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ABSTRACT. We continue the study of [34], proving concentration phenomena for the equation —e2Au+u =
uP in a smooth bounded domain 2 C R™ and with Neumann boundary conditions. The exponent p is
greater or equal than 1 and the parameter € is converging to zero. For a suitable sequence €; — 0 we prove
existence of positive solutions u; concentrating at the whole boundary of €2 or at some of its components.
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1 Introduction

In this paper we are concerned with concentration phenomena for solutions of the singularly-perturbed
elliptic problem

—2Au+u=uP inQ,

(P:) % =0 on 052,
u>0 in Q,

where Q C R™, n > 2, is a smooth bounded domain, v is the interior unit normal vector to 992, p > 1,
and ¢ is a small positive parameter. Our aim is to show the existence of a sequence ¢; — 0 for which
(P¢,) admits solutions concentrating at 92 or at some of its components.

Problem (7)) arises in the study of pattern-formation for a class of reaction-diffusion equations. For
example, in 1972 Gierer and Meinhardt proposed the following system

Uy =diAU—U+4 in Qx(0,+00),

(GM) Vi =de AV -V + 4 in Qx (0,+00),
%’:%:0 on 990 x (0, +00),

to describe a biological experiment, see [22]. Here the functions U, V represent the densities of a slowly-
diffusing chemical activator and of a fast-diffusing inhibitor respectively. Therefore it is reasonable to
assume d; < 1 < ds. The numbers p, g, r, s are non-negative and satisfy the inequalities

p—1 r
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By the so-called Turing’s instability, [43], system may exhibit non-trivial steady states when the
coefficients d; and ds are very different. In the limit do — +00, such states can be described by solutions
of (PJ), see the survey [35] for details.

In the case p < Z—fg, problem admits solutions, called spike-layers, concentrating at one or multiple
points of Q. It was first established in [32], [36], [37] that least-energy (mountain-pass) solutions of
are spike-layers which possess a local maximum point Q. at 92 such that H(Q.) — maxyo H, where H
is the mean curvature of 0f).

Further studies on spike-layer solutions (for the Dirichlet problem as well) can be found in [17], [19],
[24), [25], [26], [27], [30], [31], [44], [45]. Due to the work of the last ten-fifteen years, the phenomenon of
concentration at points is now essentially understood, necessary and sufficient conditions for the location
of boundary and interior spikes are available.

Roughly, a spike-layer solution u. scales in the following way

ue(x) ~ wo(x/e).
More precisely, if Q. is a local maximum of u,., then there holds
u5(QE + 5') - wO() in CZQOC(RTL) (resp. in C?oc(@))a

where R’} denotes the half-space {x, > 0} and where wy is the unique positive radial solution of

{—Awo +wo=wj inR" (resp. in R%});

wo(x) — 0 as |z| — +o0.

The limit domain is R™ or R if Q. lies in the interior of € or on 9 respectively.

Spike-layer solutions are produced using minimax methods, gluing techniques and, under suitable
non-degeneracy conditions, by finite-dimensional reductions. Very recent results deal with the full system
(GM)), see for example [20], [28], [38]. Similar techniques have been used for the study of the Nonlinear
Schrodinger Equation (NLS) in the semiclassical limit, or other singularly-perturbed problems, see e.g.
[2], [3], [7] and references therein.

It has been conjectured for some time that problem should generically admit solutions concen-
trating on k-dimensional sets, for kK =1,...,n — 1. The case k = n is excluded since is not expected
to exhibit phase transitions.

In presence of symmetry some results have been proved in [4] 5] [6l [8 [10] 18] for problem , the
Dirichlet problem, and the semiclassical NLS. See Remark below for more precise comments.

In the general case, the above conjecture was first proved in [34] for the case n = 2 and k = 1, under
the technical assumption p > 2. In the present paper we settle the case k = n — 1 for all n, assuming
only the condition p > 1. Hence, besides allowing p € (1,2), we can also deal with the supercritical case.
This is mainly allowed by the fact that the limit profile of our solutions solves a one-dimensional problem
(see the comments below), for which there is no restriction on p. Note that, by the results of [I4], in
the case of spike-layers (for the stationary NLS equation) the condition p < Z—'_"g is also necessary for
concentration.

The solutions we obtain are boundary-layers and scale qualitatively in the following way, as € tends
to zero

e (2, 20) ~ wo(xn /€);  eR" 2, eRy,
where now wy is the solution of the problem
—w( +wo =wf in Ry
(1) wo(z) — 0 as r — +00;

wh(0) = 0.

Our main result is the following.
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Theorem 1.1 Let Q C R"™ be a smooth bounded domain, and let p > 1. Then there exists a sequence
£ — 0 and a sequence of solutions u.; of (P.;) with the following properties

i) ue, concentrates around 0$) as j — +o00, namely for every r > 0 one has fQT (s§|Vu€j 12 + u;) —0
as j — 4oo, where Q" = {x € Q : dist(x,00) > r};

i) if xo € O and if vy denotes the interior unit normal to O at xg, then for every k € N there holds
ue, (&5 (z — m0)) — wo(z - o) in Ciie(Vo),
where Vo = {x € RN :x-1y > 0}, and where wy is the solution of (T).
Using the scaling u(z) — u(ex), problem is transformed into

—Au+u=uP in Q,

(F.) 9u _ on 99,
u >0 in Q.,
where ). = %Q For p < Z—fg, solutions of 1) can be found as critical points of the functional

I. : H'(Q.) — R defined by

1

1
® L =g [ (VuP ) - =g [t we @),

where the space H'(f).) is equipped with its standard norm [[u[|? = [, (|Vu|? +«?). In the following,
we use the notation u, for both the solutions of and .

The phenomenon of concentration at curves or manifolds for is very different from that of
concentration at points. Essentially, the difficulty here is that the energy of the solutions is very large
(of order €'=™), and so is the Morse Index (also of order e!="). The first assertion can be deduced by a
simple dimensional argument, while the second is due to a loss of coercivity in the non-scaling direction
of ue. For an heuristic explanation of this fact, we refer to the introduction of [34], see also Remark
below. Note also that we can prove existence just along a sequence ¢;, as in [34], or at most along
a sequence of intervals in €, see Remark This seems to be a general property of this phenomenon,
removable only in special cases, see Remark [I.3]

In the case of spike-layers, both the energy and the Morse index stays bounded as € goes to zero.
Viceversa, by the results in [16], if the Morse index of a family of solutions stays bounded as ¢ — 0, these
solutions must concentrate at a finite number of points.

The proof of Theorem is based on a local inversion argument. The main difficulty is that, since the
Morse index of the solutions is changing with ¢, the linearized operator I (u.) will not be invertible for
all the values of € in an interval (0,e9). We get invertibility only along a sequence ¢;, and the norm of the
inverse operator blows-up at the rate 53771, see Proposition This produces a resonance phenomenon
which can be described as follows.

Let v € (0,1), and let v denote the inner unit normal to 9f.. Consider the neighborhood 3. of 9.
defined as

Se={a"+z.v : 2’ €0Q,2, € (0,e77)}.

Let {¢;}; denote the eigenfunctions of —A;, where Ay is the Laplace-Beltrami operator on 02, and let
{Ai1}1 be the corresponding (non-negative) eigenvalues.

Let z, be an eigenfunction of I (u.) with eigenvalue o. Then we can decompose z, in Fourier series
(in the variable z’) in the following way

zo (2, 2y) = qul(sx')zg,l(xn); z' € 00, x, € (0,e77).
1=0
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If the eigenvalue o is close to zero, it turns out that all the modes ¢;2,,; are negligible, except those
for which \; ~ £72, see also formula . This is stated rigorously in Proposition It follows that,
qualitatively, the resonant eigenvalues of I”(u.) have eigenfunctions with more and more oscillations
along 0f). as ¢ tends to zero.

We describe below the general procedure employed here to attack the problem, and the improvements
with respect to [34]. The proof of our main result is based on the Contraction Mapping Theorem, once
two preliminary steps are accomplished.

Step 1: finding an approximate solution. Given an arbitrary positive number 6, we are able to
find an approximate solution uy, . of for which ||I.(uy.)|| = O(e?). The function ug . is constructed
essentially by power series in € with k iterations, where the number £ depends on n, p and . Thus uy .
has roughly the following form

up (2, 2) = wo(n) + ey (€2, 20) + .. . ¥ (e2’, 1), ¥ €00, x, € J. =[0,e77].
Here 1, . . ., W, are smooth functions on 9 x J,, which are defined inductively in their index. Basically,
each function w; is obtained by an inversion argument from 1wy, . .., w;_1 and the geometry of 2. Despite

the resonance phenomena of the operator 17, here we can perform this inversion because we are assuming
a smooth dependence on the variable ez’. In some sense, since resonance occurs only at high frequencies,
see the comments above, smooth functions on 9 (scaled to €2.) are not affected by this phenomenon
since their Fourier modes are mainly low-frequency ones. The rigorous derivation of uy . is performed in
Section @ The smoothness of () is essential to construct uy, ., see Remark @

We remark that in [34], for n = 2, we were able to satisfy the above requirement only for § = % Here
we need a much better approximation since both the energy of the solutions and the norm of the inverse
operator grow faster when the dimension n is larger.

Step 2: inverting the linearized operator I”(uj.). This is a rather delicate issue since, as we
remarked before, the linearized operator is not invertible for all the values of €. Qualitatively, using the
Weyl’s asymptotic formula, one finds that the I-th eigenvalue o; of I” (uy <) is given by

(3) o~ —1 42T,

see Section |4 for details. It follows that o; ~ 0 for [ ~ £'=" and that the average distance between
two consecutive eigenvalues close to zero is of order e"~!. We show indeed that along a sequence ¢; the

spectrum of the linearized operator stays away from zero of order 7!, and hence we get an inverse

J
operator with norm proportional to 5;("_1). The way to prove this fact is based on a first rough

comparison of the eigenvalues with those (essentially known, see Proposition of a model problem,
obtaining an estimate of the Morse index of the solutions. Then, Kato’s Theorem allows us to choose
the values of € appropriately and to invert the linear operator along a sequence €;. Notice that Kato’s
Theorem requires some information not only on the eigenvalues, but also on the eigenfunctions, see
Section 2} The procedure here is simpler than [34], where oscillatory integrals were used, see Remark

Final step: the contraction argument. If the operator I”(uy ) is invertible, a function u. of the
form u. = ug . + w is a solution of if and only if w is a fixed point of the operator F., where F. is
defined as

Fe(w) = —I! (ur.e) ™ [ (ur.e) + G(w)].

Here G(w) is a superlinear term satisfying ||G(w)| < O (Hw||)min{2’p}. Since along the sequence ¢; the
norm of the operator I’ (uy )" is of order =™, we need to choose 6 to be sufficiently large (see Step 1),
depending also on p, in order to get a contraction. Note that the norm of the term G(w) is larger (for w
small) if p € (1,2), and this case is not treatable with the approach in [34].

A further difficulty in dealing with the case n > 3 is that the exponent p could also be supercritical.
This case is tackled with a truncation argument, proving a priori estimates in L>°. These are based on a
combination of norm estimates, obtained using Step 2, and elliptic regularity theory.
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Remark 1.2 [t is possible to generalize Theorem in the following way. Let Q C R™ be a smooth
bounded domain, and let p > 1. Let ®1,..., P, be £ components of Q. Then there exists a sequence
g; — 0 and a sequence of solutions of (P.;) which concentrate at ®1 U --- U ®;, namely for which
properties 1)-ii) in Theorem hold for every component ®1,...,®,. The set ). has to be substituted by
{r € Q: dist(z,®1U---UDy) >r}.

Remark 1.3 We do not expect that in general concentration at manifolds of dimension k, with k > 1,
occurs along a continuous range of €. This is possible (and verified) instead in very particular situations,
under some symmetry assumptions. In this case the resonance phenomenon can be ruled out working in
spaces of symmetric functions. However, since the Morse index of the solutions is still changing with €,
bifurcation of non-symmetric solutions occurs from the branch of the symmetric ones, see [4)], [15], [42].

For the general case it is reasonable to expect imperfect bifurcation, namely that the set (e,us) C
R x HY(Q), where u. is a boundary-layer, looks like an hyperbola when the Morse index of uy ¢ is changing.

Similar resonance phenomena were observed in [33], [£1]] for a class of ordinary differential equations.
We believe that a similar picture should take place also in this case.

Remark 1.4 Under symmetry assumptions, it is possible to analyze different aspects of concentration at
manifolds.

In [J)], [§] it is considered the case of standing waves for the semiclassical Nonlinear Schrédinger
Equation, and it is shown how the location of the concentration set arises as a combination of the effects
of the potential and the volume of the support of the solutions (this phenomenon is absent in the case of
concentration at points). In particular in [J] necessary and sufficient conditions are given for the location
of the concentration set.

In [8], [I8] concentration on circles is produced considering solutions of the NLS with non-vanishing
angular momentum, and the potential is now balancing volume and centrifugal forces.

In [5] it is analyzed the effect of the boundary of the domain. In particular, for problem mn a
ball, it is shown that there exist solutions with a spherical crown of maxima at distance €|loge| from the
boundary. The radial profile of these solutions is that of an interior spike, hence they are of different type
with respect to those analyzed here.

As we already mentioned, in the proof of these results symmetry plays a crucial role. Although these
results are very suggestive, there are no analogous examples at the moment dealing with non-symmetric
conditions. In particular there is no general result concerning concentration at manifolds with codimen-
sion greater than 1. In [JJ], [5] some open problems and conjectures are listed. It is expected that, if
concentration occurs along a d-dimensional manifold, the exponent should be subcritical with respect to

R"=4 namely smaller than Z:gfg. This fact is verified in the present case.

Remark 1.5 Concentration along curves or manifolds also occurs for other classes of equations, like
Allen-Cahn, Ginzburg-Landau or Yang-Mills, see e.g. the recent papers [11)], [12], [10).

The phenomenon is different from our case, since the resonance phenomena there (although present) do
not affect so drastically the structure of the solutions. In fact, under generic non-degeneracy assumptions,
concentration occurs without gaps in the scaling parameter.

The main reason for this difference is the following. For these equations the basic solution (transition
layer, vortex, instanton) in the direction orthogonal to the manifold of concentration is, loosely speaking a
minimum. In our case, instead, the function wgy is ¢ mountain-pass, giving rise to a negative eigenvalue
for the 1-dimensional problem, see Proposition [2.1l As a consequence the eigenvalues of the linearized
operator in n dimensions grow from a negative number and eventually cross zero, as described in formula

13-

Remark 1.6 Our approach can also produce solutions with large energy of the following problem on thin
annuli

—Au=uP in M.,
u=0 on OM.
u >0 in M,.
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Here M. is an e-neighborhood of a smooth embedded (n — 1)-dimensional manifold M C R™, and p > 1.
Such a problem has been investigated in [9] for p = Z—B The authors proved that there are no solutions
whose energy stays bounded as € — 0.

The plan of the paper is the following. In Section[2]we collect some preliminary facts and we study a family
of auxiliary one-dimensional problems, proving some continuity and monotonicity properties. Section
is devoted to the construction of the approximate solution u .. In Section@we give a characterization of
the eigenfunctions and the eigenvalues of the operator Tx_, which basically coincide with those of I” (uy ),
see Proposition In Section [5| we prove our main Theorem, treating separately the subcritical and the
supercritical cases.

2 Notation and Preliminary facts

In this section we introduce some notation which will be frequently used later on, and we present the
linear theory of some auxiliary one-dimensional problems. Our approach here simplifies that of [34].

Throughout the paper, C denotes a large positive constant. For convenience, we allow C to vary
among formulas (also within the same line) and to assume larger and larger values. The number ~ will be
fixed in Section [3] We often work in the functional space H'(f2.) endowed with its natural norm, which
we denote simply by || - ||, without any subscript. Solutions of for p < 2£2 are found as critical
points of the functional I. : H*(€2.) — R defined in (2).

Consider the problem

—u" +u=uP inRy;
(4) u>0 in Ry;
u'(0) =0,

with p > 1. It is well-known, see e.g. [21], that problem possesses a solution wy which satisfies the
properties

(5) wj(r) <0, for all r > 0,
lim, o €"wo(r) = a, >0, lim, o L}”ég:; =1,

where o, is a positive constant depending only on p. Using some ODE analysis, one can see that all the
solutions of (4) in H'(R,) coincide with wy. B
Solutions of problem in the class H*(R, ) are critical points of the functional I defined as

(©) T -3 [ + (W) + ) = [ we @y,

We have the following non-degeneracy result, see e.g. [21], [39].

Proposition 2.1 The function wg is a non-degenerate critical point of I. Precisely, there exists a positive
constant C' such that

T" (wo)[wo, wo] < —C~ HwolZ T (wo)v,v] > C Hwl[2,  for allv € HY(Ry),v L wy,
where || - ||lo denotes the standard norm of H'(Ry). As a consequence, we have p < 0 and T > 0, where

w and T are respectively the first and the second eigenvalues of T/I(wo). Furthermore the eigenvalue b is
simple.

Our next goal is to characterize the eigenvalues o (in particular the first two) of the following problem

7) {(1 —o)(—u" + (1 +a)u) = pwh~'u, inRy;

u’'(0) =0,
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where « is a positive parameter. Equation arises in the study of some linear partial differential
equation after performing a Fourier decomposition, see equation below. This study has basically
been performed in [34] for « ranging in a discrete set of values. Here we present a simpler approach,
allowing « to vary continuously.

In order to study the eigenvalues of (7)), it is convenient to introduce the following norm || - || on H*(R;)

(8) nwzz/’«wf+u+am%; uwe H'(R,).

Ry

Let H,, be the Hilbert space consisting of H!(R) and endowed with this norm. We denote by (, ), the
corresponding scalar product. We also define by duality the operator T, : H, — H,, in the following way

(Tou,v)o = / (u’v’ + (14 a)uv — pwg_luv) ; u,v € Hy.
Ry

Then equation can be written in the abstract form
9) Tou = ou; u € H,.
Note that when o = 0, T, coincides with Tll(wg). We have the following result.

Proposition 2.2 Let p,, and 7, denote respectively the first and the second eigenvalues of Tr,. Then pi,
is simple and the following properties hold true

(1) a— pg is smooth and strictly increasing;
(ii) @+ 7, is non-decreasing.

The eigenfunction v, of T, corresponding to pq, normalized with ||vy|lo = 1, can be chosen to be positive
and strictly decreasing on Ry. The map a — v, is smooth from R into H'(R,). Furthermore, o > 0
for a sufficiently large.

PROOF. The simplicity on p, and the (weak) monotonicity of & — pa, o — 74 can be proved as in [34],
Section 3.
The smoothness of a — p, and a — v, can be deduced as follows. Consider the map ¥,, : H'(R) —
H,, defined as
(Tou)(z) = u(z); ue€ H'(Ry).

W, is nothing but the identity as a map between functions, and is an isomorphism between Sobolev
spaces. We also consider the operator 7, : H'(R}) — H'(R})

To=V_'0T,00,.

7T, depends smoothly on « and, by conjugacy to T,, the first eigenvalue of 7, coincides with p, and
is simple. Hence, to get the smoothness of u, and vy, it is sufficient to apply the Implicit Function
Theorem.

We now compute the derivative of u, with respect to a. The function v, satisfies the equation
(10) %PWJP%+G+M%FW%I% in R
v/, (0) = 0.

(e

Differentiating the equation |lv,||2 = 1, with respect to «, we find

d dvg
(11) —[Jvall2 =0 which implies L,va = —/ v2.
da da o R,
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On the other hand, differentiating with respect to «, we obtain

1 — .
a2) {déa (—vl + (14 a)va) + (1= pa) (= (%2)" + (14 @) %2 +va) =puf 42 in Ry
/
(Ge) (0) =0.
Multiplying by v., integrating by parts and using , one gets

dpte 9
1 -_— = 1_ « .
(13) (1—p )/+’Ua>0

Note that, since T, < Id, every eigenvalue of Ty, is strictly less than 1, and in particular (1 — ps) > 0.
This proves the strict monotonicity of o — p,. It remains to prove that p, > 0 for a large: in order to
do this we show that p, — 1 as & — +o0o0. There holds

. fR+ ((UI)Q + (14 a)u? *pw§71u2>
Ha = inf
uCH,, f]R+ ((ul)2 + (1 + OZ)UQ)

Fixing any § > 0, it is sufficient to notice that
(u")? + ((1 +a)— ngil) uw? > (1-6) [(v)* + (1 + a)u?] for all u,

provided « is sufficiently large. This concludes the proof. B

Given a > 0, we also define the function F(a) to be
(14) F(a) =2a(1 — ua)/ v2 > 0.
Ry

Note that, by the smoothness of o v, also the function o +— F(a) is smooth.

We also need to consider a variant of the eigenvalue problem @ For v > 0, let J. denote the interval
Jo=0,77],

and let
H!={ue H'(J.) : u(s7") =0}.

We let H, . denote the space H! endowed with the norm

o= [ (@4 ran);  we

€

and (', ), the corresponding scalar product. Similarly, we define T, . by
(To,ctt,V)a,e = / (u'v’ + (1 + a)uv — pwgfluv) ; u,v € Hyp.
Je

The operator Ty, . satisfies properties analogous to 7T,. We list them in the next Proposition, which also
gives a comparison between the first eigenvalues and eigenfunctions of T, and T, .

Proposition 2.3 Let 1. and 7o . denote respectively the first and the second eigenvalues of T,, .. Then
Ha,e 15 simple and the following properties hold true

(1) a v fa,e is smooth and strictly increasing;

(i) o — Tu is non-decreasing.
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The eigenfunction vy e of Ty e corresponding to fiq.e, normalized with ||V clla.e = 1, can be chosen to be
positive and strictly decreasing on Ry. Moreover there exist a large constant C' and a small constant §
depending only on p such that

de 7

e 1. 1 1
|tta — tae] < Ce e, lva = vaellar(m,) < Ce™2%e , for po € {47, 47’]

and for € small. The function v, in this formula has been set identically 0 outside [0,e77].

PROOF. Properties (i)-(ii) and of the monotonicity of v, . can be deduced as for Proposition
There holds

. (Tauau)a . (Ta 6”7“)@ €
15 — inf oW, = inf et Was
(19) Fo = BT Hoe = L
Since the norms || - || and || - ||a.e (and the operators Ty, T, ) coincide on Hy, ., we have piq < fig,e. On

the other hand, since p, — 1 as & — 400 (see the proof of Proposition 2.2), o € [—$7, 17] implies that
« lies in a bounded set of R, . Note that, since Tﬂ(wo) < Idon H*(R,), 7 is strictly less than 1, and so

i« T
1S 1

Then, using equation , we deduce the following decay for v,,
(16) [va(B)] + loa ()] < Ce™®, >0
Let us define a non-increasing cut-off function . satisfying the following properties

pe(t 1 for t € [0, %5_7] ;
(17) pe(t) =0 for t € [3e77,e77];
et < Ce”; [l(t)] < Ce™.

Then, using and elementary computations, one finds
“|<‘OEUQHZ7E - 1| < 0676877; |(Ta,e(¢6va)7 906’001) - ,Ua| < Cei&iw.

Since @ev, belongs to H, ., and the last formulas yield jiq.c < f1o + Ce™%". This proves the first
inequality in the statement.

Formula implies
/ ((vh)? +v2) < Ce™% .
R4\ Je

To obtain the second inequality in the statement we set
U(t) = Vo e (t) — va(t) + 270, (e77)E2; teJ..
Subtracting the differential equations satisfied by v, and v,, we obtain

(18) {(1 — fae)(—u" + (1 4+ a)u) —pwllu=fi + fo inJ.,

W/'(0) =0 u€ Hape,

where f; and f5 are defined by duality as

(f1,v) = (Hae — ua)/ (—=Avy + (1 4+ a)v,)vdt, Vv € Hy e}
Je

(f2,v) = 527va(5_7)/ {(1 — fae) (L +a)t? —2) — pw871t2} vdt, Yo € Hype.

€
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one can check that

(19) fill . < Ce™ 7 1foll . < Cem2ve .
We write
(20) U= g + T, where B €R and (U, va,c)H,. = 0.

Since T, ¢ is invertible on (vq,c), implies
(21) @]l a, . < Cem37e% .
Equation can also be written as
(1= B)Va,e =T+ (va — v (e77)E?).
Taking the norm of both sides, using and some elementary estimates we get

1-p8=1+0 (s—%ve—ée’”) .

10

This equation implies 5 ~ 0 or 8 ~ 2, from which we deduce (see (20))) that either vy e ~ vq, Or
Vge ~ —Vq. OiNce we are assuming that v, . is non-increasing, it must be 5 ~ 0, and more precisely

18] < Cem27e%" Then and yield the conclusion. m

Remark 2.4 Reasoning as in the proof of Proposition [2.3 and using the Courant-Fisher method, one

can also prove that 7, . > T, for all values of o and €.

As in [34], we will use Fourier analysis in order to study equation 1) For v > 0, let us define the set

Se and the metric gyp on S, as

(22) Se = 0Qe x J. = 00 x [0,e77], go = 7. @ (dt)?,

where g, is the metric on 0f), induced by R™. We also define the functional space
Hg. = {ue H'(S:) : u(z’,e””) =0 for all 2’ € 9Q. }

endowed with the norm

el = / (gl + ) we Hs,.

=

Let g be the metric on 99 induced by that of R™, and let A; be the Laplace-Beltrami operator.

Let

{A\i}1 denote the eigenvalues of —Aj, counted in non-decreasing order and with their multiplicity. Let

also {¢;}; denote the corresponding eigenfunctions.

Given u € Hg_, we can decompose it in Fourier components (in the variable z’) as follows

oo

(23) uw(z', x,) = Z(bl(ax')ul(xn), ' € 00, x, € J..
1=0

Using this decomposition, one finds

- 12/ (W) + (L4 207 = 1Z||Ul||a -

Writing for brevity || - ||;,c instead of || - ||.2,,, the last equation becomes

1
(24) ||U||§{ss = FZHWH?@-
1
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This is how the norms || - ||, introduced above enter in our study; in particular we will choose « belonging
to the discrete set {2\ };.
We are also interested in an eigenvalue problem of the form

(25) Ts.u = ou; u€ Hg_,
where Tg_ is defined by

(Ts.u,v) = / (Vgou Vo 4+ uv — pwg_luv) dVy,, u,v € Hg_.
S

=

Writing u as in (23)), equation (25) is equivalent to

(26)

1 .
{(1 — o) (~uf + (1 +N)w) = pwg~ w  in I, for all [,

u(0) = 0;

which is of the form (I0]). since Ts_ represents a model for the study of I”(us,), it was essential for us
to perform a spectral analysis of the operators T.

The spectrum of Ts_ is characterized in the next proposition. We recall the definition of the (positive)
number 7 in Proposition [2.1

Proposition 2.5 Let 0 < 7 be an eigenvalue of Ts.. Then o = i . for some index l. The corresponding
eigenfunctions u are of the form

(27) U(l‘l,l‘n) = Z al¢l(€xl)vl,€(xn)7 .CL'/ e aQ€7mn e J87
{l: w,e=c}

where {ay}; are arbitrary constants. Viceversa, every function of the form is an eigenfunction of
Ts. with eigenvalue o. In particular the eigenvalues of Ts. which are smaller than T coincide with the
numbers {p  }1 which are smaller than 7.

PROOF. Let u be an eigenfunction of Ts, with eigenvalue . Then we can write

w(x',z,) = Z (qure(an) + 0(xn)) gi(ea’),

l

where oy are real numbers, and where (0, v; )i = 0 for all [. We have

Z (O‘lﬂl,svl,s(xn) + Tl,s@l(xn)) ¢z(€$/) =Tsu=ou=o Z (alvl,s(xn) + 0(xn)) ¢l(5x,)-
l 1

By the uniqueness of the Fourier decomposition, the last equation implies

(28) me=0 if o #0; and T, .0y =00; forall l.
Proposition [2.3] i) and Remark [2.4] yield
(29) Tae 2 Ta 2 T,

which means that Ti, . > 71d on the subspace of H, . orthogonal to v, . Hence the second equation in
(28) and the fact that o < 7 imply ©; = 0 for all I. Moreover, since \; — p;. is a monotone function,
the first equation in shows that all the indices [ for which a; # 0 correspond to the same value A;.
This concludes the proof. ®

We finally recall the following theorem due to T. Kato, ([29], page 444) which is fundamental to us in
order to obtain invertibility, see Proposition |4.5



Multidimensional Boundary-layers 12

Theorem 2.6 Let T(x) denote a differentiable family of operators from an Hilbert space X into itself,
where x belongs to an interval containing 0. Let T'(0) be a self-adjoint operator of the form Identity -
compact and let 0(0) = g9 # 1 be an eigenvalue of T(0). Then the eigenvalue o(x) is differentiable at 0
with respect to x. The derivative of o is given by

0o ) or
oy = {ezgenvalues of Py, o 5(0) o Pao} )

where Py, : X — X, denotes the projection onto the oq eigenspace X, of T(0).

Remark 2.7 We note that, when perturbing the operator T(0), the eigenvalue oo can split in several
ones. Hence in general og possesses a multivalued derivative. Anyway, since the operator T'(0) is of the
form Identity - compact, and since og is different from 1, oqg is an isolated eigenvalue and the projection
P;, has a finite dimensional range. Hence the splitting of oq is finite.

3 An approximate solution

In this section we construct an approximate solution wuy . of (P.). Differently from [34], we find an
approximation at arbitrary order in €. Basically we expand a solution u. of 1' in powers of € and then
use suitable truncations.

Proposition 3.1 Consider the Euler functional I. defined in and associated to problem . Then
for any k € N there exists a function uy. : Se — R with the following properties

8u;€’5

(30) (k) < G5 e 20 Qe
v

=0 on 08,

where Cy depends only on 2, p and k. Moreover there holds

|| (V) m)uk (', zp, || < Cpe™e *n;
(31) || V) (m )anukﬁg(ac , T H < Cpe™e *n; 2 ed.,z,€J.,,, m=0,1,...,
H(V')(m)agnuk,g(x’,xn)H/ < CpeMe %n;

where V' and || - || denote the derivative and the norm taken with respect to the variable x' (freezing x.,, ),
and C,, is a constant depending only on §2, p and m.

We parameterize the set S., see equation , using coordinates =’ on Q. and z,, in J.. Let v denote
the unit inner normal to €2, and define the map ', : 9. x J. — R™ by

To(2,2,) = o' + xpv(ex’).

We let the upper-case indices A, B, C, ... run from 1 to n, and the lower-case indices i, j, k, ... run from
1 to n — 1. Using some local coordinates {x;};=1,... n—1 on 0€, and letting ¢. be the corresponding
immersion into R”, we have

G (', 1) = G2 (a) +emn Gt (ea') = G2 (o) + ewn H] (ea') G2 (a!), fori=1,...,n—1;
ggf (', xn) = v(ex').

where {H/} are the coefficients of the mean-curvature operator on dQ. Let also g;; be the coefficients
of the metric on 992, in the above coordinates (z',x,). Then, letting g = g. denote the metric on Q.
induced by R™, we have

o 81“5 81} o {gij} 0
(32) gAB = (3%,4’ 8333) - ( 0 1 )
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where

Oy, v, Oy, v,
gij = (8(;1 (') + Eman(Ex’)ajk (2), aij (') + 5anjl- (ex”) 89;1 (;v’))

gy + ey (HFg; + Higy) + 222 HF Hgy,.

Note that also the inverse matrix {g4”} decomposes as
AB _ {g"} 0
g 0 1)

3.1 First-order approximation

We begin by finding a first-order approximation for u., to show the ideas of the general procedure. The
approach of this subsection is simpler than [34], although closely related. We define the following map
u +— 4 from functions on 99, (resp. 92 x R ) into functions on 9 (resp. 9N x Ry)

(33) u(ex’) = u(z’) (resp. w(ex’, x,) = u(a’, z,)), 2’ € 90, (resp. (2/,1,) € 00 x Ry).
Using the above parametrization, we look for an approximate solution u; . of the form
up (2, 2n) = wo + ey (e, zy,),

where the function @, is defined on 992 x R, consistently with . We note that, from the above
decomposition of g4p (and g4?), one has

1
—Agu = *!JABUAB - \/TtgaA (QAB \/ det g) up

We have, formally
(34) det g = det(g'g) detg = (detg) (1 +exn tr (g 'a)) + o(e),

where
aij = H'gy; + Higy.
There holds
@ 'a)is =77 ij =% (HfG; + Higa)

and hence
(35) tr (5 ') =" (Hfgy; + H'g,) = 29" H!'g),; = 2H].

We recall that the quantity H} represents the opposite of the mean curvature of 99 (by our choice of v),
and in particular it is independent of the choice of coordinates.
Using (34), (35)), writing formally (wo + ew;)? as w}) + pewh"wy + o(¢), and expanding —A,_u; . +
uy,c = uy . up to the first order in e, we obtain the following equation for w;
(36) { —wf +wy — bty = Hiwg i Ry,
wi(0) = 0.

By Proposition and the subsequent comment, equation can be solved for any right-hand side in
Lz(Ri), as in this case (see equation ) The resulting expression for w; will be independent of the
choice of coordinates on 0f)..

The construction of a better approximate solution will be performed expanding formally the equation
—Ag. u+u = uP in powers of € up to order k. A rigorous proof will be given in the next subsection.
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3.2 Proof of Proposition |3.1

14

We note that the metric gap is a function of the metric g;;, the operator H ;, and of the variable ex,,.

Hence, fixing an integer k and using a Taylor expansion, we can write
1 k
37 ———OpJdetg =Y xiG,(ex) + Glex!, z,),

where G; : 9Q — R are smooth functions, and G satisfies

/
k k+1
C’f:mxn‘g ) Tn € ‘]Ev

(38) |G

<
cm(a9) ~

where C ., is a constant depending only on Q, p, k, and m. Again (and in the following), when we write
[ - |I" we keep the variable x,, fixed. We remark that, from the computations of the previous subsection,

the function Gy is the opposite of the mean curvature of 92.

We need now a similar expansion for the operator A,4. In order to get expressions which are independent
of the coordinates 2/, we introduce some notation. Fixing the variable z,, € J., the metric g(z’, z,) =
ge (2, z,,) induces a metric g, ., on I in the following way. Consider the homothety i. : 9Q — 9Q.. We

define §. ., to be
gs,zn = 52i:gs('a xn)a

where ¢} denotes the pull-back operator. Note that, with the above scaling, the metric g, 5, converges to
g as € goes to zero. More precisely, fixing an integer k, for any smooth function f : 02 — R we have the

expansion

k

(39) _Agg,z‘n f = - Z(Exn)Zsz + Ls,a:n fa

=0

where {L;};, L. ,,, are linear second-order differential operators (e.g. Lo = Ay) satisfying

(40) ILi fllom oy < Cmll fllems2(aa); I Le,zn fliem o) < Cm(en)* I f lomerz(an)

for all smooth f, where C, is a constant depending only on €2, p, k, and m.

Consider now a function u : S¢ — R, which is of the form
(41) w(z', x,) = alex’, x,), x' €00,z € J.,
see the notation of . Then, scaling in the variable z’, we have

1

—Agsu(x',xn) = —ann(sx’,xn) — m

Using the expansions , , the last equation becomes

k
— Ay u(d x,) = —lpp(er’, x,) — Zsixifl ST (N Z e*tigl Liu(ea!, x,,)

i=1 i=0
(42) — Glex! xp)u(er’ p) — €% Le o, (e, 20).

This formula has the advantage of being independent of the choice of coordinates x’.

On (x/det g) U (e, @y) — 2D, lea, 2y).



Multidimensional Boundary-layers 15

We also need to expand in power series of & expressions of the form (ag+¢caj + - - - +€¥ay,)P, where ag > 0.

We can write
k+1> )
b
k+1>

Hence, collecting the powers of € up to order k, and using elementary inequalities, we get

h

o A h h\*
(ap+h)P=af(1+—) =af|[1+p—+ - Fapl—) +O[|—
Qg Qg Qg

ao

where h = cay + - - - + €¥ay. Separating the powers of €, we have

&2
; h
(a0+h)pia0 Z{:‘ Z Cijtyenin @0 =1 jl"'aikJrO(

ag

k

p__ P i o D D [ PR, )

(ao +h)P — ag E € E Cijiyenin Qo ay ay,
=0 J1seees Jk

S lgi=i

k2
s <1+|a1|—|—...ak> n h
ao

k+1
- )

(43) < Cypap
ao

pr0V1ded 2L is uniformly bounded. Here C}; ;, depends on k and p only. For smooth functions 1, ... % :
89 X R+7 let

e (2!, 20) = wo(2n) + et (62, 20) + ... 80y (€2, 20); € 00,1z, €ER,.
Expanding formally the equation —Aju+u = u? (imposing Neumann boundary conditions) in powers of
e, and using formulas , , we find that @; satisfies the following recurrence formula for ¢ running
from 1 to k

] - pu N = Y @l Gala ) (e 2n) — Y3 (L) (e, )
(1) {4 oy Cunah = o) in
lji=i
@), (0) = 0,

where the derivatives are taken with respect to the variable z,,, and the coefficients C; ;, ... ;, are defined

n .

We use formula to define recursively the functions wy, ..., w,. Notice that in the right-hand side of
the ODE in appear only the functions wq,...,w;_1, and that the operator on the left-hand side is
invertible provided the right-hand side is in L?(R, ), see Proposition and the subsequent comment.

Proceeding by induction, using the regularity of the functions G, equation , and using standard
estimates on solutions of ODE’s, we find that there exist polynomials P;(¢) such that

H uzz ', xy,) H < CimPi(zn)e "
(45) ( V’ (m)w (2, H < Cym Pi(a)e 7 €00, 3, ERL,m=0,1,...,
|| wy (2, xp H < CimPi(xn)e "
where V' denotes the derivative with respect to ', and C; ,, is a constant depending only on Q, p, ¢ and

m. In particular these decay estimates ensure that the right-hand side in belongs to L?(R, ), and
is solvable for all i =1,... k.
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We will set uy . = @ X (wo +cwy + .. .ekawy,) for a suitable cut-off function ¢.. We first establish what
the support of ¢, should be. Define
.o (2!, 20) = wo(2n) + ety (62, 2) + ... 80y (€2, ), v €00, x, €R,.

Let dy,...,d; denote the degrees of the polynomials Py, ... P, see formula . From now on we choose
v satisfying

1 . 1
(46) < g, {d} :

Then from we find

H (m et wZ ’ || < Cl mé& P (.’En) T < Cz m526 —rny
(47) || (m || < Cz msQe —Eny for x,, € J..
|| (m x ) Tn H < Cz m526 a:"'

Using equation , we have

(ak,i)p Z Z C; 0,015 ,jka Zjlw{I T wik (Exl7 xn)

Zl]l 5
- - k2 . k+1
(18) < Gl [gm (1 . |w1+|wk|) e — v ] '),
wo wWo
provided the quantity ’”701”0 is uniformly bounded. From the decay estimates we deduce
N NS k K
, @+ N b (o),
(49) It = (e2',25) < Crp | L+ CioPio(wn) | < Palwn);
i=1
e —wo | k41 -
(50) S| < Oy (Prolen) +-. " Pro(n)” < e Pi(an),
0

for suitable polynomials P, and P,. Hence, setting

k
f(x/’x") Uka wgzgl Z ClijreoninWo Ejlwil -.-'J)i:k(gx/?xn)’

=0 j1....,
lel—i
from , , and we find
61 F(a ) < e (Pulan) + Pilea))

provided the quantlty "”70“}‘" is uniformly bounded. From equations and , this is the case for
xy, € Je, hence (51) applies and we obtain

|f (2!, 2,)| < Cppe PErehtl (Pk(acn) + Pk(mn)) ; Up,e >0 for z,, € J..
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By the construction of the functions w; we have

fo= Dot ige —0f = —Fab T L iy — ek Ly
(52) — Glex',xy) — Loy, i + f.
From estimates , , and we deduce
1f (@, 2n)| < CFTL(L + 2p) P en; 2 €00, xn € J.,

where dj, depends only on k, and C' depends on 2, p and k.
For v as in 7 choose ¢, satisfying and set

ke (ex, ) = e (Tn)lig e (€2’ 27).

Then uj . has compact support in €., and the estimates in readily follow from and .
Moreover there holds

IN

7Auk;vg + Ug,e — U£ Pe 7A'&k,s + ﬁk,s - '[LZ’E + 2|Vﬂk,e| |v906| + ﬁflc,s|A§06| + |f|

,E

< CceMta 4+ xn)‘ike_mn.

Finally, for any smooth function v : . — R, using the Holder inequality and the last formula we get
n—1
R0 < [ [-Bune + e o [ o] < €17 o
Qe

where C is a constant depending on €2, p and k. Then the conclusion follows by considering the closure
of the smooth functions in H!(2.).

Remark 3.2 It was pointed out in [34)], Remark 4.4, that the solutions concentrating at O are thickest
at the points where the mean curvature is maximal. This can also be shown using the present approach.
We are going to prove that, when H} is negative, the function wy defined in 18 positive at infinity.
Then the claim will follow from the linearity of .
We can assume that H! = —1, so we are lead to study the problem

—v" +v— pwg_lv =—w) in Ry,

(53) S
v'(0) = 0.

It is standard to show that the function v satisfies the following decay at infinity
(54) v(z)| < Cate™; for x> 1,

where d is some positive integer.

There holds
“+o0

v(x) = ; K(z,s)f(s)ds; x>0,

where
e Scoshx  forx <s,

coshse™  forx > s.

fs) = —wp(s) + puf ' (s)o(s)  and ’C(ﬂcaS):{

Using this representation, together with the decay estimates , , one can show that v(x) > 0 for x
sufficiently large. This concludes the proof.

Remark 3.3 We note that, in order to construct the function uy ., we used the smoothness of Q0 in a
crucial way, see in particular , . In the subcritical case the choice of k, depending on n and p,
is given by formula . Hence, for n large, we require ) to be at least of class C”, where r ~ %n for

D> 2, andrw(p%l—i—%)nforpgz
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4 Eigenvalues of Ty_

In this section we study the eigenvalue problem below, which represents a refined approximation for
the study of the linearization of l) at ug,e, see Proposition The integer k will be chosen in Section

Bl
Let I'. be as in Section [3] and let 3. be defined as

Yo =Tu(S) =Tc (0 x J.) = {z € R" : dist(z,00) <e 7},
We endow Y. with the metric g. induced by the inclusion in R™, and we define the functional space
Hy, ={ue H'(Z.) : u(l(2/,e77)) =0 for all 2’ € 09 },

with its natural norm
s, = [ (Vo +02); we Hs.,

e

and the corresponding scalar product ( , )g,,_ . Using the expression of the metric g., see equation
and the subsequent formulas, one finds

(55) (1=Ce" ) |lullas, <lullas, < (1+Ce™7) ||ulls,; for all u € Hg_,

where C' is a constant depending only on 2.
Let ur . be the function constructed in Section @ Then we define Tx,_ : Hy, — Hsy_ in the following
way

(56) (T, 0) by, = /

(ngu Vg v+uv— puz’_eluv) dv,_; u,v € Hy,_.
e

The goal of this section is to study the eigenvalues o of the problem
(57) Ty u = ou, u € Hy,_.

In the next Proposition we characterize the eigenfunctions of T%,_ when the eigenvalue o is close to zero.
We recall the definition of the functions ¢; and v; . from Section E

Proposition 4.1 Let v > 0 be as in ([46), and let A € (0,7/4). Suppose o € [—7/4,7/4], and let u be
an eigenfunction of Tx,, with eigenvalue o. Then there holds

el=7
(58) u— > QP < O lullas,
{l:p c€lc—A,0+A]} Hs,

for some coefficients {aq} and for some constant C' depending only on Q and p.

PrOOF. From , the eigenvalue equation can be written as

(1- 0)/ (Vgu-Vgv+uv)dV, — p/ ui;luvdVgE =0 for all v € Hy, .

€

Using , the construction of uy . and , the above equation becomes

\(1—@ [ o Vot w)aVy, —p [ wwaVy| < 0, o,

SE SE

(59) for all v € Hg_,
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where C' is a constant depending only on 2 and p. The metric gy was defined in . We decompose u
and v uniquely as

u(e',z,) = Z Pi(ex’) (i e(zn) + t(2n)) ; v(a’,zn) = Z di(ea’) (Brore(wn) + 0i(2n))
=0 1=0
where {a;}i, {8} are real numbers, and where
(U, vie)ie =0; (B, 010)1,e =0 for all I.

From we have

(60) lullZy, =

(of + llall?.) ; oz, = P+ lodlze)

and similarly

(61) / (Vgou - Vgov + uv) dVy, — p/ wgfluvdVgo = (uBrpe + (Ty el 0)1e) -
Se

5

Using and , reads

[N

> (e = )y + (The — o), in))

< ce (z 02+ umnie) (z 74 n@lzg)
l l l

(62) for all v € Hg,.

We can write u = u1 + us, where

o0 o0
Uy = E QU Pr; Uy = E .
1=0 =0

Recalling that ((T;c — o)t @) > Zlwll7. (by and since o € [—7/4,7/4]), and taking v = u in (62)),
we get

T —_
(63) 3 lluallfrs, < Ce™lullfy, -

We also write u; = u_ + ug + vy, where
u-= Y b ug= > adone;  up = > g
{l:p,e<o—A} {l:p,c€lo—A,0+A]} {l:pg,e>0+A}
Taking v = u_,uq in (62), we finally obtain

e el

(64) iz, < C——llullfry, ; s llZr, < C——llullfrs, -

Then the conclusion follows from , and (64). =

Remark 4.2 In [3])] there is an analogue of Proposz'tion based on cancellation of oscillatory integrals.
Although more involved, it showed a strong localization in the Fourier modes of the eigenfunctions for
n = 2. We believe the same phenomenon should occur in higher dimensions. To prove such an estimate,
it is useful to control the integrals of products of three eigenfunctions of Ag. When n = 2, namely when
N is 1-dimensional, this follows from simple trigonometric formulas.
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Let uy . : 2 — R the function be the function defined by
Upe(x) = ug o (ex), z € Q.
We recall the following result from [34].

Proposition 4.3 The eigenvalues of the operator T, are differentiable with respect to €, the eigenvalues
being considered a possibly multivalued function of €. If o(e) is such an eigenvalue, then

(65) g—: = {eigenvalues of Qs },
where Q. : H, X H, — R is the quadratic form given by

2 p—2 8ﬂk,€
(66) Qo(u,v) = (1- O’)g . Vu-Vov—p(p-—1) UV (e).

Here H, C Hy_ denotes the eigenspace of Tx_ corresponding to o and the function uy. is defined in
Section [3.

We apply Proposition to the eigenvalues o which are close to 0.
Proposition 4.4 Let o be an eigenvalue of Tx, belonging to the interval [—7/4,7/4]. Then there holds

1ty

1=~
9 _Lpo)| < oo,

9 =& (o)

where v is as in , ﬁ'() 18 given in , and C is a constant depending only on ) and p.

PROOF. Recalling that % can be a multivalued function, and using Proposition it is sufficient to
show that
Qo (u,u)

(67) sup —————= <

up 5 < (1—0)F(o)+Ce™ 2" inf <o

2 -
‘ 1— 0)F(o) — Ce= 5.
5—: S TE 2 (1-0)F(0)—Ce

Qolu,u) _ 2
g

From the expression of g. (formula ) and the properties of uy . (Proposition [3.1)), we obtain

(69) \i(l —o) [

where C' is a constant depending only on € and p.
Let u be an eigenfunction of T%_ with o € [—7/4,7/4]. Choosing A € [—7/4,7/4], equation holds
true and we can also write (by )

2 _
Vol = 2(1=0) [ [Vyulavy,| < Ce ..

€

1 gl=7
(69) lulfs, — s D> 0| <Ol weH,.
{l:p,c€lc—A,0+A]}

We can assume that the cut-off function ¢, in is of the form
pe () = pole' ),
where g is a smooth cut-off function in [0,1]. Consider the neighborhood 952
05§ = {x € Q : dist(x,00) < 6} ,
and its parametrization I's : 9Q x [0, 6] given by

Ls(y',y) =y +yv; y €00,y €[0,9].
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Using these coordinates we have

U (v, y) = o€ y) [woly/e) + ebi(y,y/e) + -+ + My y/e)]

where the functions wy,...,w; are defined in Section Differentiating with respect to € and scaling
back to 2., one finds

ou 0
75:,6 (39/7 l'n) = (’y — 1)5772%% [’wo(:ﬂn) + ewq (555/7 xn) 4+ Ekﬁ)k({:‘l'/, (En)]
n |0 ow ow
o S ) G el ) o G e )
+ e [Wr(ea,zn) + - + ke* Ly, (e, zn)]; 2 €00, z, € Je.

_s0uy, 1 _ _
[ w2 T e = <2 [ o P, + O s, blls, s wo € Hs.
£

€

The last estimate, with equations , and the strict monotonicity of a +— p, yields

2 1
Qo(ua U') = g en—1 Z (1 - /-”,E)a? / ((Ul/,s)Q + 62/\lrul2,as)
{l:p1,c€lc—AN,0+A]} Je
p(p - 1) 1 _9 e 7
+ B2 Y ab | (wawd el ) 0 (5 ) Il

{l:py,e €lc—A,0+A]} Je

for all u € H,. Using a Pohozaev-type identity, see also [34] pag. 1554, one finds

2= i) [ () +an2) +pp=1) [ eenuf s = Fla)

From the last two equations, Proposition and the smoothness of F(-) we have

2 1 . S —
(70)  Qoluu) < Z(1-0)5 > af(Fo)+chre i) Ol

{l:p,c€lc—A,0+A]}

Taking A = 51_%7 from and we achieve

Qo(u,u) 2
€

sup — -+ < (1—U)F(U)+C€7HTW,

uer, u]?

namely the first inequality in @ The second one can be obtained in the same way. B

Now we are in position to prove the following proposition, which characterizes the spectrum of T, .

Proposition 4.5 Let up . and Tx_ be as above. Then there exists a positive constant C', depending on
p, Q and k with the following property. For a suitable sequence ; — 0, the operator Tgej : Hggj — ngj
is invertible and the inverse operator satisfies

C

< n—1"
J

T e

HTE_:‘ for all 7 € N.

PRrROOF. Let {o;}; (resp. {s;},) denote the eigenvalues of Tx;_ (resp. T’s.), counted in increasing order
with their multiplicity. Let also

N(%e) =8{j : 05 <0}; (resp. N(S:) =#{j : s; <0}).
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denote the number of non-positive eigenvalues of Ts_ (resp. Ts.). Recall that, from Proposition
the eigenvalues of T, coincide with the numbers {s;c}; := pic2y, , Wwhere {\;}; are the eigenvalues of
the Laplace-Beltrami operator —Ag, see also equations , . We also recall the Weyl’s asymptotic
formula, see e.g. [I3] page 169

2m)2 ] n-T 2 .
(71) Aj ~ % (Vol?@Q)) = Ch.0j "317 as ) — 4o0.
Wy Ty

From the strict monotonicity of o +— p := p(a) and from the last formula we deduce
(72) 8{j 2N <p N 0)} ~ Crapet™.
From Proposition we have

e . T T
(73) |Be2n, e — pezy,| < Ce™ 7 provided p2y; € [—17 ﬂ :

which implies
li{J Peth <t H(0) - Ce_gﬂ} < N(Se) < ﬂ{j :e?A; < pumH0) +Ce—56’”}
and hence
(74) N(S.) ~ Crgpet™™.
From the Courant-Fischer method, we get

. { (TZEU, u)HEE
0; =inf { sup ——F—5

5 : M subspace of Hy,_,dimM =j »,
ueM ||U||HZE

and a similar characterization for s;. There holds

(T, ww)ns, — (Ts,u,u)mg, | < Ot lullf s lullfry, = llullZry, | < Ceullf,,

for all v € Hs,_ and for some constant C depending only on €2 and p. Note that, by , in the last
inequality we can also substitute || - ||gs. with || - [|z,._. The last two formulas yield

(75) |s; —o;] < Ce'™, for all 7,

where C depends only on €2 and p. From , there exists a positive constant C, depending only
on 2 and p, such that

8{j : 2N <p N 0)—Ce"T} < N(Z.) <t {j &2\ < pH(0) +Cet T}

which implies

(76) N(S.) Nﬁ{j L < “_1(0)} - (“_“0)); — Crape' .

For [ € N, let g, = 27*. Then from we have

(77) N(Z.,,,) = N(Z2) ~ Cnap (2(z+1)(n_1) _ 2l(n—1)) = Cra,y (271 — 1) el

Note that, by Proposition [£.4] the eigenvalues of T%;_ close to 0 decrease when e decreases to zero. In
other words, by the last equation, the number of eigenvalues which cross 0, when ¢ decreases from ¢; to
€141, is of order sll*". Now we define

Al = {8 € (€l+1a€l) : kerTze 7'5 (Z)}, B, = (El+1,5l> \Al.
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By Proposition [4.4 and (77), it follows that card(A;) < Ce; ™™, and hence there exists an interval (a;, b;)
such that

_,;meas(B;) 1
78 b)) C By; by —a >C ' ——2 > 07l
(78) (a1, b1) € By br — ai| = card(4y) = C €
From Proposition [£:4] we deduce that
- . 1 C
T, i is invertible and Tzaﬁrbz < T
arthy kb !

aj+b;
2

Now it is sufficient to set €; = . This concludes the proof. m

5 Proof of Theorem 1.1

In this section we prove Theorem We divide the proof in the two cases p < Z—fg and p > Z—fg

5.1 The case p < 2+2
n—2
The following result can be proved as is [34], Proposition 5.6.

Proposition 5.1 Let k € N be fized, and let uy . be as in Section @ Let {o;}; denote the eigenvalues
of Tx,,, counted in increasing order and with their multiplicity, and let {6;}; denote the eigenvalues of
I/ (uge). Then there exists a positive constant C, depending only on Q and p, such that

-3 T T
loj — 6] <Ce™® 2 whenever o; € {—Z, Z} :
The proof consists in showing that the eigenfunctions of I/ (uy ) decay exponentially away from Ofl.,
and multiplying by suitable cut-off functions. The eigenvalues o; and &; are then compared using the
Courant-Fisher method, as in the proof of Proposition [2.3

Let £, be as in Proposition Then from Proposition [5.1] we deduce
C

n—1"
€j

(79) I (ue,) is invertible and 112 (une,) M| <
For brevity, in the rest of the proof, we simply write € instead of €;. For p < Z—fg we just apply the
contraction mapping theorem, looking for a solution u. of the form

Ue = Uk e + W, we HY(Q,).
If I (ug,.) is invertible (which is true along the sequence €;), we can write
(80) H(upe+w)=0 & w=— ) Lluke) +Clw)],

where
G(w) = Il (un,e +w) — IL(up,e) — I (up,e) [w].
Note that
G(w)[v] = —/Q [(ukﬁ +w)P — oy~ puz’;lw} v; ve HY (Q).

Since the function uy . is uniformly bounded, we have the following elementary inequalities

Ly fclul for p < 2
81 Uk e +w)P —uf _—pul 1w‘< .. weR
(81) (up,e ) ke ~ PUge = \c (|w|2 + |w\1’) for p > 2;
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(uk,ﬁ + wl)p - (uk,s + wZ)p — pui;l (’LU1 — U}Q)

(82)

C (Jun [P~ + |wa|P™Y) |wi —w for p <2,
<{ (Jwr |wa[P71) Jwi — wy| p< w1,y € R,

C (Jwi P71 + [wa P71 + [wi| + |wa])  for p > 2;
where the constant C' depends only on p. These inequalities and the Sobolev embeddings imply

Cllw||P  for p <2

Clwl , Jwll <1;
[w]|?  for p>2;

(83) 1G(w)]| < {

C (llhoa[P=* + wa|P~1) [lwr —w2] p <2,

[ ]|, fJws | < 1.
C (wr]l + [fwal[) lwr — wa| p>2

(84) |G(w1) — G(ws)]| < {

Let us define the operator F. : H'(Q.) — H'(£.)
Fo(w) = = (I (o) [Llue) + Gw)],  we H'(Q).

Let €; be given by Proposition We are going to prove that F; is a contraction in a suitable closed

set of H!(£2.). From Proposition [3.1} and (83), we get

—(n-1) kt1—n=t
(85) 1w <4 (5777 4 lwlr)  forp<o,
&j

— _n—1
Ce; Y (55“ 2 +||w||2) for p > 2;

Jwll < 1;

(86)
[ Fe, (wi) — Fe, (w2)]| < {

O ™Y (Jlwr [P~ + wa||P1) hwy —we] p <2,

I n1 [ws]], [Jwa]l < 1.
Ce; Y (]| + [[wel) llwy — ws| p>2;

Now we choose integers d and k such that

o=l forp<2
(87) d> {1 == ket 1>d+S(n—1),
n—1 forp>2; 2

and we set
B;={weH" () : |w| < 5?}.

From , it follows that Fy, is a contraction in B; for €; small. Since u. is close in norm to a
positive function (uy ), the positivity of u. follows from standard arguments. The points i) and ii) in
the statement follow from the construction of u.. This concludes the proof in the case p < Z—f%

Remark 5.2 By the above construction and some standard estimates, there holds
Igj (uaj) = Igj (uk75j) +0 (Edmin{l’p_l}) = Igj (Uk@j) +o0 (E?) .

It follows from Propositions that the Morse index of uc; coincides with N(3¢;) ~ s}_".

Remark 5.3 Let ¢; be as above, and let C be a given constant. We define the set
D, = {5 € (e1+1,€1) : Tx, is invertible and HTg:H < Cs_"}.

Note that we are requiring an upper bound on ||TE:1H which is much bigger than the one obtained be-
fore. Howewver, choosing the integers k and d appropriately, one still can apply the Contraction Mapping
Theorem for € € Dy.
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From the proof of Proposition[{.5 it follows that

meas(Dy)
€1 —€1+1

— 0 as | — +oo.

Hence we obtain existence of solutions of when ¢ belongs to a sequence of disjoint intervals [c;, d;]
for which
o meas ((Usley, ) N[0, )
e—0*t £

=1

This means that the density of the set of the parameters € for which the method gives a solution is
converging to 1.

5.2 The supercritical case

In this section we prove Theorem in the supercritical case p > % The proof relies on a combination

of the previous norm estimates and Sobolev estimates from the theory of elliptic PDEs. For ¢ = ¢,
the above operator F. is well-defined on H'(€Q.) N L>°(£2.). Letting w = F(w), we have the following

equation

(s8) — A = pul b — b+ fre +g(w) in Q,
% =0 on 0f).,
where
Fre = Duge —upe b glw) = (wpe +w)? —ub _ — pul ',

together with the norm estimates (85)-(86)).
We note that the function 1 is of class W22 in Q.. This can be proved as follows. Using the Neumann

boundary condition, one can extend w as a function of class H' in a neighborhood of Q.. Also, ug ., f .
and g(w) can be extended as L? functions in such a neighborhood. Then interior regularity estimates,
see e.g. [23], Theorem 8.10, yield @ € W22(€Q,).

Now, given ¢ > 1, one can invoke Theorem 15.2 in [I] to get

(39) llwaoony < ey (8llzaa + Weellzoy + la(w)lzage)) -
Here C is a constant depending only on €, p and k, while D(n,q) depends only on n and g. The factor
1/eP(™9) which does not appear in [I], is due to the scaling of .. The uniform boundedness of uy ., see
equation , has also been used.

Assuming w € L>(€.), using the Sobolev embedding Theorem, and iterating a finite number of
times (starting with ¢ = 2) we get

(90) [@]] Lo @0y < (I@llz20.) + [ feellze + lg@)llz=@.))

5D(”)
for some other constant Jj(n) Using inequalities , and the results in Section |3| we have

i Ce= P (]| 2@y + 4 + [w]f e q,y)  forp <2,
1) Ndlle=@n) <4 5 i . ) Jw] < 1;
Ce P (@] 2.y + e + [wlFn (o)) forp>2

where C' is a constant depending on €2, p and k.
Now, in addition to , we require

(92) d> D(n) (1 + 1) 7

min{1, p}
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and we choose a real number s satisfying

(93) s€ (0,d— D(n)); smin{l,p — 1} > D(n).
We also set 5
Bi={weH () : |w|m @) <elllwllp~@) <},

and we endow B; with the norm of H'(Q.).
For K > 0, we define a smooth positive function Yy : R — R such that

Yk (t) = [t|PT for |t < K; Yi(t) = (K + 1P for [t| > K + 1.

Let I. x : H'(Q:) — R be the functional obtained substituting |u[P*' with Yx(u) in I, and let
Ky = 2supuy,. Note that the functional I. g is well-defined on H'(Q.) since it contains a subcriti-
cal nonlinearity. Moreover, by the boundedness of ugc, I g (ug,c) and I g (uye) coincide with I7(uy,c)
and I (uk,.) respectively. We also denote by F. g, the counterpart of the operator Fy.

Then by , , and the choice of s, the map F; g, is a contraction in l’;’j. In fact, the norm
estimates have already been verified before and give (omitting the index j)

@220, < Ce®.
Finally, using (87), (91), (92), and the last inequality, we get
@] Loy < Ce=Dm) <5d 4kt 5S(zm2))

C (Ed—ﬁ(n) +€k+1—ﬁ(n) _|_€s€s((p—1)/\1)—ﬁ(n)) < Cg®.

A

IN

Hence there is a unique critical point of I. , of the form u. € uy. + B;. Since there holds
||u||oo <K0 for allueuk7€+l§j’

u. i a bounded solution of

P,
(Fe) du — () on O0N.

{—EQAU +u=uPlu inQ,
ov

The positivity of u. can be achieved reasoning as in Subsection This concludes the proof.
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