the H5O2
+ · Ne spectrum of Ref. [620] (bot-

tom). The intensity of the experimental spec-
trum is adjusted in each spectral region (800–
2000 and 3500–3800 cm−1) using the most
intense peak of the MCTDH spectrum as a
reference. Absorption for the MCTDH spec-
trum is given in absolute scale in megabarns
(1 Mb = 10−18 cm2).

Even if the computation of the IR spectrum in the time-dependent represen-
tation is feasible, a means of assigning the different lines to specific motions
of the system is still required. Wavefunctions of excited states converged by
improved relaxation, Chapter 8, contain all the possible information on that
specific state. The intensity of a given excited state |Ψn〉 is readily obtained
by computing the dipole moment |〈Ψn|μ̂|Ψ0〉|2. But even if an excited state
of interest |Ψn〉 has been obtained, it is difficult to inspect these mathematical
objects directly due to their high dimensionality. Moreover, for the higher ex-
cited states, we do not have |Ψn〉 at our disposal but only an autocorrelation
function providing spectral lines. In both cases we characterize the eigenstates
by their overlaps with carefully chosen test states, that is, by the numbers
|〈Φtest|Ψn〉|2. The following procedures are used.

1. Test states |Φtest〉 are generated as follows:

(a) Apply some operator Ô to a previously converged eigenfunction,

|Φtest〉 = NÔ|Ψn〉 (23.12)

where N is a normalization constant. For example, Nẑ|Ψ0〉 gener-
ates a test state that in essence differs from the ground state |Ψ0〉 by
a one-quantum excitation in the proton transfer coordinate z.
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(b) Form Hartree products, where the SPFs are obtained through diag-
onalization of mode Hamiltonians ĥκ . The ĥκ are low-dimensional
Hamiltonians obtained from the full Hamiltonian by freezing the
remaining coordinates. Each ĥκ operates on the coordinate space
of an MCTDH particle. Rather than using single Hartree products,
one may use linear combinations of products in order to satisfy a
symmetry constraint.

2. The overlaps |〈Φtest|Ψn〉|2 are then computed as follows:

(a) Directly evaluate the scalar product if |Ψn〉 is available.

(b) Fourier-transform the autocorrelation function

a(t) = 〈Φtest|e−iHt|Φtest〉

The overlap is obtained via the formula [101]

|〈Φtest|Ψn〉|2 =
π

2T
Re

∫ T

0
eiEnta(t) cos

(
πt
2T

)
dt (23.13)

23.3.5
Analysis of the Middle Spectral Region and Dynamics of the Cluster

In the following we apply the techniques described above to analyse the spec-
tral region between 800 and 2000 cm−1. This complicated spectral region
is shaped by several couplings that involve collective motions of the whole
cation. The complication arises from the floppiness and anharmonicity of
the H5O2

+ system. Its complete assignment could only be achieved by the
MCTDH method [59, 486], and it constitutes a nice example of the power of
this approach to unravel complicated IR signatures. A detailed description of
the OH stretching region at about 3600 cm−1 as well as a comprehensive list
of all fundamentals and various overtones of all vibrational modes may be
found in Ref. [59].

The doublet centred at 1000 cm−1 is the most characteristic feature of the
IR spectrum of H5O2

+. It is depicted in Figure 23.7 (top right). The highest-
energy line has been measured to be at 1047 cm−1, while the low-energy com-
ponent appears at 928 cm−1 [620]. These values change slightly to 1042 and
923 cm−1, respectively, in the most recent measurements [621]. There is accu-
mulated evidence in the literature that the absorption of the proton transfer
fundamental occurs in the region of 1000 cm−1 [210, 620, 623–625]. Specifi-
cally, the band at 1047 cm−1 in Ref. [620] was assigned to the first excitation of
the central proton motion [620] based on MULTIMODE [127] calculations. This
band is the most intense band of the spectrum, since the central proton mo-
tion along the z-axis induces a large change in the dipole moment of the cation.
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The low-energy component has recently been assigned by us [486]. The dou-
blet is seen to arise from coupling between the proton transfer motion, the
low-frequency water wagging modes and the water–water stretching motion.

In order to obtain a fundamental understanding of the low-energy (|Ψl
d〉)

and high-energy (|Ψh
d〉) components of the doublet, test states were con-

structed by operating with ẑ on the ground state, |Φ1z〉 = ẑ|Ψ0〉N, where
N is a normalization constant, and by operating with (R̂ − R0) on the third
excited wagging state w3, |Φ1R,w3〉 = (R̂ − R0)|Ψw3〉N. Note that |Φ1z〉 is
characterized by one quantum of excitation in the proton transfer coordinate,
whereas |Φ1R,w3〉 is characterized by one quantum in the O–O stretch motion
and two quanta in the wagging motion. These two test states were propagated
and their auto- and cross-correlation functions were used for filter diagonal-
ization (FD) analysis, Section 6.2.2, which yielded an energy of 918 cm−1 for
|Ψl

d〉 and an energy of 1033 cm−1 for |Ψh
d〉. These energies are in good agree-

ment with the peaks in Figure 23.7, which arise from the propagation of |Ψμ,0〉.
The spectral intensities were also obtained by FD analysis. The overlaps of
the test states with the states making the doublet are: |〈Φ1z|Ψl

d〉|2 = 0.09,
|〈Φ1R,w3 |Ψl

d〉|2 = 0.83 and |〈Φ1z|Ψh
d〉|2 = 0.46, |〈Φ1R,w3 |Ψh

d〉|2 = 0.10.
One should take into account that these numbers depend on the exact def-

inition of the test states, which is not unique. However, they provide a clear
picture of the nature of the doublet: the low-energy band has the largest con-
tribution from the combination of the symmetric stretch and the third excited
wagging (see Figure 23.6(c)), whereas the second largest is the proton transfer
motion. For the high-energy band, the importance of these two contributions
is reversed. Thus, the doublet may be regarded as a Fermi resonance between
two zero-order states that are characterized by (1R, w3) and (1z) excitations,
respectively. The reason why the third wagging excitation plays an important
role in the proton transfer doublet is understood by inspecting Figure 23.6(c)
and 23.8. The probability density of state w3 has four maxima, each of which
corresponds to a bent conformation of H2O–H+ (H3O+ character) for one of
the waters, and a planar conformation (H2O character) where a lone-pair H2O
orbital forms a hydrogen bond with the central proton. When the proton os-
cillates between the two waters, the two conformations exchange their char-
acters accordingly. Thus, the asymmetric wagging mode (w3, 374 cm−1) com-
bines with the water–water stretch motion (1R, 550 cm−1 [59]) to reach an en-
ergy close to the natural absorption frequency of the proton transfer, making
these motions coupled. The two states of the doublet transform according to
the B2 irreducible representation of D2d and hence couple to the z-component
of the dipole operator.

The region between the proton transfer doublet and 2000 cm−1 features cou-
plings related to the PT and O–O stretching motions. The MCTDH spectrum
reported in Figure 23.7 presents three main absorptions in this range, located
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Figure 23.8 Schematic representation of the two most important cou-
pled motions responsible for the doublet peak at 1000 cm−1.

at 1411, 1741 and 1898 cm−1, and we could assign them to 1z1R, bu and 1z2R
excitations, respectively [59]. Here bu stands for bending ungerade, that is, one
water opens while the other closes. This water bending state deserves par-
ticular consideration. It couples very strongly to the proton transfer motion
and, in fact, its strong brightness is due to this coupling. In a fashion simi-
lar to the coupling to the w3 wagging motion, as the proton approaches one
water molecule, the equilibrium value of the H–O–H angle shifts to a larger
value because this water molecule acquires more H3O+ character. Conversely,
the water molecule at a larger distance from the central proton acquires H2O
character and the angle H–O–H shifts to lower values. That is, the concerted
motion is similar to that depicted in Figure 23.8, but with the wagging mo-
tion replaced by the bending motion. This coupling shifts the proton transfer
line down and the bending line up by at least 120 cm−1. This estimate was
obtained by suppressing the correlation between proton transfer and bend-
ing by setting the number of SPFs to one, for alternately the proton transfer
mode and the water modes. The frequency of the ungerade bending when
decoupled from the proton transfer motion resembles that of the bare-water
bending mode. Thus the shift to a higher frequency is almost entirely due to
coupling with the proton transfer mode.

23.4
Conclusion

In this chapter we have discussed the simulation of two systems related to the
excess (or hydrated) proton in water and to proton transfer from two very dis-
tinct perspectives. First, we described how a model depending on a reduced
set of parameters could be used to simulate the operation of a chain of water
molecules. Second, the protonated water dimer, or Zundel cation (H5O2

+),
which may be looked at as the smallest possible water chain, was investigated
in its full dimensionality using an accurate high-quality PES.

We discussed the construction of the system Hamiltonian for H5O2
+, specif-

ically on the PES representation for this 15-dimensional problem. We also de-
scribed how the IR spectrum could be efficiently calculated and analysed in
the time representation.
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The reported calculations on H5O2
+ were in excellent agreement with the

experimental measurements of Refs. [620] and [621] on the messenger predis-
sociation spectrum of H5O2

+ · Ne. Such a remarkable consistency between
experiment and theory along the whole spectral range represents, on the one
hand, a validation of the underlying potential energy surface of Huang et
al. [210] and of the mode-based cluster expansion of the potential used in the
quantum dynamical simulations, but is also a clear indication that a suitable
set of coordinates was selected to tackle the problem [156].

The fact that the reported simulations were successful in obtaining accurate
results for a system of the dimensionality of the protonated water dimer is to
be attributed in great part to the MCTDH algorithm, in which not only the
expansion coefficients, but also the SPFs, are variationally optimal. For a 15-
dimensional system, the use of only four basis functions per degree of freedom
represents of the order of 109 configurations. The largest calculations reported
here consist of about 107 configurations, while already good results are ob-
tained by using as few as 105 configurations (Table 23.2). Such an early conver-
gence of the MCTDH method becomes crucial as high-dimensional problems
are attempted.

The reported simulations constitute a new example of the ability of the
MCTDH method to tackle high-dimensional, complex molecular systems in
a rigorous manner. They provide as well important information on the spec-
troscopy and dynamics of the hydrated proton.
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24
Laser-Driven Dynamics and Quantum Control of
Molecular Wavepackets
Oliver Kühn

24.1
Introduction

Ultrafast laser spectroscopy provides a real-time look at elementary steps of
molecular dynamics such as vibrational energy flow, reactive barrier cross-
ings or charge transfer. This statement holds for few-atom systems in the gas
phase as well as for biological complexes. Moreover, recent advances in laser
pulse shaping have paved the way from the perspective of merely observ-
ing such dynamics to the realm of attaining its control. This gives a new
twist to the issue of molecular dynamics, since it opens the opportunity, for
instance, to deepen the understanding of elementary reaction steps by guid-
ing the systems into those regions of configuration space that one intends to
explore [629].

Given the success of classical trajectory methods in simulating many cou-
pled degrees of freedom (DOFs), one might ask whether a quantum treat-
ment of the dynamics is really necessary, especially if the complexity of the
considered systems increases and effects like dephasing may become domi-
nant [630]. Processes involving electronic transitions are definitely of quan-
tum mechanical nature. However, from the perspective of ultrafast spec-
troscopy, the observation of vibrational coherences with dephasing times of
a few picoseconds or less may call for a quantum treatment as well. Fur-
thermore, most strategies for quantum control of wavepacket dynamics are
especially designed to make use of the quantum nature of the system’s evo-
lution, that is, by exploring phase relations between the states comprising the
wavepacket.

Taking another point of view, the validation of classical trajectory methods,
such as surface hopping approaches for incorporating electronic transitions, is
usually hampered by the bottleneck of performing respective quantum simu-
lations for more than a few coupled DOFs. Fortunately, this situation is chang-
ing with the ongoing development of the MCTDH method [13, 34, 38]. Hav-
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ing at hand an efficient method for propagating wavepackets in many dimen-
sions, it becomes desirable to have an equally efficient way of generating ap-
propriate potential energy surfaces (PESs) using quantum chemistry methods.
Moreover, with increasing dimensionality, one should recover system–bath
behaviour [630], since not all DOFs will contribute equally to the considered
process, which might involve the excitation of a particular chromophore in an
extended system. Summarizing these points, the quest goes on for a method
with the following properties:

(i) The input for constructing the Hamiltonian should be straightforward
to calculate using quantum chemical methods.

(ii) There should be a means for identifying reduced-dimensional Hamilto-
nians that can be systematically extended to full dimensionality.

(iii) Since many DOFs are involved, the structure of the Hamiltonian should
allow factorization in most DOFs without further treatment.

(iv) In the limit of many coupled DOFs, one should recover a Hamiltonian
that is of the common system–bath form.

In a number of applications, we have recently shown that the all-Cartesian
reaction surface (CRS) Hamiltonian fulfills these criteria and therefore is ide-
ally suited to perform multidimensional wavepacket dynamics using the
MCTDH approach. After briefly reviewing important formulae in the next
section, applications are given for the laser-driven vibrational dynamics of a
model mimicking carboxymyoglobin [631] and of intramolecular hydrogen
bonds [610, 611, 632–636]. Subsequently, results on the non-adiabatic dy-
namics of a photoexcited diatomic molecule embedded in a low-temperature
argon matrix are discussed [637–639]. Different extensions of the original CRS
approach will also be outlined in the Applications (Section 24.3).

24.2
Theory

The description of laser-driven dynamics is based on a Hamiltonian of the
form

H = Hmol + Hfield(t) (24.1)

where the molecular part, Hmol, is supplemented by a time-dependent
molecular-field coupling part, Hfield(t). In the following we will restrict
ourselves to the dipole approximation and use

Hfield(t) = −dE(t) (24.2)
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Here, d is the operator of the dipole moment vector and E(t) is the electric
field vector. This type of operator is straightforwardly incorporated into the
MCTDH scheme, provided that the dipole moment operator can be written as
a sum of products. This means that, for a set of p MCTDH particles, {Qκ}, one
has (skipping vector notation) in analogy to Equation (3.34),

Hfield(t) =
ns

∑
r=1

er(t)d(1)
r (Q1) · · · d(p)

r (Qp) (24.3)

where the time-dependent coefficients er(t) derive from the field E(t). Time-
dependent Hamiltonians were first implemented into MCTDH in Ref. [611],
where it was also pointed out that the explicit time dependence requires the
variable mean-field (VMF) scheme for integration.

In principle, the form of Equation (24.3) as well as of the related molecular
Hamiltonian can be obtained by the potfit algorithm. However, since pot-
fit uses the full primitive product grid, its applicability will, in practice, be
limited to a few coordinates. Needless to say, the determination of the PES
using ab initio quantum chemistry faces the same dimensionality bottleneck.
Therefore, approximate methods for the ab initio determination of the PES are
needed, especially for reactive problems involving large-amplitude displace-
ments that cannot be described by local Taylor expansions. A choice that is
particularly useful in the context of the MCTDH method is the CRS Hamil-
tonian approach [640] (for a review including also references to the various
blends of reaction surface approaches, see also Ref. [636]). Here, Hmol is ap-
proximated by

Hmol = Ts + V(s) + Tq − F(s)q + 1
2 qK(s)q (24.4)

The vector s comprises large-amplitude coordinates (typically two or three)
and q stands for the majority of coordinates, which are harmonically approx-
imated with respect to a given point s (mass-weighted normal-mode coor-
dinates). As the choice of s is not necessarily restricted to minimum-energy
configurations, forces, F, appear in Equation (24.4). Further, a certain fixed
reference geometry for the definition of the normal modes has to be chosen.
Therefore, these coordinates will be mixed by the off-diagonal elements of the
Hessian K. While Equation (24.4) provides a full-dimensional description, it
is often desirable to restrict the dimensionality of the problem. A convenient
measure for the importance of a certain normal mode is its reorganization en-

ergy, ΔEreorg
i (s) = 0.5Kii(s)[q(0)

i ]2, with q(0) = −K−1F.
As suggested by the name, CRS, all coordinates are taken to be Cartesian,

that is, no couplings appear in the kinetic energy operator. Of course, this is
an approximation, as the rotational invariance along an arbitrary path on the
reaction surface cannot be shown (see, for example, Ref. [613]). However, for
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large molecules and for a choice of s that captures most of the large-amplitude
motion, one can expect the error to be small. Different choices of s include
atomic positions [610,611,640,641] or collective coordinates chosen according
to geometries of stationary points on the PES [613, 638] (see Applications in
Section 24.3).

The form of the dipole moment surface can be chosen along the same lines,
that is, by the expansion

d = d(s, q)
∣∣
q=0 + ∇qd(s, q)

∣∣
q=0 q (24.5)

that is, both Equations (24.2) and (24.4) are of factorized form in most DOFs.
Concerning the field E(t), the applications below will cover cases where it

can be assumed that the field is linearly polarized along the dominant dipole
direction, that is, the vector character of the field and the dipole can be skipped
in the following. Further, analytical pulse forms of the type

E(t) = E(t) cos[ω(t)t] (24.6)

will be used. Here, E(t) is the field envelope, which can have, for example,
sin2 shape

E(t) = E0 sin2(tπ/τp)θ(t)θ(τp − t) (24.7)

with τp being the pulse length and E0 its maximum amplitude, or Gaussian
shape

E(t) = E0 exp[−2 ln 2(t/τ)2] (24.8)

where τ is the full width at half-maximum (FWHM) of the intensity. The fre-
quency in Equation (24.6) has been chosen to be time dependent so as to de-
scribe pulse chirping. Specifically, we will use the form [642]

ω(t) = ω0 +
β(Δω2/ln 2)2

8 + 2β2(Δω2/ln 2)2 t (24.9)

which yields the FWHM

τ2 = τ2
0 + 4β2Δω2 (24.10)

Here, β is the chirp rate, Δω = 4 ln 2/τ0, and the frequency and FWHM of the
unchirped pulse are ω0 and τ0, respectively.
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24.3
Applications

24.3.1
Vibrational Ladder Climbing in a Haem–CO Model

Myoglobin is certainly one of the most studied proteins [643] and car-
boxymyoglobin (MbCO) is particularly well characterized. This character-
ization includes: a high-resolution X-ray structure [644]; studies of photodis-
sociation dynamics following optical excitation with time-resolved X-ray
crystallography of the protein dynamics related to CO migration away from
the docking site [645, 646]; investigation of CO [647] as well as haem and
protein vibrational motions coupled to the optical transition and bond-
breaking dynamics [648–651]; and CO vibrational relaxation in the haem
pocket [652]. The vibrational relaxation of the bound CO ligand in MbCO
and various model complexes has been investigated thoroughly by Dlott and
co-workers [653, 654]. The measured vibrational lifetimes range from 10 to
24 ps. Pure dephasing times were determined from vibrational echo studies
to be about 1.5 ps in water at room temperature [655].

Rebinding of CO after photodissociation is a rather slow process requir-
ing microseconds at room temperature and showing signatures of tunnelling
below 25 K [656]. This indicates the presence of a barrier, which can be attrib-
uted to the fact that, while MbCO is a singlet, deoxy-Mb is a quintet, with the
singlet–quintet separation in gas-phase models being about 5 kcal mol−1 [657].
For the barrier itself, Harvey obtained a value of about 2.4 kcal mol−1, but it
must be stressed that the reaction coordinate for barrier crossing is not simply
the Fe–CO centre-of-mass distance, but involves distortion of the haem such
that, for example, the central iron moves out of the plane [657]. The ques-
tion arises whether the dynamics in the region of the reaction barrier can be
studied using ultrafast spectroscopy. As far as rebinding is concerned, the
time-scales and likely stochastic nature of the process are prohibitive. Coming
from the reactant’s side poses the question of how to break the Fe–CO bond
in the electronic ground state using infrared (IR) laser radiation. Compensat-
ing for the anharmonicity of the vibrational ladder, chirped pulse excitation
is particularly efficient [658]. In fact, coherent vibrational ladder climbing is
not restricted to small molecules, as demonstrated by Joffre et al. for carboxy-
haemoglobin [659]. In this case, however, even though the ν = 6 level of
the CO oscillator could be populated (∼12 700 cm−1 ), which should be well
above threshold for Fe–CO bond dissociation (6000–7500 cm−1 [660]), no re-
action products have been observed.

The excitation process itself has been simulated using a two-dimensional
(Fe–CO and C–O coordinates) non-reactive model [662]. However, in order
to understand why no dissociation occurs, a reactive model for the Fe–CO
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Figure 24.1 (a) Calculated equilibrium ge-
ometry of the MbCO model (FeC24N6OH16)
using DFT/B3LYP together with a 6-31G ba-
sis set for the first-row atoms and the Los
Alamos effective core potential for iron as
suggested in Ref. [661]. The displacement
vectors of the three substrate modes that

are used in the present model (H atoms
not displayed for visual clarity) are shown
in panels (b)–(d). Their frequencies at the
geometry shown in panel (a) but with the
CO being removed are (b) 129 cm−1 (q1),
(c) 400 cm−1 (q2) and (d) 1520 cm−1 (q3).

coordinate is required. Such a model can be designed using the CRS Hamil-
tonian approach applied to a suitable gas-phase system. In the following, the
minimal model shown in Figure 24.1 will be considered, which consists of a
CO molecule ligated to an iron porphyrin and an imidazole ligand modelling
the effect of the proximal histidine [657, 661]. In Ref. [631] a CRS Hamiltonian
for this model system has been developed. It comprised two large-amplitude
coordinates, that is, the CO bond length, rCO, and the distance between the
iron and the CO centre of mass (COM), RCOM (with the appropriate reduced
masses), that is, s = (rCO, RCOM) in Equation (24.4).

As far as important normal modes are concerned, the reorganization en-
ergy, ΔEreorg, has been calculated and averaged over the reaction surface. This
gave rise to the selection of the two modes shown in Figure 24.1(b) and (c)
having frequencies of 129 cm−1 (q1, ΔEav

1 = 627 cm−1 ) and 400 cm−1 (q2,
ΔEav

2 = 779 cm−1 ). The collective low-frequency mode q1 involves some
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deformation of the haem plane as expected for the process of ligand disso-
ciation [663]. Along mode q2 the iron atom is moved out of the haem plane,
again in accord with the geometry of the deoxy form. A third harmonic mode
q3 with 1520 cm−1 , which according to Figure 24.1(d) involves some in-plane
deformation of the haem, will be taken into account because in combination
with mode q2 it provides an almost resonant channel for energy flow out of the
CO stretching mode. Notice, however, that its average reorganization energy
is comparatively small (16 cm−1 ). Freezing all other DOFs at their equilibrium
geometry, one arrives at a five-dimensional (5D) reactive model for the Fe–CO
bond dissociation. As far as the dipole moment is concerned, it is assumed
that it does not depend on the harmonic mode coordinates.

Figure 24.2 shows representative cuts of the 5D PES. In panel (a) the large-
amplitude part of the coordinate space is shown. Clearly, there is some cou-
pling between the two coordinates, as seen, for example, by the reduction of
the equilibrium CO bond length in the dissociation channel. The horizontal
solid line marks the position of the predicted singlet–quintet crossing [657]
around RCOM = 5.8 a0, which will be used for defining the dividing surface
separating reactants from products. Figure 24.2(b) shows a PES cut for the
most strongly coupled mode, q2. Since this mode involves the out-of-plane
motion of the iron centre (see Figure 24.1), it is substantially displaced upon
dissociation (not shown). However, its coupling to the CO vibration in the
vicinity of the PES minimum is not very pronounced.
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Figure 24.2 Different cuts of the 5D MbCO
PES. The other coordinates are fixed at
(a) {qi = 0} and (b) RCOM = 4.67 a0,
q1 = q3 = 0. The contour values are
(a) from 0.2 to 2.0 eV in steps of 0.2 eV and
(b) from 0.1 to 1.0 eV in steps of 0.1 eV. The
horizontal solid line in panel (a) shows the
position of the dividing surface used in the
reaction probability calculation. The PES
as well as the dipole moment surface have

been calculated using GAUSSIAN98 [664] on
a scattered grid of about 100 points. The
data are subsequently fitted to polynomials
up to 14th order in RCOM and fourth order
in rCO for V(rCO, RCOM) and up to sixth
order in RCOM and rCO for K(rCO, RCOM)
and f(rCO, RCOM). For the dipole moment, a
sixth-order fit has been used. In all calcula-
tions, the electronic state has been a singlet.
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The following propagation results show the time evolution under the action
of a Gaussian pulse, Equation (24.8), with chirped frequency (chirp rate β =
0.032 ps2 [659]). The two large-amplitude coordinates are combined into a
single mode with six single-particle functions (SPFs). For the three normal
modes we used n1 = n2 = 5, and n3 = 3 SPFs. For the representation of these
functions, the following primitive grids were employed:

(i) rCO – harmonic oscillator discrete variable representation (HO-DVR) in
the range [1.75 a0, 2.85 a0] (50 points);

(ii) RCOM – fast Fourier transform (FFT) grid in the range [3.0 a0, 7.0 a0] (64
points); and

(iii) qi – HO-DVR with q1 ∈ [−4.0, 4.0] (30 points), q2 ∈ [−3.0, 3.0] (20
points) and q3 ∈ [−2.0, 2.0] (15 points) (coordinates in a0

√
a.m.u.).

Absorbing boundary conditions were used along the dissociative coordinate
RCOM realized via a complex potential of the form

W(RCOM) = ηθ(RCOM − RCAP)(RCOM − RCAP)2

with η = 0.1 Eha−2
0 and RCAP = 6.0 a0 [34].

The upper two panels of Figure 24.3 show the field envelope as well as the
time-dependent frequency. In the lower panel, the reaction yield is plotted.
It is defined by the expectation value of a step function placed at RCOM =
5.8 a0. Apparently, the reaction yield is increasing during laser driving and
keeps increasing in the subsequent field-free propagation interval. On this
logarithmic scale the yield arrives at a value of about −5, indicating that only
a very small fraction of the wavepacket has reached the exit channel.

In order to analyse the dynamics, we have calculated the population of zero-
order states for the CO motion (that is, for the PES cut where all other coor-
dinates are at their equilibrium values). The resulting populations are shown
in Figure 24.4. This figure nicely illustrates the ladder climbing in the anhar-
monic CO oscillator. At the end of the pulse, the highest state with quantum
number 7 at energy 14 380 cm−1 is populated by about 0.03. Energetically, this
would be sufficient to overcome the dissociation threshold, which is about
10 000 cm−1 for the present model. We further note that, after the pulse is
over, the population of all considered zero-order states stays approximately
constant. In other words, we do not find any sign of vibrational energy redis-
tribution on the considered time-scale.

This is confirmed by inspecting the expectation value of the molecular en-
ergy and of the uncoupled CO oscillator in Figure 24.5(a). During most of the
pulse duration, both coincide on average; only towards the end of the pulse
does a difference become noticeable. Here, energy goes into other DOFs, as
seen in Figure 24.5(b), where the energy expectation value for the uncoupled
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Figure 24.3 Upper panels: Normalized pulse envelope, Equa-
tion (24.8), and time-dependent frequency, Equation (24.9), used for
the 5D propagation of laser driving the CO coordinate in the MbCO
model. The parameters were: τ0 = 0.1 ps, ω0/2πc = 1950 cm−1 ,
β = −0.032 ps2 and E0 = 0.38 mEh/ea0 (mEh, millihartrees). The
lower panel shows the logarithmic reaction yield defined as the expec-
tation value of a step function at RCOM = 5.8 a0 (see Figure 24.2).

RCOM coordinate is shown. Apparently, only upon excitation of the ν = 6–7
CO levels does anharmonic coupling start to play a role on this time-scale.

One can conclude that the present model allows for a description of chirped
pulse excitation of the CO vibration in a gas-phase MbCO model system. In
accord with the experiment [659], we find that, despite controlled CO exci-
tation above the dissociation threshold, there is no noticeable probability for
bond breaking. We also observe that on the time-scale of a few picoseconds
the effect of the oscillators coupling to the reaction coordinates is negligible.
As the wavepacket stays confined along the CO coordinate, the respective
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increase.

couplings are not very pronounced (see Figure 24.2(b)). Whether the goal of
controlled bond breaking in the electronic ground state can be achieved by
more complex pulse shapes remains to be investigated.

24.3.2
Hydrogen-Bond Dynamics

Hydrogen bonds A–H· · ·B combine two features that make them interest-
ing for MCTDH studies. First, owing to the coupling among the stretching
and bending A–H vibrations as well as their interaction with heavy-atom
motions, A· · ·B, the vibrational dynamics shows pronounced multidimen-
sionality. Second, as one is dealing with the lightest nuclei, quantum effects
are likely to be of great importance (for a review, see Ref. [636]). Further-
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more, this is the type of system for which the CRS Hamiltonian was originally
developed – light particles are moving in the field of a scaffold of heavier
atoms. Motivation also comes from the experimental side, where femtosec-
ond IR laser spectroscopy enables triggering and subsequent observation of
coherent wavepacket dynamics in the electronic ground state (see, for exam-
ple, [459, 665]). The combination of the CRS Hamiltonian and MCTDH wave-
packet propagation has been applied in the context of laser driving to two
systems, phthalic acid monomethyl ester (PMME) [611, 632, 633] and salicy-
laldimine (SA) [610, 634, 635], for both the normal and the deuterated species.

PMME is a single-minimum system, that is, the vibrational dynamics is
anharmonic, but there is no H atom transfer. In fact, it was the first system
for which O–H· · ·O hydrogen-bond wavepacket dynamics could be initiated
upon excitation of the O–H stretching vibration [666]. This finding was first
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explained in Ref. [632] using a 55-dimensional time-dependent self-consistent
field (TDSCF) description. Later, the propagation was refined to include mul-
ticonfiguration effects in a nine- (9D) [611] and 19-dimensional (19D) model
[633]. Although the basic mechanism of wavepacket excitation due to an-
harmonic coupling between fast (O–H) and slow (O· · ·O) coordinates does
not change, the enhanced flexibility of the MCTDH wavepacket allows for
the onset of irreversible energy flow. Representative results of laser-driven
wavepacket dynamics for the deuterated form are shown in Figure 24.6. From
the decay of the expectation value describing the energy of the excited OD
stretching vibration, one can estimate a relaxation time of the order of 20 ps.
This is, however, still substantially longer than the observed subpicosecond
T1 time [665]. A proper description of this experimentally observed time-scale
requires the interaction with the solvent to be taken into account [667].
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Figure 24.6 Expectation values of single-
mode Hamiltonians obtained from an MCTDH
propagation on a 9D reaction surface describ-
ing the hydrogen-bond dynamics in deuter-
ated phthalic acid monomethyl ester [611].
The driving pulse is resonant with the OD
stretching vibration (2430 cm−1 ) and has a
sin2 shape (Equation (24.7)) with τp = 300 fs

and E0 = 0.5 mEh/eaB. The different pan-
els show the expectation values for (a) the
OD stretching mode, which corresponds to
the reaction coordinate, (b) the most strongly
coupled harmonic mode, and (c) the sum of
the remaining seven modes. In this simula-
tion, the chirp rate was zero.

Salicylaldimine has an O–H· · ·O hydrogen bond and a double-minimum
PES with a barrier of about 2000 cm−1 [610]. Treating the atomic coordinates
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of the in-plane motion of the H/D atom as the large-amplitude reaction co-
ordinate, a seven-dimensional (7D) model of the enol–keto tautomerization
reaction was developed in Ref. [610]. A crucial point was the introduction of
a (crude) diabatic basis for the reaction coordinate DOFs. Since the diabatic
H/D atom states are rather localized, the grid on which the first and second
derivatives of the PES has to be calculated is considerably reduced. Fixing the
normal-mode coordinates at the more stable enol minimum, the diabatic H/D
states have been obtained from the solution of the Schrödinger equation for
the wavefunctions φα(s=(x, y)) ≡ 〈s|α〉,

[Ts + V(s)]φα(s) = Eαφα(s) (24.11)

The diabatic representation of the CRS Hamiltonian then becomes

Hdiab = ∑
α,β

[( 1
2 p2 + Vαα(q))δαβ + Vαβ(q)(1 − δαβ) − E(t)dαβ]|α〉〈β| (24.12)

where dαβ are the matrix elements of the dipole moment operator, the diabatic
PESs are given by

Vαα(q) = Eα − Fααq + 1
2 qKααq (24.13)

and the coupling between the diabatic states is

Vαβ(q) = −Fαβq + 1
2 qKαβq (24.14)

This representation offers the additional advantage that one has well-
defined zero-order states for the discussion of spectral features and wave-
packet dynamics. In Figure 24.7 the population dynamics of the diabatic
states after OH (panel (a)) and OD (panel (b)) stretching excitation is shown.
Most notable is the difference between OH and OD vibrational stretching
dynamics (state α = 3), which is mostly due to the different densities of vi-
brational states. While there is a long-lasting population exchange between
the OD stretching state and the ground state (via excited oscillator modes),
the excited OH population decays almost to zero within the given interval of
2 ps. This demonstrates that the anharmonicity provided by the PES of the
molecule alone suffices to observe subpicosecond population decay.

24.3.3
Predissociation Dynamics of Matrix-Isolated Diatomics

Matrix-isolated diatomics, such as rare gases hosting dihalogens, constitute
a seemingly simple model system to study condensed-phase dynamics [668,
669]. In particular, surface hopping classical trajectory methods have been
extensively used to unravel details of non-adiabatic dynamics after photoex-
citation [670,671]. Here the diatomics-in-molecules (DIM) [672] method plays
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Figure 24.7 Population change of the
diabatic H (panel (a)) and D (panel (b))
states calculated for the 7D model of sal-
icylaldimine [610, 634, 635]. (a) Differ-
ence populations: ΔP1, ΔP2, ΔP3, ΔP5 and
∑α=4,6–10 ΔPα (curves from bottom to top,
upper curves are vertically offset). The sin2-
shaped laser pulse was tuned to resonance

with the stretching fundamental transition re-
gion with pulse parameters: E0 = 4 mEh/ea0,
ω0/2πc = 2680 cm−1 , τp = 260 fs. (b) Differ-
ence populations: ΔP1, ΔP2, ΔP3, ΔP4, ΔP7
and ∑α=5,6,8–10 ΔPα (curves from bottom to
top, vertically offset). The pulse frequency
has been changed to the OD resonance at
ω0/2πc = 1920 cm−1 . In both cases, the
chirp rate was zero.

an essential role for the determination of the forces on the nuclei and the
non-adiabatic couplings. Ultrafast spectroscopy and the ability to shape laser
light to control molecular dynamics [673, 674], however, requires a quantum
mechanical description accounting for the (coherent) evolution of the wave-
packet. Reduced-dimensionality models have been shown to be useful for
studying the short-time dynamics only [675–677].

Recently, we have made an effort to establish a reaction surface model for
quantum dynamics simulations for the system Br2 in solid argon [637–639].
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Our model is based on the DIM description, which provides a diabatic-type
representation of the Hamiltonian in terms of the valence-bond basis for Br2
[637]. In principle, this includes information on the full-dimensional (700
atoms with periodic boundary conditions) PESs and their couplings. In prac-
tice, one has to start by focusing on a subset of electronic states. In Ref. [637]
it has been shown that, by restricting the model to a specific electronic tran-
sition such as X → B, the dimension of the DIM Hamiltonian matrix can be
reduced to 17 states (see Figure 24.8). Subsequently, in order to incorporate
nuclear DOFs, we have further reduced the model by targeting it to include
the B → C state predissociation channel [638]. This requires the following four
states to be taken into account (according to Hund’s case c labelling): X(0+

g ),
B(0+

u ) and C(1u), the latter being doubly degenerate.

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

 4  5  6  7  8  9  10  11

E 
[E

h
]

R [a0]

R(X)

R(B)

R(TP)

Figure 24.8 Potential energy curves along
the Br–Br distance and for the case of Ar
atoms fixed at their ground-state equilibrium
geometry. The states that are included in the
vibronic coupling model (X, B and the doubly
degenerate C state) are given by solid lines.

Other valence states are shown as dashed
lines [638]. The reference geometries consid-
ered for the construction of a reaction surface
Hamiltonian are shown as grey circles (R(X) ,
ground-state equilibrium; R(B) , B-state equi-
librium; and R(TP), outer turning point).

Reduced-dimensional models for the nuclear DOFs are typically based on
an intuitive choice of one or two coordinates such as the dihalogen’s bond dis-
tance and a collective matrix coordinate describing cage motion [675]. A more
systematic way of designing a reduced model is based on the reaction surface
idea, with the choice of large-amplitude coordinates being adopted to the par-
ticular process under consideration (similar to the case of H bonds [613]). For
the present case of X → B excitation and subsequent transition to the C states,
one can start from the coordinate vectors describing the equilibrium geome-
try in the ground state and in the B state, that is, R(X) and R(B), respectively
(see Figure 24.8). Trivially, this change in configuration requires movement
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along the Br–Br bond distance, which after mass-weighting is the first large-
amplitude coordinate, ζR. The second coordinate, ζX−B, can be obtained from
the mass-weighted difference vector R(B) −R(X) upon Gram–Schmidt orthog-
onalization with respect to ζR [638]. The displacement vectors associated with
ζX−B are shown in Figure 24.9(a). They illustrate the response of the matrix
cage to the Br–Br bond elongation in the B state. In principle one could ex-
tend this procedure to account, for example, for the configuration of the outer
turning point reached after Franck–Condon excitation, R(TP). Numerical tests
showed, however, that this geometry is already reasonably covered by the two
coordinates ζR and ζX−B.

(a)  (b)

Figure 24.9 Displacement vectors of (a) the large-amplitude matrix
coordinate, ζX−B, and (b) the harmonic B–C coupling mode, q2 [638].

The PES for the B state spanned by these two large-amplitude coordinates
is shown in Figure 24.10. The coupling is obvious from the tilt of the contours.
Since these coordinates maintain the approximate D2h symmetry of the cage,
we obtain a crossing seam for the intersection with the C states (approximately
given by the straight line in Figure 24.10). Hence, predissociation is negligible
if only these two coordinates are considered. This gave motivation to incorpo-
rate harmonic modes coupling B and C states as is usually done in the context
of vibronic coupling theory [4] (note that harmonic tuning modes coupling to
the motion in a given electronic state have not been taken into account).

Inspecting the B–C coupling matrix elements, two coupling modes, q1 and
q2, have been identified to couple most strongly to this transition. For the
dominant mode, q2, we show the displacement vectors in Figure 24.9(b). As
expected, this mode lowers the local symmetry of the cage, thus opening a
conical intersection at points along the crossing seam. The four-state and four-
coordinate Hamiltonian thus contains the kinetic energy part (α = X, B, C;
ω1/2πc = 60 cm−1 ; ω2/2πc = 63 cm−1 ):

T = − h̄2

2

(
∂2

∂ζ2
R

+
∂2

∂ζ2
X−B

)
− h̄

2

(
ω1

∂2

∂q2
1

+ ω2
∂2

∂q2
2

)
(24.15)
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Figure 24.10 Snapshots showing the time
evolution of the 2D reduced density on the
diabatic B-state surface (contour levels 0.069,
0.08, 0.09, 0.10, 0.11, 0.12 Eh) after Franck–
Condon excitation with a Gaussian-shaped
pulse (E0 = 5 mEh/ea0 and τ = 30 fs). The
transition dipole moment is assumed to de-
pend on ζR only. The position of the crossing
seam between B and C states is indicated by

a vertical line. The lower right panel shows
the population of the C states relative to the
total population transfer out of the ground
state for the cases of vertical excitation from
the vibrational ground (I) and the first ex-
cited (II) state (for propagation details, see
Ref. [639]). In this simulation, the chirp rate
was zero.

the diagonal potential energy part (Uα is the PES for the large-amplitude co-
ordinates):

Vαα = Uα(ζR, ζX−B) + 1
2 h̄(ω1q2

1 + ω2q2
2) (24.16)

and the state coupling (for both C states):

VBC = ih̄F(1)
BC (ζX−B)q1 + h̄F(2)

BC (ζX−B)q2 (24.17)

The coupling matrix elements F(1)
BC and F(2)

BC have been discussed in Ref. [638].
An important point concerns their coordinate dependence along the crossing
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seam, that is, the coupling becomes stronger as ζX−B increases (cage compres-
sion, see Figure 24.9(a)).

The focus of the MCTDH study in Ref. [639] has been to unravel details of
the predissociation dynamics. Snapshots of reduced densities on the B state
after ultrafast excitation are shown in Figure 24.10. Initially, the wavepacket
moves towards the cage wall, where it is reflected also along the direction of
the collective matrix coordinate ζX−B. The predissociation yield can be quanti-
fied by the population of both C states relative to the total excited population,
which is shown in the lower right panel of the figure. One notices that, al-
though the wavepacket crosses the intersection seam twice during the first
400 fs, population transfer occurs only if the cage is compressed, that is, if
there is an elongation along ζX−B. Apart from the energetic arguments, the
reason for the effective transfer in this case can be found in the coordinate de-
pendence of the state coupling, as mentioned above. Another scenario that
has been investigated involves the case of vibrational pre-excitation of the
Br–Br bond in the ground X state. Such an initial state can be prepared in
principle by a pump–dump like pulse sequence. Analysing the wavepacket
dynamics one finds that the population transfer is reduced (see curve (II) in
Figure 24.10). Here, the reason can be traced to the fact that the wavepacket is
launched deeper in the excited-state PES, where in principle it is already en-
ergetically closer to the crossing seam during the first bond elongation. How-
ever, at the same time, the magnitude of the state coupling is reduced and
therefore there is less predissociation in the present model.

Experimentally, it has been shown that, for the case of dihalogens in argon,
phase-locked pulse sequences can be used to control the amount of matrix
excitation in the B-state wavepacket [674]. Since vibrational relaxation is im-
portant in these experiments, simulations will require the use of the flexibility
of the present formulation, including in particular harmonic tuning modes.

24.4
Summary

The combination of the MCTDH wavepacket propagation and the all-
Cartesian reaction surface Hamiltonian methods is ideally suited for explo-
ration of the quantum dynamics of large systems on the basis of quantum
chemical input. In light of the desirable features of an appropriate Hamilton-
ian, which were stated in the Introduction, the following can be concluded:

(i) Most quantum chemical methods provide a convenient means for cal-
culating the first and second derivatives entering Equation (24.4). The
restrictions in dimensionality, therefore, come from the desired accuracy
where ab initio methods are concerned. Semi-empirical methods, on the
other hand, can provide input for thousands of DOFs.
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(ii) A systematic way of identifying reduced models and extending them
is provided by inspecting a number of quantities such as reorganiza-
tion energies, which are straightforwardly extracted from the quantum
chemical input.

(iii) The Hamiltonian is of factorized form in most coordinates.

(iv) In principle, all the input for calculating spectral densities that could
enter a system–bath model is available.

In the applications that have been discussed, controlled population of
highly excited states of selected DOFs has been accomplished by driving
with a laser field, choosing appropriate pulse forms and parameters by hand.
Simulating wavepacket control with more flexible pulse forms is still a formi-
dable task for multidimensional systems. In view of the experimental success
in controlling even complex biomolecules, theoretical advances are needed.
In this respect, recent success in the incorporation of optimal control theory
into the MCTDH framework is very promising [72, 678].
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Polyatomic Dynamics of Dissociative Electron
Attachment to Water Using MCTDH
Daniel J. Haxton, Thomas N. Rescigno and C. William McCurdy

25.1
Introduction

Dissociative electron attachment (DEA),

AB + e− → (AB−)∗ → A− + B (25.1)

is the process in which a free electron attaches to the (polyatomic) molecule
AB, creating a transient anion species (AB−)∗, which then subsequently dis-
sociates to ionic and neutral fragments, A− and B. Three-body break-up may
also be possible. This process may occur in a variety of environments, from
plasmas, in which free electrons are pervasive, to human bodies, where harm-
ful radiation may trigger a cascade of ionized electrons, which in turn may at-
tach to simple molecules such as H2O or larger molecules such as DNA bases.

Considerable theoretical and experimental effort has gone into understand-
ing this process. Experiments have been performed since the first half of the
20th century. By the 1960s, theory had gained a footing and began to ex-
plain the experiments [679]. Key among the theoretical developments was
the recognition that DEA must proceed via a resonant (metastable) electronic
state, denoted (AB−)∗ [679].

We are interested in the process of dissociative electron attachment to water,
one of the most famous examples of DEA in a polyatomic molecule, which
was studied as early as 1930 [680], and continues to attract interest to the
present day [681–692]. This system exhibits considerable complexity and may
be considered a challenging test for the theory of dissociative attachment in
polyatomic molecules.

The fact that (AB−)∗ is a metastable electronic state is what leads to much
of the difficulty in treating dissociative electron attachment theoretically and
computationally. First, in the fixed-nuclei picture, one must account for the
electronic continuum in solving the electronic part of the problem, so that the
energies and lifetimes of the metastable states of the anion can be calculated
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correctly as a function of the molecular geometry. There are a variety of meth-
ods for doing so. We use an implementation of the complex Kohn variational
method [693–701] incorporating a fully correlated and ab initio expansion of
the H2O + e− system, including 37-state close coupling in the states of the tar-
get H2O plus additional terms.

The second part of the theoretical treatment is the calculation of the nuclear
dynamics of the metastable electronic states of H2O−. The nuclear dynamics
are calculated under an approximation known as the local complex potential
(LCP) model [679, 702–705], in which the effect of the decay of the resonance
is accounted for by a complex-valued potential

V(q) = ER(q) − 1
2 iΓ(q)

where q denotes the internal nuclear coordinates of the molecule, ER is the
location of the resonance, and Γ is its width. The LCP model is an example
of non-Hermitian quantum mechanics; the norm of the wavepacket decreases
over time, corresponding to decay of the metastable state.

We employ the MCTDH package [13] in calculating the quantum nuclear
dynamics of DEA to water. This problem is non-trivial, even for a diatomic
molecule, let alone for a polyatomic one. There are several competing effects
that determine the cross-section and product distributions in DEA. First, there
is the tendency for the added electron to detach. This process is the inverse
of the first step in Equation (25.1), the attachment of an electron to the target
AB to produce AB−. Such detachment is geometry dependent, controlled by
the width Γ(q), and may completely dominate survival, such that the amount
of A− + B produced is only a small fraction of the AB− initially created by the
attachment process. Second, just as in other processes such as photodissocia-
tion, the shape of the potential energy curve (for a diatomic) or surface (for a
polyatomic), which we denote ER, will direct the propagating wavefunction
towards products, and will determine the speed at which it gets there, the ki-
netic energy of the fragments and the product distribution. A large width Γ
may also affect product distributions.

The problem at hand, DEA to water, is further complicated by the fact that
the observed products are the result of nuclear dynamics on several Born–
Oppenheimer potential surfaces that are coupled to one another and to other
surfaces. We perform the simplest treatment that would be expected to repro-
duce the major features of the cross-section, which treatment includes both
conical intersection and Renner–Teller non-adiabatic effects. Throughout this
chapter, we provide full details of the parameters of the MCTDH calculations.
These (half-)reactive scattering calculations have been performed in several
coordinate systems, sometimes employing coupled electronic channels, and
in all cases we have been able to obtain converged results with the MCTDH
package.
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Further information about the calculations we have performed may be
found in Refs. [706–712].

25.2
Dissociative Electron Attachment to Water

Dissociative electron attachment to the water molecule [680–692] proceeds
through a number of channels, each with a different energetic threshold:

H2O + e− →

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H + OH− 3.27 eV

H2 + O− 3.56 eV

H− + OH (X 2Π) 4.35 eV

H + H + O− 8.04 eV

H− + OH∗ (2Σ) 8.38 eV

H− + H + O 8.75 eV

(25.2)

The production of these species occurs via three metastable Born–Oppen-
heimer electronic states of the H2O− system, whose vertical transition ener-
gies therefore determine the incident energies at which DEA occurs. Those
electronic states of the anion are the 2B1, 2A1 and 2B2 Feshbach resonances,
and they are responsible for the three distinct peaks in the DEA cross-section,
shown in Figure 25.1. Their potential energy surfaces contain asymptotes
corresponding to the product channels listed in Equation (25.2), with the ex-
ception of the H + OH− channel; this product is a result of non-adiabatic ef-
fects [708].

The vertical transition energies of the three resonant states may be estimated
from the position of the peaks in the cross-section, at approximately 6.5, 8.4
and 11.8 eV. In Figure 25.2 we show the results of approximate calculations
[708] to obtain the real part of the resonance energies, ER. This figure depicts
the behaviour of the resonance energies with respect to the H–O–H bending
angle θHOH, fixing the OH bond lengths at r1 = r2 = 1.81 a0. We see the
vertical transition energies at the equilibrium geometry of the neutral, θHOH =
104.5◦.

There is coupling among all three resonance states, which makes the treat-
ment of the nuclear dynamics more difficult. The 2B1 and 2A1 resonances are
degenerate at linear geometry. This degeneracy will lead to Renner–Teller cou-
pling [713–717] between the two states. In addition, there is a conical inter-
section [718–723] between the 2A1 and 2B2 surfaces located at approximately
θHOH = 73◦. For a full description of the many surfaces involved in this sys-
tem, see Ref. [708].

We have constructed complex-valued potential energy surfaces correspond-
ing to the three resonance states [706, 710]. The details will be omitted here,
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Figure 25.1 Experimental results of Fedor et al. [692].
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Figure 25.2 Real parts of resonance energies, in units of hartrees, for
OH bond distance = 1.81 a0 in C2v geometry, plotted with respect to
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but we note that the treatment of the conical intersection between the 2A1 and
2B2 states, which plays a major role in DEA starting from the 2B2 resonance
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at 11.8 eV, requires a diabatization [66, 724, 725]. We have performed such a
diabatization [710], which yields diabatic 2A1 and 2B2 surfaces, which corre-
spond to the adiabatic surfaces at the equilibrium geometry of neutral H2O,
and a coupling term. We use these diabatic surfaces for calculations of DEA
via the 2B2 resonance [711]. For calculations on the Renner–Teller coupled
2B1 and 1 2A′ surfaces, we also use an electronically diabatic basis, that which
diagonalizes the projection of electronic angular momentum about the molec-
ular axis, �̂z.

25.3
Time-Dependent Treatment of Dissociative Attachment Within the Local
Complex Potential Model

The local complex potential (LCP) model [679, 702–705], also known as the
‘boomerang’ model when applied to vibrational excitation, describes the nu-
clear dynamics in terms of the driven Schrödinger equation

(E − H)ξνi(q) = φνi (q, 0) (25.3)

in which the Hamiltonian for nuclear motion in the resonant state is

H = Kq + ER(q) − 1
2 iΓ(q) (25.4)

In Equations (25.3)–(25.4), the nuclear degrees of freedom are collectively de-
noted by q and the nuclear kinetic energy is denoted by Kq. The energy, E, is
the energy of the entire system, namely that of the target molecular state plus
the kinetic energy of the incident electron,

E = Eνi + 1
2 k2 (25.5)

The driving term, φνi in Equation (25.3) is defined as

φνi (q, 0) =

√
Γ(q)
2π

χνi (q) (25.6)

in which χνi is the initial vibrational wavefunction of the neutral target mole-
cule, whose quantum numbers are collectively denoted by νi. The factor that
multiplies χνi , called the ‘entrance amplitude’, is arrived at via certain approx-
imations [696].

The width Γ enters the LCP equations both in the entrance amplitude and
in the imaginary component of the surface. In the case of a narrow resonance,
for which the imaginary component of the LCP potential − 1

2 iΓ is small and
therefore for which the probability of autodetachment will be small, the mag-
nitude of the cross-section will exhibit a linear dependence upon the width. At
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the other extreme, when the entrance amplitude and imaginary component of
the surface are large, the magnitude of the cross-section will be determined
by the survival probability, that is, the probability that dissociation will occur
before autodetachment. The survival probability then exhibits an exponential
dependence upon the width.

The solution of Equation (25.3) can be accomplished via time-dependent
methods, as first demonstrated by McCurdy and Turner [726]. The solution
ξνi (q) satisfies the boundary condition that it should contain only purely out-
going waves,

ξνi (q) = (E − H + iε)−1φνi (q, 0) (25.7)

By representing the Green’s function, (E − H + iε)−1, by the Fourier trans-
form of the corresponding propagator, the stationary solution ξνi (q) of Equa-
tion (25.3) can be obtained:

ξνi(q) = lim
ε→0

i
∫ ∞

0
ei(E+iε)te−iHtφνi (q, 0) dt

= lim
ε→0

i
∫ ∞

0
ei(E+iε)tφνi (q, t) dt

(25.8)

where we define the time-dependent nuclear wavefunction as

φνi (q, t) = e−iHtφνi(q, 0) (25.9)

The present system involves three resonances with very different complex
potential energy surfaces [708, 710]. The width of the 2B1 state is small, of
the order of 6 meV; therefore, we expect the LCP model to perform very well
in this case. In contrast, both the 2A1 and 2B2 states have widths that may
approach a quarter of an electronvolt at some geometries. In the case of the
2A1 resonance, for dissociation of H− from OH, the width increases sharply
just before the resonance becomes bound, as the Feshbach resonance takes on
shape resonance character [710]. This behaviour may indicate that virtual-
state effects, not included in the LCP model, are important in describing the
dynamics on the 2A1 potential energy surface.

For the 2B2 state, the width is consistently near 200 meV in the vicinity of the
Franck–Condon region of the neutral. This large width may indicate a break-
down of the LCP model for this system. Additionally, the potential energy
surface of the 2B2 state is inherently multivalued, undergoing a branch-point
degeneracy with a 2B2 shape resonance [708]. We do not include this feature
in the present calculations, and therefore our results on three-body break-up
via the 2B2 resonance are expected to be only qualitatively correct.
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25.4
Coordinate Systems

The calculation of the nuclear dynamics upon these three coupled resonance
surfaces using the MCTDH algorithm requires, first and foremost, the selec-
tion of appropriate coordinate systems. We choose the coordinate systems
based on the product arrangements we wish to analyse. Selection of the ap-
propriate coordinate system enables the use of FLUX84, one of the Heidelberg
MCTDH package analysis programs [13], to calculate the final cross-sections,
and to resolve those total cross-sections into the partial cross-sections corre-
sponding to the rovibrational states populated. The FLUX84 program enables
the discrimination of two- and three-body break-up.

For calculations of two-body break-up, we choose the Jacobi coordinate sys-
tem appropriate to the diatomic fragment involved. Therefore, to analyse pro-
duction of H− + OH (where the OH is in its ground electronic state, X 2Π, or,
for DEA via the highest 2B2 resonance state, may also be in the first excited
state, 2Σ), we choose the Jacobi coordinate system in which the vector r con-
nects the O and the H of the OH fragment, and R connects the second H with
the OH centre of mass. To study break-up into H2 + O−, we choose the other
Jacobi coordinate system in which r connects the two H atoms. In both cases
the angle γ denotes the angle between the two Jacobi vectors.

For total rotational angular momentum J �= 0, we operate within the body-
fixed frame. This body-fixed frame is defined as having the z-axis collinear
with the Jacobi R vector, and as having the molecule reside within the xz
plane. As is customary, we expand the total wavefunction in a sum over nor-
malized Wigner D-functions D̃J

MK,

χνi (R, r, γ, α, β, ζ) = ∑
K

D̃J
MK(α, β, ζ)

χK
νi
(R, r, γ)

Rr

D̃J
MK(α, β, ζ) =

√
2J + 1

8π2 DJ
MK(α, β, ζ)

(25.10)

This coordinate system is shown in Figure 25.3.
For DEA to the middle- and highest-energy resonances, the 2A1 and 2B2,

however, the three-body break-up channels H + H + O− and H− + H + O may
be energetically open, and therefore we must consider three-body break-up.
In order to do so, we cannot use the Jacobi coordinate systems, because there is
not a unique dissociative coordinate corresponding to three-body break-up in
the Jacobi coordinate system. Therefore, we use hyperspherical coordinates,
in which there is only one dissociative coordinate, the hyperradius R. The
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Delves-type coordinates [727, 728] are defined as

R =
√

R2 +
μr

μR
r2

θ = tan−1
√

μr

μR

R
r

γ is unchanged from the Jacobi coordinate system

(25.11)

The coordinate R ranges from zero to infinity, and the coordinate θ ranges
from zero to 90◦.

25.5
Hamiltonians

Before discussing the primitive bases we use within the MCTDH implemen-
tation, it is necessary to discuss the Hamiltonians we employ, as these include
various singularities, which must be accounted for in the numerical imple-
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mentation. For the Jacobi coordinate system, the Hamiltonian reads [165, 716]

HJ
KK = − 1

2μR

∂2

∂R2 − 1
2μr

∂2

∂r2 +
ĵ2

2μrr2

+
1

2μRR2 [J(J + 1) − 2K2 + ĵ2] + V(R, r, γ)

HJ
K±1,K = − 1

2μRR2

√
J(J + 1)− K(K ± 1) ĵ±

ĵ2 = −
(

1
sin γ

∂

∂γ
sin γ

∂

∂γ
− K2

sin2 γ

)

ĵ± = ∓ ∂

∂γ
− K cot γ

(25.12)

For the hyperspherical version, we have only employed J = 0 thus far, and so
write the Hamiltonian as

H0
00 = − 1

2μR

∂2

∂R2 +
1

2μRR2

[
− ∂2

∂θ2 − 1
4

+
1

sin2 θ cos2 θ
ĵ2
]

+ V(R, r, θ)

(25.13)

There are several singularities in the above Hamiltonians. One occurs due to
the inverse sine-squared terms in the operator ĵ2, becoming singular at γ = 0
or 180◦. Others occur at r, R, or R equal to zero. Finally, in the hyperspherical
coordinates, we have singularities at θ = 0 or 90◦.

25.6
Choice of Primitive Basis and Representation of the Hamiltonians

We employ both separable and non-separable bases implemented within
MCTDH. We use the customary sine discrete variable representation (DVR)
– see, for example, Appendix B of Ref. [34] – to represent all radial degrees
of freedom, r, R and R. For the bending coordinate γ, we employ either the
Legendre DVR, for J = 0, or the extended Legendre DVR [165], for J �= 0.

The extended Legendre DVR allows us to fully account for the kinetic en-
ergy singularities at γ = 0 and 180◦ that occur in the Hamiltonian, described
above. We employ the operators ĵ+ and ĵ− as implemented for the extended
Legendre DVR within MCTDH. It is very important that this singularity be
treated properly, for the dissociating molecule samples linear geometry for
DEA via all the resonance states.

In contrast, we have found that an exact representation of the other singu-
larities is not necessary for an accurate description of the nuclear dynamics.
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That at r = 0 is never sampled, this geometry corresponding to an oxygen and
hydrogen being on top of one another. The geometry R = 0 may be sampled.
In particular, the dynamics via the 2A1 resonance state involves a transit to lin-
ear H–O–H geometry, as one can infer from the shape of the potential energy
curves shown in Figure 25.2: the 2A1 potential slopes downwards to linear
geometry. Therefore, the geometry R = 0 is relevant for the r = rHH Jacobi
coordinate system as applied to the 2A1 resonance state dynamics. However,
we find that we may implement the singular 1/R2 terms simply as a diagonal
potential in the sine DVR basis, and encounter no numerical difficulties.

However, the singularity in the hyperspherical coordinate system at θ = 0
and 90◦ is more problematic. For this coordinate, we also employ sine DVR,
and we find that a straightforward implementation of this term does lead
to difficulties with the numerical integration, as one would suspect due
to large values of the singular term. Therefore, we are forced to replace
1/(sin2 θ cos2 θ) with min(1/(sin2 θ cos2 θ), A), where min( ) denotes the
lower value of, and A is a fixed parameter. Luckily, we observe conver-
gence of the calculation with respect to A: calculations using A = 80 and
A = 300 hartree are indistinguishable, and we set the value of A at 80 hartree.
Of course, 80 hartree is several orders of magnitude greater than the kinetic
energy available to the dissociation, which is of the order of several electron-
volts, and therefore this convergence is not unexpected.

25.7
Representation of Potential Energy Functions Using potfit

In all our calculations, we employ a separable expansion of the potential terms
using the MCTDH utility potfit [13]. We have found the representations to
be quite faithful, and we provide the potfit parameters used in Table 25.1.
For brevity, we do not include the calculations done in the r = rHH Jacobi
coordinate system.

25.8
Single-Particle Function (SPF) Expansion and Mode Combinations

Proper choice of the single-particle function (SPF) expansion within the
MCTDH algorithm is necessary for converged results. The current system
has three internal degrees of freedom – four in the case of J �= 0 calculations
– and three primitive modes within MCTDH, as the K degree of freedom is
combined with γ for J �= 0 by the KLeg-DVR. In most cases, we were able
to achieve converged results for the various calculations presented here, in-
corporating different final channels, surfaces and coordinate systems, using
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Table 25.1 Parameters used in potfit potential fits. In all cases Vmin and Vmax refer to the non-
separable weights used to include or discard points from the fit. The error is the root-mean-
square error on these relevant points.

Natpots
Surface R r γ Vmin Vmax Error

Jacobi rOH

2B1 ER 15 15 contr −4.67 eV 5.44 eV 32 meV
2B1 Γ 10 10 contr 0.0 eV 10.72 meV 0.026 meV
1 2A′ ER contr 18 16 −4.58 eV 6.81 eV 65 meV
1 2A′ Γ 10 10 contr 0.0 eV 0.005 eV 0.605 meV
2A1 ER 15 15 contr −3.15 eV 5.44 eV 13 meV
2A1 Γ 10 10 contr 0.0 eV 196 meV 3.83 meV
2B2 ER 15 15 contr −4.58 eV 6.80 eV 15.89 meV
2B2 Γ 10 10 contr 0.0 eV 272 meV 9.52 meV

Coupling ER 15 15 contr −2.72 eV 2.72 eV 32 meV
Coupling Γ 10 10 contr −272 meV 272 meV 2 meV

Natpots
Surface R θ γ Vmin Vmax Error

Hyperspherical

1 2A′ ER 18 contr 18 −5.44 eV 4.56 eV 15 meV
1 2A′ Γ 20 contr 20 0.0 eV 0.136 eV 0.326 meV
2A1 ER 16 contr 16 −3.18 eV 6.80 eV 12.4 meV
2A1 Γ 16 contr 16 0.0 eV 198 meV 2.37 meV
2B2 ER 16 contr 16 −4.55 eV 6.80 eV 9.97 meV
2B2 Γ 16 contr 16 0.0 eV 272 meV 2.62 meV

Coupling ER 16 contr 16 −2.72 eV 2.72 eV 28.9 meV
Coupling Γ 16 contr 16 −272 meV 272 meV 0.97 meV

the three uncombined modes. In all cases the size of the SPF expansion is
much smaller than the size of the primitive basis, demonstrating the utility
and power of the MCTDH approach.

In the case of the hyperspherical calculations, analysing DEA via the upper-
most 2B2 state, coupled to the 2A1 state via the conical intersection, we found
combined modes to be appropriate. To be specific, we combined the modes
θ and γ into one combined mode, and performed a two-mode MCTDH cal-
culation with this combined mode and the hyperradius R. We tried all mode
combinations, and this one was the best performing. We see no a priori reason
for which this particular mode combination would be superior. We interpret
this superiority as indicating that the dynamics in θ and γ are more strongly
correlated than that in any other pair of coordinates.

A table of the parameters of the various MCTDH calculations we have per-
formed, including the SPF expansion, is presented in Table 25.2.
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Table 25.2 Parameters used in MCTDH calculations. The parameters in the column ‘CAP’ are
the length (in bohr) times the strength (in millihartree).

DVR order SPF Radii tf (fs) CAP tcpu (s)
r×R×γ r×R×γ, ζ r×R

H + OH arrangement
2B1 90×150×80 16×20×14 7×12 60 3×7 4.6E4

1 2A′ 125×160×80 22×26×24 9.5×13 100 4×4 2.1E5

1 2A′/
2B1

90×150×80
18×18×18
16×16×16

7×12 40 3×7 2.1E5

2B2/
2A1

125×160×80
28×34×30
20×28×20

9.5×13 60 4×4 1.5E6

D + OD arrangement
2B1 90×150×80 16×20×14 7×12 60 3×7 3.4E4

1 2A′ 125×160×80 24×28×24 9.5×13 171 4×4 2.6E4

2B2/
2A1

125×160×80
24×28×26
22×26×18

9.5×13 75 4×4 5.6E5

O + H2 arrangement
2B1 90×180×80 18×40×28 7×12 80 3×7 1.0E6

2B2/
2A1

90×180×80
18×20×22
12×16×16

7×12 45 3×7 9.0E4

O + D2 arrangement
2B1 90×180×80 22×24×30 7×12 100 3×7 4.6E5

2B2/
2A1

90×180×80
28×26×26
20×22×16

7×12 60 3×7 4.1E5

DVR order SPF Radii tf (fs) CAP tcpu (s)
R×θ×γ (R)×θ×γ R

Hyperspherical H2O
1 2A′ 150×120×64 22×36×20 12 100 4×4 1.7E5

2B2/
2A1

150×120×64
14×14
14×14

* 12 60 3×6 3.1E6

Hyperspherical D2O
1 2A′ 200×120×64 22×36×20 16 171 4×2.5 4.2E5

2B2/
2A1

200×120×64
10×10
14×14

* 16 60 3×6 1.8E6

*For the hyperspherical calculations on the coupled 2B2/2A1 surfaces, we
contracted the degrees of freedom θ and γ into one mode.
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25.9
Propagation and Natural Orbitals

For all calculations we employ the constant mean-field (CMF) scheme, us-
ing the Burlisch–Stoer (BS) integrator for the single-particle functions, and the
short iterative Lanczos (SIL) integrator for the A coefficients.

The single-particle function expansion of an MCTDH calculation is deemed
large enough when the lowest natural population of the SPF orbital basis falls
below a certain threshold. In all calculations we aim for a maximum lowest
natural population of 10−4 or lower, and observe that the final results are suf-
ficiently converged.

25.10
Analysis of Flux to Calculate Cross-Sections

The dissociative attachment cross-section is given as [707]

σDEA = g
4π3

k2 F(Eνi + 1
2 k2) (25.14)

where F( ) is the energy-resolved projected flux calculated by the FLUX84 pro-
gram and g is a statistical factor. In the case of the Jacobi-coordinate calcu-
lations for two-body break-up, we calculate the projected flux to determine
partial cross-sections into each bound rovibrational state χjνYjK(γ, ζ) of the
diatom. By doing so and summing over the bound states, we separate the
two-body cross-section from the three-body component. The Jacobi coordi-
nate system is unsuited for three-body break-up, as such break-up may occur
through the CAPs in R, r, or both. In the case of the hyperspherical calcula-
tions, the final states may not be expressed as product wavefunctions in γ, θ

and ζ, and therefore no projection is possible.

25.10.1
Two-Body Breakup

For the calculations on production of H− + OH via the 2B1 state, we have
achieved excellent agreement with experiment and are confident that we have
reproduced the nuclear dynamics of dissociative attachment accurately. In
our first publication on this process [706], we calculated a width of approxi-
mately 6 meV at the equilibrium geometry of the neutral. Subsequently, with
a more sophisticated scattering calculation [710], we calculated a value of ap-
proximately 10 meV. Because this resonance is narrow, the cross-section ex-
hibits a linear dependence upon this value. The results [707, 711] indicate
that the former value is more accurate. In Figure 25.4 we reproduce the re-
sults of Ref. [707], showing the excellent agreement between our results and
the experimental results of Belic̀ et al., with regard to both the total and fi-
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Figure 25.4 (Top panel) Cross-sections
for DEA via 2B1 resonance [707], from the
ground rovibrational initial state: total (heavy
line) and into vibrational channels ν = 0
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to right), on a logarithmic scale. Also in-
cluded are data from Belic̀, Landau and
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squares), shifted in energy so that the max-
ima (present 6.81 eV, versus their value of

6.5 eV) in the total cross-section coincide.
(Bottom panel) Production of H− + OH via the
2B1 resonance at different incident electron
energies [707], as a function of H− fragment
kinetic energy, unshifted, on arbitrary and
different scales for each incident electron
energy. Calculated results have been broad-
ened using a 150 meV linewidth, consistent
with the plotted experimental results from
Belic̀, Landau and Hall [686].

nal vibrational-state-resolved cross-sections. This agreement indicates that we
have reproduced the major nuclear dynamics on this surface accurately.
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The channel H2 + O− is the minor channel for DEA via this resonance, as
the corresponding observed cross-section is 1

40 th as big as that of the major
channel H− + OH. We calculate a cross-section for H2 + O− that is substan-
tially smaller than the observed cross-section, and that peaks at a higher en-
ergy [711]. Consequently, we cannot say that we have represented this channel
accurately. Although the LCP model is expected to hold for DEA via such a
narrow resonance, it is possible that small deviations from the LCP model may
be responsible for the observed H2 + O− cross-section. To access the H2 + O−

well, the nuclear wavepacket must traverse a large region of configuration
space in which the LCP potential is essentially flat, having no significant bar-
rier, and we regard it likely that non-local effects could affect dynamics there.
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The final-state projection performed by the FLUX84 utility provides a kine-
matically complete view of the DEA process. In Figure 25.5 we show results
from calculations [711] on the 2B1 and 2A1 resonances. The cross-section is
resolved with respect to both the incident electron energy and the kinetic en-
ergy of the recoil. Clear structure due to vibrational excitation is visible in
these figures. In the case of the 2B1 result, the peaks corresponding to different
vibrational states are well separated, indicating that, with high enough exper-
imental resolution, these peaks should be observed to be distinct, in contrast
with the results of Belic̀ et al. [686] in Figure 25.4.

For DEA via the uppermost 2B2 resonance, we employ a diabatic represen-
tation [710]. The 2B2 and 2A1 diabatic states are equal to the adiabatic states
at the equilibrium geometry of the neutral. The former correlates to H− + OH
(2Σ), the 2 2A′ state, and to O− + H2, the 1 2A′ state, in those geometries. The
latter correlates to H− + OH (X 2Π) and O− + H2 (triplet σgσu), 1 and 2 2A′.
The diabatic electronic coupling potential is responsible for transitions from
the former to the latter.

We plot the results of calculations [712] on the two-body break-up via the
2B2 resonance state in Figure 25.6. The H− + OH (2Σ) product channel is an
asymptote of the upper 2 2A′ adiabatic surface; the other two asymptotes lie
on the lower 1 A′ adiabatic surface. The H− + OH ground-state asymptote lies
on the 2A1 diabatic surface, whereas the others lie on the 2B2 diabatic surface.
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Figure 25.6 Two-body results [712] on DEA via the 2B2 state, coupled
to the 2A1 state via the conical intersection.

Thus, we can see that, at low incident electron energy, a transition through
the conical intersection is strongly favoured, whereas at high incident electron
energy, the system stays on the upper 2 2A′ surface. (Transition to the 2A1 di-
abatic surface happens primarily at low incident electron energy, whereas the
system may stay on the 2B2 diabatic surface for all incident electron energies.)
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In terms of classical trajectories, we interpret this behaviour in the following
manner. At low incident electron energies, the system cannot avoid falling
into the conical intersection, which lies directly downhill from the Franck–
Condon region of the neutral [710]. At larger incident electron energies, the
system has extra momentum, which may carry it around and avoiding the
conical intersection. We will provide further details in a forthcoming publica-
tion [712].

25.10.2
Three-Body Breakup

Our calculations for three-body break-up [712], incorporating results from the
hyperspherical coordinate MCTDH runs, are necessarily approximate. Even
for the 2A1 state, the first state for which three-body break-up is energeti-
cally open, there is an ambiguity in the three-body asymptote [708] in that
both O− + H + H and O + H− + H may be considered asymptotes of the sur-
face. There is a conical intersection between these asymptotes at infinite H–
OH separation that is responsible for this ambiguity. It is plausible that tran-
sitions between these asymptotes may occur at much closer geometries and
affect the cross-sections for three-body break-up and two-body break-up into
high vibrational states of OH.

Owing to this ambiguity, we have set the actual asymptote of our con-
structed surface at 8.4 eV, equidistant between the two physical asymptotes,
which lie at 8.04 and 8.75 eV, and we expect a slight discrepancy between the-
ory and experiment for the onset of the three-body channel. The opening of
this channel occurs within the 2A1 dissociative attachment peak.

For dissociative attachment via the upper 2B2 state, our surfaces are more
approximate. As discussed above, the 2B2 surface is inherently double valued,
and we have constructed a single surface that interpolates between the sheets
in the asymptotic region.

For both states the three-body cross-section does not, therefore, distinguish
properly between O− + H + H and O + H− + H. However, we find notable
agreement with experiment for DEA via the 2B2 state if we assign the three-
body break-up to O− + H + H. This result corresponds to a testable prediction:
that three-body break-up is in fact dominated by production of O− over H−.

In Figure 25.7 we plot the overall results for this study, assigning three-body
break-up to O− production. One can see the agreement in the 2B2 O− peak.
The magnitude of the cross-sections for DEA via the 2A1 state is consistently
overestimated by the present study. We interpret this as indicating a break-
down of the LCP model for this system, caused by the peaked behaviour of
the width near the H− + OH channel and concomitant virtual state effects,
leading to enhanced autodetachment in the 2A1 state.
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Figure 25.7 Final results of the series of studies described in the
present chapter, compared with the experimental results of Fedor et
al. [692].

As previously described [711], the discrepancies in the 2B1 results are well
understood. In this study [711] we have overestimated the width of this state
near the Franck–Condon region of the neutral, placing it at 10 meV, not 6 meV,
the physically accurate value. There is also a shift of the resonance peak of
approximately 0.4 eV due to a discrepancy in the vertical excitation energy of
this resonance. We have reproduced the final vibrational state distribution
and isotope effects observed in experiment.

For DEA via the 2A1 state, the three-body channel opens up in the middle
of the experimentally observed peak. In Figure 25.8 we plot the two- and
three-body cross-sections calculated. The three-body channel clearly opens
at a higher incident electron energy than does the two-body channel, corre-
sponding to the three-body asymptote of the calculated surface, 8.4 eV, in be-
tween the two physical asymptotes at 8.04 and 8.75 eV.

The three-body cross-section is calculated by subtracting the two-body, Ja-
cobi coordinate calculation cross-section from the total cross-section calcula-
tion done in hyperspherical coordinates. It is remarkable that the MCTDH
algorithm is able to represent the dynamics in both Jacobi and hyperspher-
ical coordinate systems so accurately that such a precise cancellation of the
two-body cross-sections may occur.
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Figure 25.8 Two- and three-body cross-sections calculated for DEA
via the 2A1 state.

In Figure 25.9 we plot corresponding results for DEA via the 2B2 state. As
the three-body channel is already open, the onsets for two- and three-body
break-up coincide. We see that the two- and three-body cross-sections have
roughly comparable magnitudes for the full range of incident electron energy.
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Figure 25.9 Two- and three-body cross-sections calculated for DEA
via the 2B2 state.

25.11
Conclusion

The MCTDH algorithm and implementation by the Heidelberg authors have
enabled us to perform unprecedented calculations on dissociative attachment
to a polyatomic molecule. The current series of studies represent the first such



374 25 Polyatomic Dynamics of DEA to Water Using MCTDH

calculations incorporating the full range of nuclear motion. Although several
puzzles remain for this complicated system, a substantial amount of the rele-
vant nuclear dynamics has been elucidated by these studies. The consistency
between the Jacobi coordinate system calculations and those in hyperspherical
coordinates provides a powerful confirmation of the accuracy of the underly-
ing components of the MCTDH calculation: the representation of potential
energy surfaces using the potfit algorithm, the expansion of the wavefunc-
tion in the time-dependent MCTDH SPFs, the DVR primitive basis approach,
and the numerical integration. We look forward to further calculations on
electron–molecule scattering problems in general, and DEA in particular, with
the MCTDH code.
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Ultracold Few-Boson Systems in Traps
Sascha Zöllner, Hans-Dieter Meyer and Peter Schmelcher

26.1
Introduction

The MCTDH method as presented in Chapter 3 is designed for distinguish-
able particles. However, in recent years – triggered by the experimental real-
ization of Bose–Einstein condensation – ultracold bosonic atoms have become
a major research focus [260, 284]. Their high coherence and their tunability
via electromagnetic fields have made it possible to study these systems at an
unprecedented level of precision and control, making cold atoms a ‘Rosetta
stone’ for many fundamental quantum effects.

While originally these ultracold quantum gases were explored in the regime
of many atoms (typically, atom numbers N ∼ 104), the study of few-body sys-
tems is starting to attract more and more attention. This is now possible be-
cause the ongoing miniaturization of experiments has made it almost routine
to handle only a few atoms in the laboratory. Today, there is a broad range of
techniques allowing for the controlled one-by-one transport and positioning
of atoms [729,730], storing small ensembles on a so-called atom chip [731,732],
and imaging them up to microscopic resolution [733]. This development has
sparked a number of theoretical works, starting from the seminal soluble
models of two atoms in a harmonic trap [734, 735], or those of bosons in a
toroidal [736] or hard-wall trap [737]. Efforts to go beyond these integrable
systems towards more realistic ones include the analysis of strongly corre-
lated low-dimensional systems using quantum Monte Carlo [738] or exact-
diagonalization approaches [739].

In Chapter 17, a modified MCTDH algorithm has been outlined that is tai-
lored to ultracold bosonic systems (MCTDHB). That scheme explicitly incor-
porates the permutation symmetry required for distinguishable particles and
the specific nature of the effective two-body interactions. As it stands, though,
MCTDHB is designed only for larger, weakly interacting, systems (typically
N ∼ 103 particles), where two single-particle functions (SPFs) suffice for an
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accurate description. By contrast, we regard systems with small atom num-
bers. Here quantum fluctuations play a key role, and many SPFs are needed
to capture the effects of strong correlations.

This chapter gives an idea of how MCTDH can be applied to few-boson sys-
tems. Section 26.2 introduces the basic model – one-dimensional (1D) trapped
bosons – and lays out how it is implemented in the Heidelberg MCTDH pack-
age. Two applications are presented, which illustrate the potential for both
stationary (Section 26.3) and time-dependent calculations (Section 26.4).

26.2
Model

As shown in Chapter 17, N trapped interacting bosons1 can typically be de-
scribed by the following effective Hamiltonian:

H =
N

∑
i=1

h(pi, xi) + ∑
i<j

V(xi − xj)

Here

h(p, x) =
1

2M
p2 + U(x)

is Hamiltonian of a single particle (of mass M) in some confining potential U.
[For concreteness, we focus on the case of (spinless) one-dimensional parti-
cles. The extension to higher dimensions is slightly more complicated insofar
as S+ permutes physical particles rather than degrees of freedom. To match
physical and MCTDH particles, different degrees of freedom (DOFs) κ belong-
ing to one and the same physical particle i have to be combined into one mode
– see Chapter 3.] In one dimension, one usually employs the effective contact
interaction V(x) = gδ(x), where we focus on repulsive forces: g � 0.

There are two peculiarities that set this problem apart from those typically
tackled via MCTDH. The first issue is the requirement of bosonic permuta-
tion symmetry – that is, demanding that the true wavefunction resides in the
symmetry-restricted Hilbert space H+ = {Ψ ∈ H | S+Ψ = Ψ}, where S+
denotes the symmetrization operator over all permutations. The second is-
sue is that the interaction potential V does not vary smoothly but rather has
distribution character.

1) Be aware that here N denotes the number of atoms, not the number
of grid points Ng.
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26.2.1
Permutation Symmetry

The fact that MCTDH is designed for distinguishable particles is reflected in
the MCTDH Ansatz for the wavefunction,

Ψ(·, t) = ∑
J

AJ(t)ΦJ(·, t), ΦJ ≡ ϕj1 ⊗ · · · ⊗ ϕjN

The permutation symmetry of H clearly requires the set of single-particle
functions {ϕj}n

j=1 to be identical for each identical particle. Even so, the ba-
sis vectors ΦJ are generally not symmetric, as would be an obvious demand
when dealing with bosons. (Indeed, MCTDHB employs the symmetrized ver-
sion S+ΦJ , namely, number states |n1, n2, . . . 〉+ in the SPF basis.) This is not a
conceptual problem, though, since one may just as well keep the coefficients
AJ symmetric. While this is highly redundant for N � 1, it works reasonably
well for small systems. In practice, it is rarely necessary to project explicitly
onto H+, the reason being that a symmetric initial state will not lose its sym-
metry under (real or imaginary) time evolution. Only numerical instabilities
can destroy the symmetry. However, we have only encountered these in cases
when not enough SPFs were included.

26.2.2
Modelling the Interaction

The second issue does not impose a serious restriction. In fact, while the point
interaction gδ(x) is convenient as an analytic tool and for perturbative ap-
proaches, it is only one specific effective potential. At low enough energies,
any model potential may be chosen so long as the low-energy scattering pa-
rameters are reproduced. Actually, for exact many-body calculations, the delta
function is not an overly practicable choice, as it imposes discontinuities on
the derivative of Ψ, which is an unphysical consequence of the zero-range
limit. We opt to replace the delta function by a more realistic Gaussian,

δσ(x) =
1√

2π σ
e−x2/2σ2

which converges to δ(x) in the distribution sense for ranges σ � 2h̄2/M|g|
smaller than the 1D scattering length. However, only the weaker constraint
of being short-ranged compared to the average inter-particle distance is vital,
σ � L/N (L being the system’s spatial extension). On the other hand, the
range ought to be at least of the order of the grid spacing Δg, so that the details
of V are sampled sufficiently. At the same time, the number of grid points
Ng ∼ L/Δg must be high enough – in our case, typically Ng ∼ 150. In addition
to the high number of SPFs needed to describe very strong correlations (for
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our purposes, n ∼ 15 typically suffices), this naturally limits the application
of MCTDH to as few as five atoms.

26.3
Ground State: Crossover From Weak to Strong Interactions

In this section as well as the next, we shall illustrate the application of MCTDH
on the example of one-dimensional bosons. Such systems nicely lend them-
selves to numerical studies because both limiting cases, g = 0 and g → +∞,
are known in closed form. While the former case of non-interacting bosons is
trivial, the hard-core limit of infinite repulsion permits a non-trivial mapping
to non-interacting (spin-polarized) fermions [740]. This so-called Bose–Fermi
map reads

ΨB = AΨF, A(Q) := ∏
i<j

sgn(xi − xj)

It is tempting to think of Pauli’s exclusion principle as emulating the effect of
the hard-core interaction, imposing that Ψ vanishes whenever two particles
intersect (xi = xj), which is why the limit g → ∞ is termed fermionization.
The antisymmetric isometry A here serves to re-establish bosonic permutation
symmetry.

While both limits are thus known by reduction to single-particle problems,
the question as to how these very different limiting cases connect can be an-
swered using numerical approaches. In this section, we want to illuminate
this crossover for the ground state of N � 5 bosons in a harmonic trap,
U(x) = 1

2 x2 [281, 282]. (In what follows, we use dimensionless harmonic-
oscillator units. All ground-state calculations have been done using the im-
proved relaxation scheme – see Chapter 8.)

26.3.1
Density Profiles

To get a feeling for what happens when we go from the non-interacting case
(g = 0) to the strongly correlated fermionization limit g → ∞, let us first look
at the one-body density profile ρ(x) ≡ 〈x|ρ1|x〉, giving the probability density
of finding one particle at position x. [The reduced n-body density matrix ρn =
trn+1,...,N |Ψ〉〈Ψ| is defined as usual by integrating out all particles > n. Of
course, by permutation symmetry, this is independent of the numbering of
the particles.]

Figure 26.1 visualizes the crossover for N = 4, 5 atoms. Near g = 0,
all bosons reside in the single-particle ground state of the harmonic oscilla-
tor, Ψ = φ⊗N

0 , which is broadened due to repulsion. For stronger interac-
tions, however, the profile already deviates visibly from the Gaussian shape
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Figure 26.1 Fermionization of bosons in a harmonic trap: one-body
density ρ(x) for N = 4 (top) and N = 5 (bottom) for different in-
teractions g. Note how the profile changes from a weakly interacting
one (g = 0.2) to a flattened one due to fragmentation, and finally to a
fermionized profile featuring N humps (g � 15).

(g = 4.7). For very large g (g = 15), in turn, a structure of N peaks in the pro-
file emerges. Physically, this means that, if we were to measure the position
of a boson, we would be likely to find it at N discrete spots, and not so likely
to detect it anywhere in between. This localization effect has a simple intuitive
explanation. If the bosons repel each other very strongly, g → ∞, they try to
isolate each other so as to ‘pay’ less interaction energy. However, they cannot
do that indefinitely, as they are confined in a trap. As a consequence, they
tend to be pinpointed to more or less discrete positions. Note that this is the
same profile that one obtains for an ideal fermion gas, in which the ground
state |n0=1, . . . , nN−1=1〉− is given by filling up the one-particle levels to
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the Fermi edge, so that the fermionized density is simply ρ = 1
N ∑N−1

a=0 |φa|2.
There, the seeming localization comes about because of the exclusion princi-
ple, which prevents the fermions from occupying the same point in space. By
contrast, the effect here is caused by the ultrastrong repulsion.

26.3.2
Two-Body Correlations

To understand the underlying mechanism better, let us revisit the fermioniza-
tion from the perspective of the two-body correlations. Figure 26.2 depicts the
evolution of the two-body density ρ2(x1, x2) ≡ 〈x1, x2|ρ2|x1, x2〉, which tells
us the probability density of measuring one particle at position x1 and any
second particle at x2. In the absence of correlations, at g = 0, ρ2 = ρ1 ⊗ ρ1 fac-
torizes. This leads to the symmetric Gaussian density still visible for smaller
interactions g = 0.4 (Figure 26.2). To be sure, minor imperfections of the
Gaussian shape are already anticipated here – these become even clearer when
we go to higher values of g = 4.7. Apart from a significant broadening due
to repulsion, what we see here is a correlation hole on the diagonal {x1 = x2},
signifying a depression of the two-body density. This is fairly intuitive. If the
particles repel each other, it will cost a lot of energy for any two atoms to sit on
top of one another, so such a configuration is avoided. This is also clear from
the interaction energy

tr(Vρ2)
σ→0∼ g

∫
dx ρ2(x, x)

Note that this correlation hole is an inherent two-body picture. In the one-
body density ρ =

∫
dx2 ρ2(·, x2) it is smoothed out and is only reflected in a

smeared-out profile.
When this is taken to extremes, yet another effect emerges. For g = 15,

Figure 26.2 reveals the formation of a checkerboard pattern in ρ2. This cor-
responds to the density wiggles seen in the one-body picture near fermion-
ization. Here it has the following interpretation. Suppose we measure a first
particle at, say, x1 ≈ 2. Then, of course, the probability of finding any second
particle at x2 ≈ x1 is zero, while the remaining N − 1 particles can be found
at N − 1 ‘discrete’ spots x2. This ‘localization’ shared with non-interacting
fermions is a true few-body feature; for N � 1 the peaks become ever tinier
modulations on the envelope density.

26.3.3
Fermionized Bosons Versus Fermions: Momentum Distribution

Up to now, one might have been under the illusion that ultrastrong interac-
tions actually render the bosons fermionic. However, even though local fea-
tures derived from |ΨB|2 are shared with their fermionic counterparts, the
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Figure 26.2 Two-body density ρ2(x1, x2) for N = 5 bosons in a har-
monic trap. Shown are the interaction strengths g = 0.4 (top left), 4.7
(top right) and 15 (bottom).

bosons do retain their permutation symmetry. Their bosonic nature is re-
flected in off-diagonal correlations, such as the one-body momentum distri-
bution

ρ̃(k) = 2π〈k|ρ1|k〉 =
∫

dx
∫

dx′ e−ik(x−x′)〈x|ρ1|x′〉

This quantity is not just conceptually relevant, as it relates to salient questions
such as off-diagonal long-range order in ρ1 and coherence, but it also plays a
key role in cold-atom experiments.

At g = 0, for a harmonic trap the distribution is simply a Gaussian,
ρ̃(k)/2π = π−1/2 e−k2

. As the interaction is switched on, we witness two
effects. For one thing, the momentum peak at k = 0 initially sharpens, which
may be understood in terms of a broadened range of the spatial density ma-
trix. At the same time, the momentum spectrum also develops a long-range
tail, which culminates in a decay

ρ̃(k) k→∞∼ C/k4
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towards fermionization. This high-momentum tail reflects the strong short-
range correlations for stronger interactions. Ultimately, these are also respon-
sible for the reduction of the k = 0 component as g → ∞ (see g = 15, 25
in Figure 26.3), which can be understood as a depletion of the Bose–Einstein
condensed part of the system or, equivalently, the reduction of long-range or-
der [282].
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Figure 26.3 Momentum distribution ρ̃(k) of N = 5 bosons for the
interaction strengths g = 0.4, 4.7, 15 and 25.

Understanding these basic mechanisms of the crossover to fermionization
paves the way to more detailed investigations. For instance, MCTDH allows
the treatment of arbitrary trap configurations U (such as double wells), more
general classes of interactions V [281, 282] and, of course, also makes excita-
tions accessible via the improved relaxation scheme (see Chapter 8) [283].

26.4
Quantum Dynamics: Correlated Tunnelling in Double Wells

After having attained an impression of the evolution to fermionization, it is
natural to ask how this affects the few-boson dynamics. A fundamental aspect
we want to detail here is the tunnelling dynamics in a double-well trap, which
we model as a superposition of a harmonic oscillator and a central barrier
shaped as a Gaussian, U(x) = 1

2 x2 + hδw(x) (we choose a width w = 0.5
and h = 8, again in harmonic oscillator units). The potential is visualized in
Figure 26.4 along with the single-particle spectrum, which arranges in bands

β = 0, 1, . . . of doublets ε
(β)
0,1 .
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Figure 26.4 Double-well potential U(x) = 1
2 x2 + hδw(x), where the

horizontal lines indicate the single-particle spectrum {εa}.

Here we want to look at the following scenario. Imagine we initially put
N atoms into one (say, the right-hand) well – explicitly, we make that side
energetically favourable by adding a linear external potential −d · x and let

the system relax to its ground state Ψ(d>0)
0 . We then follow the time evolution

in the symmetric double well by ramping the asymmetry d down to zero within
some finite time τ [280, 741].

26.4.1
From Uncorrelated to Pair Tunnelling

Let us now see how the tunnelling changes as we pass from uncorrelated tun-
nelling (g = 0) to tunnelling in the presence of correlations, and finally to the
fermionization limit (g → ∞). It is natural to look first at the conceptually
clearest situation of N = 2 atoms, to which we shall confine ourselves here.

In the absence of any interactions, the bosons should simply Rabi-oscillate
back and forth between the two wells (Figure 26.5 (top)). This can be moni-
tored by the percentage of atoms in the right-hand well

pR(t) = 〈Θ(x)〉Ψ(t) =
∫ ∞

0
ρ(x; t) dx

Figure 26.5 (bottom) confirms that we obtain a harmonic oscillation at the Rabi

frequency Δ(0) = ε
(0)
1 − ε

(0)
0 , that is, the tunnelling splitting of the lowest band.

For our parameters, the corresponding period is T = 2π/Δ(0) ≈ 180, which
can be observed in Figure 26.5.

If we switch on repulsive interactions, see g = 0.2, one might naively expect
the tunnelling to be enhanced. By contrast, Figure 26.5 reveals that, for short
times, there is just a minute oscillation, while complete population transfer oc-
curs on a much longer time-scale (t ∼ 300). A look at the population dynam-
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ics confirms that the tunnelling oscillations have become a two-mode process.
There is a fast (small-amplitude) oscillation that modulates the much slower
tunnelling. As we go over to much stronger couplings, the time evolution be-
comes more complex, even though tunnelling is still strongly suppressed (Fig-
ure 26.5, g = 4.7). What is striking, though, is that, near the fermionization
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limit (see g = 25), again a simple picture emerges. The strongly correlated
atom pair tunnels back and forth at about the Rabi frequency, almost like a
single particle. A closer look unveils that the tunnelling is modulated by a
characteristic fast, large-amplitude motion (Figure 26.5).

26.4.2
Spectral Analysis

To get an understanding of the time-scales, Figure 26.6 explores the evolu-
tion of the two-body spectrum {Em(g)} as g is varied. In the non-interacting
case, the low-lying spectrum is given by distributing the N atoms over the
lowest-band (anti)symmetric orbitals, corresponding to the lowest doublet in
Figure 26.4. Thus, at g = 0, the few-body levels are equidistant, and only a
single mode with Rabi frequency Δ(0) contributes.
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Figure 26.6 Low-lying spectrum of two bosons in a double well as
a function of the interaction strength g. Inset: Doublet formation with
increasing g.

However, as the interaction is ‘switched on’, the two first excited levels E1,2
virtually glue to one another to form a doublet, whereas the gap to the ground
state E0 increases (Figure 26.6, inset). This quasi-degeneracy corresponds to
the very long tunnelling times encountered for g = 0.2, 4.7, while the contri-
bution from other states only makes for a fast, if tiny, modulation.

It is clear that the lowest-band scenario above breaks down for stronger in-
teractions, when the gap to higher-lying levels in Figure 26.6 disappears. As
we approach the fermionization limit (approximately realized at g = 25), a
simple picture emerges. We are left with two doublets, each of Rabi frequency
Δ(0) (at E ≈ 6.3, 6.5), separated by the (larger) upper-band tunnel splitting
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Δ(1) [280, 741]. This makes it appealing to think of the fermionized tunnelling
as that of two identical fermions hopping independently in the bands β = 0
(related to the slower tunnelling period 2π/Δ(0)) and β = 1 (the faster modu-
lation in Figure 26.5), respectively.

26.4.3
Role of Correlations

In order to unveil the physical content behind the tunnelling dynamics, let
us look into the two-body correlations. Non-interacting bosons simply tunnel
independently, which is reflected in the snapshots of the two-body density

Figure 26.7 Snapshots of two-body correlation function ρ2(x1, x2) at
t = 0 (left), t = T/4 (centre) and t = T/2 (right column), in terms
of tunnel period T. From top to bottom: coupling strengths g = 0, 0.2
and 25.
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ρ2(x1, x2) captured in Figure 26.7 (top row). As a consequence, if both atoms
start out in the right-hand well, then in the equilibrium point of the oscillation
(where pR = 1/2) it will be as likely to find both atoms in the same well as in
opposite ones.

As we introduce small correlations, the situation notably changes. At
g = 0.2 (middle row), in the equilibrium point only the diagonal configura-
tions have significant peaks, signifying that both atoms remain essentially in
the same well in the course of tunnelling. In other words, they tunnel as pairs
– which is particularly striking in view of their mutual repulsion. This rea-
soning also casts a new light on the fast (small-amplitude) modulations of
pR(t) observed in Figure 26.5. In contrast to the slow pair tunnelling, those
are linked to (suppressed) single-atom tunnelling.

It is clear that, as before, the time evolution becomes more involved as the
interaction energy is raised to the fermionization limit (see g = 25). The two-
body correlation pattern is fully fragmented not only when the pair is cap-
tured in one well (Figure 26.7, bottom left), but also when passing through the
equilibrium point (centre), reflecting contributions from higher-band excited
states.

The basic physics demonstrated above should provide an illustration of
how the MCTDH approach may be used to study the quantum dynamics of
few-boson systems. Needless to say, the range of applications even to the ba-
sic problem sketched above is nowhere near exhausted. For instance, MCTDH
is predestined to treat problems with more than just two particles [280, 741].
What is more, also time-dependent Hamiltonians – as are commonly created
in the lab using lasers – are handled effortlessly, offering the opportunity to
consider, for example, periodically driven systems.
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634 M. Petković and O. Kühn, Chem. Phys.
304, 91 (2004).
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Index

a
ab initio multiple spawning (AIMS)

method 114f.
Abelian point group 214f.
absorbing boundary conditions 342
absorption spectra
– infrared (IR) 327ff.
– pyrazine 124, 211, 215, 217ff.
adiabatic
– electronic state 113
– matrix 51
– picture 51, 211
– populations 51f., 222f.
– potential energy surfaces (PESs)

214, 224
– reduction 137
– representation 51
– surface 123, 126, 221, 359, 370
– -to-diabatic mixing 215
– wavefunctions 51, 212
– wavepacket motion 222
adsorption 113f., 300f., 303ff.
– inelastic surface scattering 300f.,

303ff.
Amdahl’s law, see parallelization
APET, see scattering
ARET, see scattering
Arrhenius plot 243
autocorrelation function 38, 43ff.
– flux–flux 234

b
basis 75f.
– grid-point 75
– localized 79
– multidimensional basis functions

79
– time-dependent basis representation

75f.
bath 227, 266f., 278, 297ff.

– dynamic effects 297ff.
– equilibrium state 295
– lamb shift 297f.
– modes 227
– small-amplitude motion 298ff.
– static effects 297
– system–bath coupling term 267
– system–bath type Ansatz 294ff.
body-fixed (BF)
– axes 97
– coordinate 97f.
– frame 96f., 361f.
– projections 97, 101ff.
Boltzmann weight 82
boomerang model 359, see also local

complex potential (LCP) model
Born–Oppenheimer
– approximation 1, 252
– potential energy surface 295, 356f.
Bose–Einstein
– condensation 182, 375, 382
– statistics 188, 204
Bose–Fermi map 378
bosonic systems 183, 185f., 375ff.
– trapped interacting bosons 376f.
– ultrocold few-boson systems 375ff.
bosons 376
– MCTDHB, see MCTDH
bottom-up procedure 145
boundary condition 53f., 342, 360
– absorbing 342
– Dirichlet 166
– incoming 53
– outgoing 53f.
– periodic 23
break-up
– three-body 355, 367, 371ff.
– two-body 361, 367, 370ff.
Bulirsch–Stoer (BS) integrator 35,

367
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c
centre-of-mass (COM) 127, 259,

318f., 339
CH stretch 277ff.
chemisorption
– dissociative 250ff.
– Newns model 268f.
coefficient
– A 25f., 28f., 121, 367
– B 121
– expansion 18, 20, 22, 43, 75, 81, 86,

117, 119, 131, 139, 143
combined clusters (CCs) 320
combined mode 365
complete active space self-consistent

field (CASSCF) 124, 129f., 135, 220
complete active space with second-

order perturbation theory (CASPT2)
129

complex absorbing potential (CAP)
34, 53f., 167, 253f., 315, 367

– /flux method 54, 55
complex Kohn variational method

356
composite index 18
Condon approximation 38, 44
configuration
– FCI (full configuration-interaction)

approach 133, 137
– interaction with single excitations

(CIS) 216
– N-body 92
– space 71
– state 66f.
– time-dependent 131, 133f., 144
– time-independent 131f., 144
conical intersection 113, 127, 128f.,

211f., 212, 225, 356f., 357, 358, 365,
371

constant mean-field (CMF) 22, 27,
31ff.

– CMF2 34
– propagation scheme 64, 150
contraction
– dynamic 137
– MCTDH 242
– particles 86, 87f.
coordinate
– body-fixed (BF) 97f.
– combined 320
– composite 255
– curvilinear 91
– cylindrical 165

– Delves-type 362
– dissociative 361
– hyperspherical 361, 363f., 372
– internal 52, 91
– Jacobi 38, 93f., 96, 127, 361ff.
– large-amplitude 337, 347, 349,

349ff., 350
– matrix 75f.
– multidimensional particle 79ff.
– normal-mode rectilinear 91
– nuclear 117, 356
– one-dimensional 80f.
– orthogonal 105f.
– phonon 267
– polyspherical 92, 94, 99ff.
– proton transfer 325, 331
– reaction 279, 319, 346f.
– rectilinear 115, 127f., 319
– rocking 321
– rotational 52
– scattering 52, 55
– spatial 161
– spherical 92, 100
– spin 161, 164
– systems 361ff.
– vibrational 38, 52
– wagging 321, 326f.
Coriolis
– coupling 92, 99, 109
– forces 290
correlation hole 380
coupling
– bilinear 297f.
– constant 213ff.
– derivative 212
– donor–acceptor 268
– inter-state linear 214
– intra-state linear 214
– linear–bilinear 124
– mode 222
– non-adiabatic 113, 122f., 128
– rotation-vibration 245f.
– strength parameter 297
– vibronic 113f., 123f., 211ff.
CPU time 257, 260
crippling scaling 24
cross-correlation function 55
cross-section 42, 356f., 359, 367,

367ff.
– state-to-state 55
crossing
– curve 119
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– intersystem 113
– seam 113, 350f., 352
CRS (Cartesian reaction surface) 319,

336f., 340
cumulative reaction probability

(CRP), see reaction

d
damping
– function 45
– kernel 295f.
– oscillation 298f.
– rate 296
Davidson algorithm 66f., 280f.
decomposition
– spectral 237
– statistical thermal flux operator

241
deformation 96f., 115
Delves-type coordinates 362
density functional theory (DFT) 255,

259, 262f.
derivative coupling 212
deuterated chain 315f.
diabatic
– electronic coupling potential 370
– picture 51, 211f.
– populations 51f., 222f.
– regularized diabatic states 215
– representation 347, 349
– surfaces 370
– wavefunctions 51
diabatization 359
diagonalization
– exact- 375
– filter 277, 280, 331
– improved relaxation 63f.
– Lanczos iterative 69f., 242
– techniques 239
diatomics
– -in-molecules (DIM) method 347,

349
– matrix-isolated 347
dipole moment 50
– coordinate-dependent transition

122
– surface 285, 338
– vector 286
Dirac–Frenkel variational principle

13f., 61, 132f., 139f., 189
direct dynamics (DD) 5, 113f.
– quantum dynamical 114

– semiclassical trajectories 125
– surface-hopping 125
– variational multiconfiguration

Gaussian wavepacket (DD-vMCG)
115, 122ff.

discrete variable representation (DVR)
11, 23, 42, 73ff.

– basis set 46
– CDVR (correlation discrete variable

representation) 76ff.
– exponentional 23
– FBR-DVR transformation 23
– FE-DVR method 166, 169
– H- 243
– harmonic oscillator 217
– Legendre 23, 108, 363
– non-direct-product multidimen-

sional 79f.
– one-dimensional 107, 109, 318
– orthonormal 73f.
– sine 23, 363f.
– standard 49
– time-dependent (TDDVR) 74ff.
discretization points 167f.
dissipation 249, 266, 270, 308
dissociation
– gas-phase 249, 262
– H2 250, 255ff.
– initial-state-resolved dissociation

probability 259f., 271f.
– threshold 279
– unimolecular 279
dissociative chemisorption
– CH4 on Ni (111) 263
– H2 on metal surfaces 250ff., 255ff.
– N2 on metal surfaces 262f.
dissociative electron attachment

(DEA) 355ff.
– cross-section 367
– water molecule 357
DOFs (degrees of freedoms) 11f., 62,

69, 88f., 92, 131ff.
– bath 297
– electronic 27, 51f.
– internal 115
– nuclear 242, 269, 312, 349
– surface 298
Domcke four-mode model 216
double-well
– correlated tunnelling 382f.
– potential 199ff.
– symmetric 383
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driven Schrödinger equation 359
dumbbell model potential 254f.
Duschinsky rotation 219

e
effective-mode approach 227ff.
Ehrenfest dynamics 114
eigenfunction 15, 38, 42, 46, 63, 127
eigenstates 66f., 71, 235, 238ff.
– computing 63ff.
– thermal flux 238ff.
– vibrational 286
eigenvalues 5, 19f., 42, 46f., 71, 84f.,

235ff.
– non-degenerate 74
– non-vanishing 241
– non-zero 235f.
– thermal flux 235f.
eigenvectors 5, 46, 51, 64, 67, 84f.,

235
electromagnetic field 285, 297
electron
– attachment 355ff.
– emission 249
– free-electron energy 49
– –hole pairs 250, 266, 298
– injection 269
– multi-electron effects 179ff.
– single-electron models 179ff.
– transfer 268
– transfer reaction 308
electronic
– configuration 51
– coupled electronic channels 356f.
– degree of freedom, see DOF
– structure theory 250, 268
electronic state 27, 38, 51, 129
– acceptor 268f.
– coupling 113f.
– diabatic 268
– dipole surface operated 38
– donor 268
– highly excited 279ff.
– inter-state couplings 51
– metastable 355f.
– multi-set formulation 27f.
– radiationless crossing 211
– resonant 355
– single-set formulation 27f.
energy
– collision 254f., 263
– conservation 61

– normal translational 257f.
– orbitals 66
– parallel translational 257f.
– redistribution 275
– reorganization 337, 340
– resonance 357f.
– scaling 257
– spacing 240
– total 61
– translational 256, 263
– vertical transition 357
– vibrational 263f.
– zero-point (ZPE) 323ff.
equations of motion 27ff.
– indistinguishable particles 161f.,

189
– Morse–Lindblad REOM system en-

ergy 302
– reduced (REOM) 294, 300f.
– reduced density matrices 189ff.
equilibrium geometry 357, 359, 367
Euclidean normalization 101
Euler
– angles 96, 100ff.
– rotation 99f., 102
Euler’s rule 34
excitation
– direct vibrational 250
– electron–hole pair 249f., 266
– energy 66, 91, 213
– high-energy 282f.
– local mode 277ff.
– multiphotons 287
– pyrazine 50
– stretching 347
– thermal 62
– vertical 44
– wagging 331
expansion
– cluster 89
– contracted expansion coefficients

86
– multiconfigurational 137f.
– orders 81, 83, 85f.
– terms 86
expectation value 41f., 43, 51, 128
– energy 77, 298, 301
– one-particle 175f.
– position 308
– two-particle 175f.
extended Legendre DVR 363
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f
FCI method, see configuratuion
femtochemistry 3, 48, 211
– laser spectroscopy 211
– photo-induced electron transfer

251, 270
Fermi resonance 277f., 281ff.
Fermi–Dirac statistics 188, 204
fermion 6, 149, 161f., 185ff.
– cold fermionic atoms 182f.
– ideal fermion gas 379
– MCTDHF, see MCTDH
– spin-polarized 378
fermionization 183, 378ff.
– limit 383, 385f.
Feshbach resonance 357, 360
filter
– diagonalization (FD) 38, 46f., 67,

277, 331
– functions 46f.
filtering by the initial state 48
finite basis representation (FBR) 23f.
finite-element (FE)
– boundaries 167, 169
– discretization 168f., 169, 172
– FE-DVR method 166, 169
– functions 165f., 167
flux analysis approach 254
flux correlation functions 232f.,

233ff.
– asymmetric 237
– flux–position correlation functions

233
Fock space 188
four-mode model 44
Fourier basis functions 253
Fourier transform 38, 43, 46f., 328,

330
– coordinate-momentum 54
– fast (FFT) 11, 23, 42, 45
fragmentation dynamics 226
Franck–Condon
– excitation 350f.
– region 44, 213, 360, 371f.
– transformation 121
– wavepacket 122
full width at half-maximum (FWHM)

45, 180, 328, 338

g
Gauss–Legendre polynomial primi-

tive basis set 254

general-purpose computer programs
– GAUSSIAN 2
– MOLPRO 2
geometric phase 222
GGA (generalized gradient approxi-

mation) 262
Gibbs phenomenon 45, 328
Gram–Schmidt orthogonalizations

37, 70, 121, 136, 350
Green’s function 360
grid
– collocation 23
– long 53, 55
– -point 79ff.
– primitive 42f., 51f., 75, 88
– time-dependent grid representation

75f.
– total product 320
Gross–Pitaevskii equation 200f., 206
GROW method 124, 270
GWP (Gaussian wavepacket) 11,

29f., 52
– Ansatz 115ff.
– on-the-fly GWP dynamics 114
– variational multiconfiguration

(vMCG) 115f., 120, 122ff.

h
Haem–CO model 339ff.
Hamiltonian
– anharmonic zero-order 281
– clamped-nucleus 211
– CRS 340, 345, 347
– diagonalization 63ff.
– effective 14f.
– electronic component 28
– exchange-symmetric 162
– Hermitian 14, 33, 35, 45
– interaction 297f.
– LVC 227ff.
– many-body 187f., 193, 197
– matrix 18, 22, 27, 29, 32ff.
– model 125, 126f.
– molecular 48, 50
– non-separable 34
– primitive basis 363f.
– reaction surface 337
– relaxation 64
– representation 363ff.
– surrogate approach 295
– symmetric 44
– system–bath 294ff.
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– system-bath 336
– time-dependent 3f., 336
– vibrational 324
– vibronic coupling 211ff.
harmonic
– frequencies 213, 298
– spherical 38, 105f., 255
Hartree product 18f., 37f., 59, 61,

65f., 76, 134, 330f.
– time-independent 137
Hartree–Fock 179
– multiconfiguration 164
– unrestricted 163
Heaviside function 45, 53
Heller expression 117f.
Hermitian function 107, 241
Herzberg numbering 226
Hessian 129, 262
– local adiabatic 123
– matrix 2
high-dimensional model representa-

tion (HDMR) 319
high-harmonic spectra of molecules

179ff.
high-order forces 196ff.
Hilbert space 58, 120, 207
Hilbert–Schmidt scalar product 58
hydrogen
– -bonded water molecules 312f.,

313, 316
– transfer 347
hydrogen bonds 344
– intermolecular 321
– wavepacket dynamics 344ff., 345
hyperspherical coordinate system

361, 363–367, 371, 372, 374
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integration scheme
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– Bulirsch–Stoer (BS) 35, 367
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– Runge–Kutta (RK) 35
– short iterative Lanczos (SIL) 35,

367

interaction
– atom–diatom 52f.
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Lagrangian
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laser spectroscopy
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– operator 300
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– spin 164
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– time-derivative 118
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– photon 306f.
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– DFCO 108, 279ff.
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– HONO 287ff.
– intramolecular distance 252
– laser-driven 165
– polyatomic 272
– pseudo-diatomic 263
– -radiation field 49
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Monte Carlo
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– time-dependent 131, 133
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– time-independent 132f.
– transformations 174
ordinary differential equation (ODE)
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predissociation 349
predissociation dynamics 347, 349f.
primitive basis functions 24
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– transfer 311ff.
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quantum chemistry 2f., 129
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349
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307ff.
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quantum fluctuations 376
quantum nuclei 113
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quantum scattering calculations
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quantum transition-state concept

233f.
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– frequency 383, 385
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radiation temperature 307
radiationless process 114
reactant partition function 231
reaction
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– rate constant calculations 239, 245
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– statistical sampling 239ff.
– surface model 348f.
– thermal rate constant 241f., 246
– thermal reaction rate 231, 233
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Redfield-type 300
reduced density matrix calculation
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relaxation 5, 63ff.
– energy 298
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63f., 276, 279, 324, 329, 378
– time 216
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Renner–Teller 356f., 357, 359
reorganization energy 337, 340
repulsion 3, 380
– atomic 182
– Coulomb 163
– hard 15
resonance structure 256
restricted active space self-consistent

field (RASSCF) 129
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rovibrational states 240
RPBE (revised Perdew–Burke–

Ernzerhof) 262
runtime
– analysis 41ff.
– distribution 150f., 155
– errors 43
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scattering
– atom–diatom 38, 52f.
– average parallel energy transfer
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– average rotational energy transfer

(ARET) 254
– calculation 52ff.
– diffractively inelastic 249ff.
– gas–surface 298
– inelastic surface 300f., 303ff.
– molecule–surface 249ff.
– non-reactive 249, 251f.
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– non-reactive inelastic 55
– reactive 55, 231f., 249
– rotationally inelastic 250f., 254
– state-to-state scattering probabilities

254f.
– surface-induced rainbow 249
– systems 106
Schmidt
– -orthogonalization, see Gram–

Schmidt orthogonalization
– decomposition 170f.
Schrödinger equation
– driven 359
– single-electron 180f.
– time-dependent 1, 11ff.
– time-independent 5
self-consistent field (SCF) method 12
– multiconfiguration time-dependent

(MC-TDSCF) 12, 346
– TD-SCF 268
– vibrational (VSCF) 15
shape resonance 360
Shepard interpolated PES 242, 244
– modified 262f.
short-time dynamics simulation

scheme 232
sine DVR 363, 364
single-hole
– function 18, 64, 140
– index 19
single-particle functions (SPFs) 17ff.
– basis 42, 75
– electronic 27
– expansion 364ff.
– flexible 28
– level one (L1) 138ff.
– level two (L2) 138ff.
– multidimensional 79
– multimode 79
– orthonormal 20, 43
single-particle potentials (SPPs) 81ff.
– orthogonal 84f.
single-particle vectors 32
singular value decomposition (SVD)

137
singularity 255, 318, 362, 363
Slater determinant 164
space-fixed (SF)
– axes 97
– frame 92, 95f., 362
spectra 41f.
– bath 300

– electron 177
– high-harmonic 179ff.
– infrared (IR) 38, 275ff.
– low-lying 385
– photoabsorption 43f.
– photodissociation 17, 44f., 249, 251,

356
– photoelectron 6, 44, 49, 211, 219,

224ff.
– stretching 278
– time-resolved 48f.
– vibrational 2, 48
spectral function 295
spectroscopy
– electronic 113, 128
– high-resolution overtone 277
– infrared 275ff.
– time-resolved photoelectron 3, 49
– vibrational 316ff.
speed-up factors 34
spin
– forces 163
– -orbit coupled excited states 264
– standard method 12f., 116f., 125
– symmetry 163
state populations 50ff.
sticking probability 256ff.
– energy-resolved 301
surface
– coupled potential 211
– energy transfer 251
– model rectangular 251, 254
– potential energy (PES) 1f., 5, 73,

113ff.
– scattering 6, 249ff.
– semiconductor 251, 270
– transition-metal 251, 255
– unit cell 252f.
system–bath Hamiltonian 336

t
target function 50
Taylor expansion 81, 337
– low-order 212
– second-order 319
TDH (time-dependent Hartree)

method 12ff.
– single-configuration approximation

264f.
tight-binding model 268
time discretization 32
TNUM code 127
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– semiclassical 125
– surface hopping 114, 125
transformation 41
– orthogonal 212
– position-dependent unitary 51
– unitary 75, 79, 86
transition
– frequencies 42
– intensities 42
– non-adiabatic 30, 127
– -state geometry 235f., 240, 242
– -state theory (TST) 243f., 262
translational invariance 92
trap 375f.
– configurations 382
– double-well 382
– harmonic 378f., 381
trapezoidal rule 34
tunnel splitting 307, 385
tunnelling 30, 119, 243f.
– correction 262f.
– correlated 382f.
– fermionized 386
– pair 383, 387

v
variable mean-field (VMF), see inte-

gration scheme
variational equation 65, 84
vector
– A- 12, 20, 27, 33, 38, 64f., 150, 152,

158, 321
– C- 13
– dipole moment 286, 337
– discontinuity 166
– displacement 350
– Jacobi 93f., 95, 107, 127
– lattice 252
– length 95
– orthogonal 96f., 102, 106
– parametrization 92f., 99
– polyspherical 318
– Radau 92, 95
– rotating 102
– spaces 81
– valence 93ff.
vibration
– bending 267
– stretching 267, 276f., 345f.

vibrational
– frequencies 26, 239ff.
– ground vibrational state 252f., 285,

324ff.
– ladder climbing 339
– levels 285f., 306
– lifetime of adsorbates 300
– mode 215, 218
– motion 23
– progression 237
– relaxation 251, 267
vibrational configuration-interaction

(VCI) results 324
– reaction path (RP-VCI) 324
– single reference (SR-VCI) 324
vibrational de-excitation 264
vibrational energy redistribution

(IVR) 108, 275ff.
– intramolecular 275ff.
– selectivity 285
– strong mode-specific 279
vibronic coupling 5, 113f., 211f., 350
– linear (LVC) 227ff.
– model Hamiltonian 25, 114, 211ff.
– non-adiabatic 128
– quadratic 215f.
virtual state 360

w
wave operator sorting algorithm

(WOSA) method 278
wavefunction
– Ansatz 11, 17f.
– f -dimensional 12
– fermionic 6, 149, 161ff.
– flexible 4
– free-electron 49
– ground-state 63
– indistinguishable-particle multi-

configurational 188f., 197
– infinite-temperature 304f.
– initial 37ff.
– molecular–ion 49
– multiconfigurational 12, 188f., 191
– nuclear 5
– p-particle 161
– random-phase thermal (RPTWF)

method 302f.
– super- 67
– time-dependent many-body 187
wavepacket
– bath energy 302
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– bifurcation 223
– CCWP (close-coupling wavepacket)

254, 259
– Gaussian, see GWP
– grid-based 29
– initial 37ff.
– interaction energy 302
– nuclear 3
– propagation calculations 18, 23
– reduced density logarithmic contour

plots 289
– SAWP (symmetry-adapted wave-

packet) 256f.
– scattering 52

– TDWP (time-dependent wave-
packet) method 258f.

– variational multiconfiguration
Gaussian (vMCG) 29

wavepacket bifurcation 223
Wigner
– D-function 361
– rotation function 241
– tunnelling correction factor 262

z
Zundel cation 6, 277
– vibrational spectroscopy 316ff.
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